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ON THE STRUCTURE OF CHARACTERISTIC SUBGROUP

LATTICES OF FINITE ABELIAN p-GROUPS

AFIF HUMAM(1) AND PUDJI ASTUTI(2)

Abstract. This paper gives explicit descriptions of characteristic and fully in-

variant subgroups of a finite abelian p-group in term of its cyclic decomposition.

The results are then utilized to identify the lattice of characteristic subgroups is

self-dual.

1. Introduction

Let G be a finite abelian p-group with p a prime number and S ⊆ G be a subgroup

of G. S is called fully invariant if f(S) ⊆ S for all f endomorphisms of G and S

is called characteristic if f(S) ⊆ S for all f automorphisms of G. The set of all

fully invariant subgroups of G, denoted by FI(G), and the set of all characteristic

subgroups of G, denoted by Char(G), both form lattices with respect to intersection

and product operations such that FI(G) is a sublattice of Char(G).

Kerby and Rode [5] addressed the question when two finite abelian groups have

isomorphic lattices of characteristic subgroups. By utilizing an explicit description

of the structure of the groups, the problem can be reduced to both groups of being

primary. If p is an odd prime number, then every characteristic subgroup of a finite

abelian p-group is fully invariant. A complete answer of the question for the class of

the groups having odd order was obtained. The case of 2-groups is more complicated

as a result of the present of irregular characteristic subgroups.

Kerby and Rode [5] reviewed that any characteristic subgroup of a finite abelian

p-group with p 6= 2 is regular and canonical and so, according to Theorem 2.1, it is
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fully invariant. Hence, for p 6= 2 we obtain Char(G) = FI(G). The result of the

lattice isomorphism in [5] is, in fact, concerning lattices of fully invariant subgroups.

In this paper we would like to investigate the structure of lattice Char(G) when

p = 2, particularly when the lattice Char(G) contains a characteristic subgroup that

is not fully invariant. We will show that the Char(G) is self-dual.

In spirit to be able to complete the above investigations, in this paper we will

explain an explicit description of the structure of finite abelian 2-groups. Then we

will utilize it to characterize the lattice of characteristic subgroups. An explicit

description concerning characteristic subgroup lattices of a number abelian p-groups

of rank two was recently obtained by Sarita and Jakhar [?].

The organization of the paper is as follows. Section 2 will review some results

regarding the lattice of fully invariant subgroups. The main result of this paper is

explained in Section 3. Finally, this paper is closed with conclusions.

2. Lattice of fully invariant subgroups

Let G be a finite abelian p-group, with addition operation, for some prime element

p. It is a well known fact that G can be decomposed as

(2.1) G = Zα1

pβ1
⊕ Zα2

pβ2
⊕ . . . ⊕ Zαn

pβn

where Zpλ is a cyclic group of order pλ, 1 ≤ β1 < β2 < · · · < βn and α1, α2, . . . , αn ≥ 1.

Chew et al. exploited such cyclic decomposition to deduce their results concerning

finite abelian p-groups [?]. We follow the idea to deduce our results.

Related to the decomposition (2.1), we define the exponent tuple of G as

λ(G) = (λ1, λ2, . . . , λm) = (β1, . . . , β1, β2, . . . , βn, . . . , βn),

i.e. λj = βν for
∑ν−1

ℓ=0 αℓ < j ≤
∑ν

ℓ=1 αℓ, where α0 = 0 and m =
∑n

ℓ=1 αℓ. The

integer λj is called a simple exponent if λj 6= λi for all i with j 6= i. A tuple of

elements of G, denoted by (t1, . . . , tm), is called a generator tuple of G, if

(2.2) G = 〈t1〉 ⊕ · · · ⊕ 〈tm〉 = ⊕m
i=1〈ti〉

with order o(ti) = pλi for all i = 1, . . . , m, and λ1 ≤ · · · ≤ λm.
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In context of module theory, an abelian group is a module over the ring of integers

which is a principal ideal domain. In this context we found the following fact [7].

Theorem 2.1. Let G be a finite abelian p-group with a cyclic decomposition (2.2),

o(ti) = pλi, 1 ≤ λ1 ≤ · · · ≤ λm. A subgroup S ⊆ G is fully invariant if and only if

(2.3) S = ⊕m
i=1〈p

λi−aiti〉

for some non-negative integers ai satisfying the following conditions

(2.4) 0 ≤ ai ≤ λi, 0 ≤ ai − ai−1 ≤ λi − λi−1,

for i = 1, 2, . . . , m, and λ0 = 0 .

Subgroup of the form (2.3) is called regular. Conditions (2.4) for the tuple of

integers (a1, . . . , am) is called canonical [5].

Let Λ(G) be a set of tuple of integers as follows

Λ(G) = {(a1, . . . , am) : 0 ≤ ai ≤ λi, i = 1, . . . , m}.

For any two tuple of integers a = (a1, . . . , am), b = (b1, . . . , bm) ∈ Λ(G) we define

a ≤ b if ai ≤ bi for all i ∈ {1, . . . , m};

a ∧ b = (min{a1, b1}, . . . ,min{am, bm})

a ∨ b = (max{a1, b1}, . . . ,max{am, bm}).

Then, the set Λ(G), equipped with the above partially order and operations, forms a

finite lattice. Referring to [2] the sublattice

C(G) = {(a1, . . . , am) ∈ Λ(G) : 0 ≤ ai − ai−1 ≤ λi − λi−1, i = 2, . . . , m},

which consists of all canonical tuples, is distributive and self-dual with an anti-

isomorphism

(a1, . . . , am) 7−→ (λ1 − a1, . . . , λm − am).

Then referring to Theorem 2.1 above and Theorem 2.3 in [5] we can conclude that

the lattices C(G) and IF (G) are isomorphic. Particularly, the mapping θ(a) =

⊕m
i=1〈p

λi−aiti〉 for any a = (a1, . . . , am) ∈ C(G) is a lattice isomorphism. As a re-

sult, the lattice IF (G) is self-dual. Particularly the mapping D, defined as

(2.5) for every S ∈ IF (G), D(S) = θ(λ(G)− a) when S = θ(a),
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is an anti isomorphism.

3. Mean Results

Shoda [8] showed that any finite abelian 2-group G has an irregular characteristic

subgroup if and only if G has at least two simple exponents which are not consecutive.

In this section we restrict our discussion to finite abelian 2-groups having irregular

characteristic subgroups. Before we explain about the structure of the lattice of char-

acteristic subgroups, the following are some properties of any characteristic subgroups

that some of them are adapted from [1].

Consider a cyclic decomposition of a finite abelian 2-group G (2.2) with order

o(ti) = 2λi for i = 1, . . . , m. Let x ∈ G. A non-negative r is called the height of x,

denoted by h(x) = r if r is the largest integers such that x = 2ry for some y ∈ G [3].

If (t1, . . . , tm) is a tuple of generators which corresponds to a cyclic decomposition of

G and r is a non-negative integer, then h(2rti) = r. Any automorphism will preserve

order and height.

Furthermore, we have the following interesting result.

Lemma 3.1. Let λi be a simple exponent and f be an automorphism of G. Then the

map of ti by f can be written as

f(ti) = x+ y + z

for some x ∈ ⊕i−1
j=1〈tj〉, y ∈ 〈ti〉, and z ∈ ⊕m

j=i+1〈tj〉, satisfying the conditions h(y) = 0

and o(z) = 2r with r ≤ λi.

Proof. Let

f(ti) = x+ y + z

for some x ∈ ⊕i−1
j=1〈tj〉, y ∈ 〈ti〉, z ∈ ⊕m

j=i+1〈tj〉. From o(f(ti)) = o(ti) = 2λi, we

obtain o(z) = 2r, with r ≤ λi. Hence z = 2λi+1−rz1 for some z1 ∈ ⊕m
j=i+1〈tj〉. Suppose

h(y) = ν > 0. Then y = 2νy1 for some y1 ∈ 〈ti〉. Then,

f(2λi−1ti) = 2λi−1f(ti) = 2λi−1(x+ 2νy1 + 2λi+1−rz1) = 2λi−1+λi+1−rz1.
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Hence h(f(2λi−1ti)) ≥ λi − 1 + λi+1 − r > λi − 1 since λi+1 − r > 0. This is a

contradiction to the fact that f preserves height which implies h(f(2λi−1ti)) = λi − 1

since h((2λi−1ti)) = λi − 1. Thus h(y) = 0.

�

For any i, we define πi : G → 〈ti〉 the projection on the subgroup 〈ti〉 with the

kernel ⊕m
j=1,j 6=i〈tj〉.

Theorem 3.1. Let S ∈ Char(G), S ∩ 〈ti〉 = 〈2λi−aiti〉, πi(S) = 〈2λi−biti〉

for some non-negative integers ai, bi, i ∈ {1, . . . , m}. Then

(i) a = (a1, . . . , am) is canonical and θ(a) is the largest fully invariant subgroup

contained in S.

(ii) b = (b1, . . . , bm) is canonical and θ(b) is the smallest fully invariant subgroup

containing S.

(iii) If ai 6= bi then λi is a simple exponent and bi = ai + 1.

Proof. Here we will show the proof for parts (i) and (iii). Part (ii) can be done

similarly.

(i) Let i ∈ {1, . . . , m−1}. Consider the automorphism of G, denoted by f , defined

as f(tj) = tj for j 6= i and f(ti) = ti + 2λi+1−λiti+1. Then

f(2λi−aiti) = 2λi−ai(ti + 2λi+1−λiti+1) = 2λi−aiti + 2λi+1−aiti+1.

Since 2λi−aiti ∈ S then 2λi+1−aiti+1 ∈ S. Hence λi+1 − ai ≥ λi+1 − ai+1 which implies

ai ≤ ai+1.

Let i ∈ {2, . . . , m} and define an automorphism of G, denoted by g, as g(tj) = tj

if j 6= i and g(ti) = ti + ti−1. We obtain that

g(2λi−aiti) = 2λi−ai(ti + ti−1).

The fact 2λi−aiti ∈ S implies 2λi−aiti−1 ∈ S. Hence λi − ai ≥ λi−1 − ai−1. Thus

(a1, . . . , am) ∈ C(G).

(iii) Let i ∈ {1, . . . , m} and x ∈ S such that πi(x) = 2λi−biti. Using the au-

tomorphism of G defined as f(tj) = tj for j 6= i and f(ti) = ti + 2ti, we have
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f(x) = x+ 2λi−bi+1ti. Hence 2λi−bi+1ti ∈ S which that implies λi − bi + 1 ≥ λi − ai.

As a result bi ≤ ai + 1. It is trivial that ai ≤ bi. Thus point (iii) is proven. �

We can give the following corollary as a direct consequence of Thoerem 3.1.g

Corollary 3.1. Let S ∈ Char(G). Then S ∈ FI(G) if and only if for any i ∈

{1, . . . , m}, S ∩ 〈ti〉 = πi(S).

For any characteristic subgroup S ∈ Char(G), let S and S denote respectively

the largest fully invariant subgroup contained in S and the smallest fully invariant

subgroup contains S. From Theorem 3.1 we obtained that the quotient group S/S is

an elementary 2-group. Meanwhile let the interval [S, S] denote the lattice subgroups

of G in between S and S. It is well known that the lattice subgroups [S, S] and the

lattice subgroups of the quotient group S/S are isomorphic. Moreover, we also have

the following lemma.

Lemma 3.2. Let S ∈ Char(G) but S /∈ IF (G). Then [S, S] ⊆ Char(G).

Proof. : Let S = ⊕m
i=1〈2

λi−aiti〉, S = ⊕m
i=1〈2

λi−biti〉, and I(S) = {i : bi = ai + 1}.

We will show that for every η, µ ∈ I(S) with η < µ we have bη < bµ and λη − bη <

λµ − bµ. Consider the automorphism f1 : G → G that maps f(ti) = ti for i 6= η and

f1(tη) = tη+2λµ−ληtµ. Since πη(S) = 〈2λη−bηtη〉, let x ∈ S such that πη(x) = 2λη−bη tη.

We obtain

f1(x) = x+ 2λη−bη2λµ−λη tµ = x+ 2λµ−bηtµ.

Hence 2λµ−bηtµ ∈ S. As a result λµ − bη > λµ − bµ or bη < bη. Using similar

approach for the automorphism f2 : G → G that maps f2(ti) = ti for all i 6= µ and

f2(tµ) = tη + tµ, we finally can obtain the second inequality λη − bη < λµ − bµ. As a

result, for every i ∈ I(S) we have (a1, . . . , ai−1, bi, ai+1, . . . , am) ∈ C(G).

Write wk = 2λk−bktk for k = 1, 2, . . . , m. Then, wk ∈ S and 2wk ∈ S. Let i ∈ I(S)

and g be an arbitrary automorphism on G. By Lemma 3.1, we have

g(ti) =
∑

i>j∈I(S)

αjtj + (2αi + 1)ti +
∑

i<j∈I(S)

αj2
λj−λitj +

∑

j /∈I(S)

αjtj



ON THE STRUCTURE OF CHARACTERISTIC SUBGROUP LATTICES 441

for some αj ∈ Z, j = 1, 2, . . . , m. Clearly, s =
∑

j /∈I(S) αjtj ∈ S. Then,

g(wi) = wi +
∑

i>j∈I(S)

αj2
(λi−bi)−(λj−bj)wj + αi(2wi) +

∑

i<j∈I(S)

αj2
λj−biwj + 2λi−bis.

Therefore, g(wi)− wi ∈ S. In addition, for every x ∈ S and for every g an automor-

phism of G we obtain g(x) ∈ S+〈x〉. Thus, every subgroup in [S, S] is characteristic.

�

Consider again the characteristic subgroup S ∈ Char in Lemma 3.2 with S = θ(a)

and S = θ(b). Suppose I(S) = {i1, . . . , ik} with ij < ij+1. We obtain the quotient

group S/S = ⊕j∈I〈2
λj−bj tj + S〉 is elementary 2-group. Hence it is isomorphic to Z

k
2

where Z2 = {0, 1} is the Galois field of two elements with an isomorphism Ωa,I(S)

that maps

Ωa,I(S)(2
λij

−bij tij + S) = ej = (0, . . . , 1, . . . , 0)t.

The group Z
k
2 can be viewed as k-dimensional vector space over the Galois field Z2.

It is well known that the lattice of subspaces of a finite dimensional vector space

is self-dual by using its dual space of linear functionals. Particularly, the mapping

Ak : U 7−→ ann(U), for any U is a subgroup of Zk
2, where

ann(U) = {(w1, . . . , wk)
t ∈ Z

k
2 :

k∑

i=1

uiwi = 0, for all (u1, . . . , uk)
t ∈ U},

is a lattice anti isomorphism on the lattice of subgroups of Zk
2,

SG(Zk
2) = {U ⊆ Z

k
2 : U subgroup}.

Hence the mapping

Ω−1
(λ(G)−b),I(S)AkΩa,I(S) : [S, S] → [D(S), D(S)]

is an anti isomorphism.

Hence we have the following theorem.

Theorem 3.2. Let G be a finite abelian 2-group with a cyclic decomposition (2.2) and

a = (a1, . . . , am), b = (b1, . . . , bm) ∈ C(G). If for every i ∈ {1, 2, , . . . , m} with bi 6= ai

implies λi is a simple exponent and bi = ai +1 then there exists an anti-isomorphism

Da,b from [θ(a), θ(b)] onto [θ(λ(G) − b), θ(λ(G) − a)] such that if S ∈ [θ(a), θ(b)]
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is fully invariant then Da,b(S) is fully invariant and if S ∈ [θ(a), θ(b)] is irregular

characteristic then Da,b(S) is also irregular characteristic.

Now combining Theorem 3.2 and the anti isomorphism (2.5) we obtain the following

theorem.

Theorem 3.3. Let G be a finite abelian 2-group with a cyclic decomposition (2.2).

The anti isomorphismD : IF (G) → IF (G) defined in (2.5) can be extended to become

an anti isomorphism D : Char(G) → Char(G) with D(S) = Da,b(S) if S ∈ Char(G)

is irregular with S = θ(a) and S = θ(b).

Mingueza et al. [6] also showed an anti isomorphism on characteristic subspaces

lattice as the restriction of an anti isomorphism on lattice of subspaces to the char-

acteristic subspaces lattice.

We close this section with the following example.

Example 3.1. Let G = Z2×Z8×Z32 = 〈x〉⊕〈y〉⊕〈z〉 be generated by three elements

x, y, z with orders o(x) = 2, o(y) = 23, o(z) = 25. The exponents of generators of

G, 1, 3, 5, are simple and are not consecutive, hence we can expect G has an irregular

characteristic subgroup. The lattices C(G) and Char(G) are shown as follows:

H1 〈0〉 H7 〈2y〉+ 〈8z〉 H13 〈2y〉+ 〈2z〉

H2 〈16z〉 H8 〈4y〉+ 〈4z〉 H14 〈x〉+ 〈2y〉+ 〈4z〉

H3 〈8z〉 H9 〈x〉 + 〈4y〉+ 〈8z〉 H15 〈x〉+ 〈2y〉+ 〈2z〉

H4 〈4y〉+ 〈16z〉 H10 〈2y〉+ 〈4z〉 H16 〈x〉+ 〈y〉+ 〈4z〉

H5 〈4y〉+ 〈8z〉 H11 〈x〉 + 〈2y〉+ 〈8z〉 H17 〈x〉+ 〈y〉+ 〈2z〉

H6 〈x〉+ 〈4y〉+ 〈16z〉 H12 〈x〉 + 〈4y〉+ 〈4z〉 H18 〈x〉+ 〈y〉+ 〈z〉

K1 H2 + 〈4y + 8z〉 K5 H5 + 〈2y + 4z〉 K9 H8 + 〈x+ 2y〉

K2 H4 + 〈x+ 8z〉 K6 H5 + 〈x+ 4z〉 K10 H5 + 〈x+ 4z〉 + 〈2y + 4z〉

K3 H5 + 〈x+ 2y + 4z〉 K7 H7 + 〈x+ 4z〉 K11 H10 + 〈x+ 2z〉

K4 H5 + 〈x+ 2y〉 K8 H9 + 〈2y + 4z〉 K12 H14 + 〈y + 2z〉
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(0, 0, 0)

(0, 0, 1)

(0, 0, 2) (0, 1, 1)

(0, 1, 2) (1, 1, 1)

(0, 2, 2) (0, 1, 3) (1, 1, 2)

(0, 2, 3) (1, 2, 2) (1, 1, 3)

(0, 2, 4) (1, 2, 3)

(1, 2, 4) (1, 3, 3)

(1, 3, 4)

(1, 3, 5)

•

H1

H2

H3 H4

H5 H6

H7 H8 H9

H10 H11 H12

H13 H14

H15 H16

H17

H18

K1

K2

K3 K4 K5 K6

K7 K8 K9 K10

K11

K12

•

The anti isomorphismD defined in (2.5) satisfiesD(Hi) = H17−i for i = 1, 2, . . . , 16

and the extension D satisfies D(Kj) = K13−j for j = 1, 2, . . . , 12. The self-dual prop-

erty of the lattices C(G) and Char(G) are also shown by their pictures, each of them

is symmetric with respect to its center (the blue dot).

4. Conclusions

According to facts above we may read that results of Kerby and Rode [5] addressed

the question: when do two finite abelian groups of odd order have isomorphic lattices

of fully invariant subgroups? In connection with this view we are quite certain that

the approach in [5] can be extended to obtain a complete answer of the question for

any two finite abelian groups, including 2-groups. With this finding and Theorem

3.3, we expect the original considered question, that is when do two finite abelian

2-groups have isomorphic lattices of characteristic subgroups?, can be investigated

through the following open question: given G,H two finite abelian 2-groups having

both lattices Char(G) and Char(H) are isomorphic, are both the sublattices FI(G)

and FI(H) isomorphic too?
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