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WEIGHTED ESTIMATES FOR MULTILINEAR STRONGLY
SINGULAR CALDERON-ZYGMUND OPERATORS WITH
MULTIPLE WEIGHTS

SHUHUI YANG () AND YAN LIN 2

ABSTRACT. In this paper, the authors establish the weighted boundedness proper-
ties for the multilinear strongly singular Calderén-Zygmund operators, their multi-
linear commutators and multilinear iterated commutators through sharp maximal

estimates, respectively. The weight involved is the multiple weight.

1. INTRODUCTION

The multilinear Calderén-Zygmund theory comes from the work of Coifman and
Meyer in [3, 4, 5]. Since then, many scholars have done a lot of research on this topic
from different perspectives.

Grafakos-Martell in [7] studied the weighted boundedness properties of the m-linear
Calderén-Zygmund operator 7.

T: LPY(wy) XX LP"(wy,) — LP(v), wherev = Hw]p? andw; € Ay, j=1,---,m.
j=1

Grafakos-Torres in [10] posed a question: is there a multiple weight theory? If it
exists, it will better match the multilinear operator. Based on this idea, Lerner-

Ombrosi-Pérez-Torres-Trujillo in [13] answered this question. They gave a kind of

multiple weights, which are defined as follows.
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Definition 1.1. Suppose 1 <p1,~-~ ,Pm < oo with 1/p=1/p; +--++1/pp. Given
Q:(w1,~-~,wm),letvgznj ywi’ . We say & € Ay if

/ 1/17 / 1— p 1/]7]
Sup < Q.
|Q| |Q|

When p; =1, 6&2 -7 YYP; is understood as (infg w;) ™!

And the authors in [13] gave boundedness properties of the m-linear Calderén-

Zygmund operator T" and its multilinear commutator 7 with multiple weight.

m

T and Ty : LP*(wy) X - -+ X LP™(wp) = LP(vg), where vg = Hw]p? and & € Ap.

One can refer to [2, 8,9, 11, 12, 14, 19, 21, 22, 23, 24] for other research results on
this topic.

Remark 1. The condition & € Ay does not guarantee that w; € L}, so it does not

loc’
guarantee w; € A, for any j. On the other hand, when w; € A, (j =1,---,m), we
know by the properties of A, weight that v € Amax{p, . pm} 00d App C Amax{pr, pm}-

By Lemma 5.3 in Section 3, we can’t guarantee & € Ay.

In [15], Lin introduced the multilinear strongly singular Calder6n-Zygmund oper-

ator defined as follows.

Definition 1.2. T is an m-linear operator with kernel K. The following is its integral

expression.

m

T(flaafm)(x) :/ K(xayla"'7ym H y] dyl dyma
n Rn

where f; € C(R")(j =1,...,m) and = ¢ NI supp f;.

K(yo, 91, - - -, Ym) is a function defined away from the diagonal of yo = y1 = -+ = Yy
in (R")™*. For some € > 0 and 0 < o < 1, it satisfies
Clz —2'|°
2 —yi| + -+ o — )

(1.1)  |K(zyy1,- s Ym) — K@y, ym)] < (

whenever |z — 2/|* < 2 maxi<j<m | — y;].
T is bounded from L™ x --- x L™ to L™ and from L% x .-+ x L™ to L%°

where 71, T, by, e Ly satisfy 1 <rq, .o r, < oo with 1/r = 1/r 4+ 1/ry,
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1<ly,...;lm <ocowith1/l=1/l; +---+1/l,, and 0 < I/q < . Then T is called

an m-linear strongly singular Calderon-Zygmund operator.

It should be pointed out that the kernel of the multilinear strongly singular Calderén-
Zygmund operator do not need any size condition and is more singular near the di-
agonal than the standard case. And it can be seen from the special case a = 1 that
the standard multilinear Calderén-Zygmund operator is included in the multilinear
strongly singular Calderén-Zygmund operator.

Lin in [15], Lin-Lu-Lu in [17], Lin-Han in [16] and Lin-Yan in [20] obtained the
boundedness of multilinear strongly singular Calderén-Zygmund operators, their mul-
tilinear commutators and multilinear iterated commutators on product of weighted
Lebesgue spaces and product of weighted Morrey spaces, respectively. Other related
results of this kind of operators can be seen in [1] and so on. The weights in the above
papers are the Muckenhoupt weights. Because in [13] the multiple weight that match
the multilinear operators was given, inspired by this, we also want to consider the
corresponding results of multilinear strongly singular Calderén-Zygmund operators
with the multiple weight of [13].

Therefore, in this paper we will study the weighted boundedness properties for mul-
tilinear strongly singular Calderén-Zygmund operators and multilinear commutators
with multiple weight.

In order to establish our main results, we need some notations as follows.

Definition 1.3. The Hardy-Littlewood maximal operator M is defined by

where the supremum is taken over all balls B containing x. Denote by M(f) =

[M (| f]*)]*/*, where 0 < s < oo.

Definition 1.4. Suppose f: (fi,--+, fm). The maximal operator M is define by

m

M(fi(z) = supﬂﬁ / iyl dy.

B3z

1
—

1 s
Denote by M,(f) = supps, [1, <®/ |fl(yl)\sdyz> , where 0 < s < o0.
B
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— —

Obviously, we have M(f)(z) < CM(f) and M(f)(x) < [T/, M(f;), where 1 <

s < 0Q.

Definition 1.5. The sharp maximal function is defined by

ME(f) () —sup‘B|/|f = faldy ~ sup i |B‘/|f ) — aldz,

B>z

where fp = ﬁ/ |f(z)|dz. Denote by ME(f) = [M*(|f]*)]"/%, where 0 < s < oo.
B

Definition 1.6. A non-negative measurable function w belongs to Muckenhoupt class

A, with 1 < p < o0 if

(g1 [ ) (g1 (x)l_p/dx)pl“o’

where 1/p+1/p' = 1.
When p = 1, we say that w belongs to Ay, if there exists a constant C' > 0 such
that for any cube (@),

ﬁ/@w(y)dy < Cw(z), a.exe€q.

Denote by Ac = U, 4p-

Definition 1.7. Suppose 7' is an m-linear operator and b= (b1, -+, by,) are locally

integrable functions. The m-linear commutator of T" with b is defined by
Tg(fla e 7fm) = ZTg(ﬁ7
j=1

where
T,;](f) =bT(f1, s fm) = T(fr,- - [i=1: 0555 fins - [m)-

The m-linear iterated commutator of 7 with b is defined by

—

TH[;(fh Tt afm) = [bh [b27 ) [bm—h [bma T]m]m—l o ']2]1( )
If T is an m-linear operator with K as the kernel, it can be denoted as
Trg(frs- oo s f) (@) = /(R | [T ) = b)) K (9, ym)

X fi(y1) - fn(Ym)dys - - - dym.-
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The notation b € BMO™ is defined by b, € BMO for j = 1,---,m. Denote by

18] 3arom = maxi<j<m bl Baro-

Definition 1.8. Suppose j,m € Ny, 1 < j < m, and C7" is the totality of the finite
subset ¥ = {1(1),-- ,¥(j)} composed of j different elements in {1,--- m}. If k <,
then (k) < ¥(l). For any ¢ € CF*, let ¢/ = {1,--- ,m} \ ¢ be the complementary
sequence of 9. In particular, Cj' = @. For any m-fold b and ¢ € CF", then j-fold
Z;¢ = (5¢(1), e ,gw(j)) is a finite subset of b = (by, - -, by).

Suppose T' is an m-linear operator, ¢» € C7" and 5¢ = (5¢(1),~-~ ,gw(j)). The

m-linear iterated commutator of 7" with I;w is defined by

Tz, (f1o o5 fm) = (b, [bu)s -+ 5 [Puii-1), o), Tlemlwii-1) -+ Jo@lw) ().

It can also be expressed as
J
Tg, (fro s fm) = /(R ) LT (@) = by (o) VK (2,915 - ym)
)™ i=1
X fir(y) - fn(Ym)dy.

Obviously, when ¢ = {1,2,--- ,m}, THBw is equal to Ty, and when ¢ = {j}, Tﬂgw is
just the Tbjj )

Definition 1.9. Denote by fs =(f7,---,f5) for 0 <s < 0.

This paper will be organized as follows. The weigheted boundedness properties
with multiple weights of multilinear strongly singular Calderén-Zygmund operators,
their multilinear commutators and multilinear iterated commutators through sharp
maximal estimates are obtained as main results in Section 2. We will provide some
necessary lemmas to prove the main results in Section 3. Finally, the proof details of

the main results will be given in Section 4.

2. MAIN RESULTS

Firstly, we establish the sharp maximal estimate of the multilinear strongly singular

Calderén-Zygmund operator.
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Theorem 2.1. Suppose T is an m-linear strongly singular Calderon-Zygmund op-
erator and sy = max{ry,...,rm,l,...,ln}, 7 and l; (j = 1,...,m) here are given
by Definition 1.2. If 0 < § < 1/m, then there is a constant C > 0 such that for
all bounded measurable functions with compact support m-tuples f: (fiy-oy fm), we

have

— —

M(T(f))(z) < OM,(f)(@)-

Then the weighted estimates of the multilinear strongly singular Calderén-Zygmund

operator can be obtained.

Theorem 2.2. Suppose T' is an m-linear strongly singular Calderdon-Zygmund oper-

ator and so = max{ry,..., 7y, l1,...,ln}, 7; and l; (j =1,...,m) here are given by

Definition 1.2. Then for any so < p1,...,Dm < 00 with 1/p = 1/p1 + -+ 1/ppm,
b

- . . — . m pj
&= (wy,- - ,wn) satisfying J € A% and vg = Hj:1 w;”, we have

IT(Nlrway < C TT I e -
j=1

By establishing the sharp maximal estimate of the multilinear commutator, we can

obtain its boundedness on product of weighted Lebesgue spaces with mutiple weight.

Theorem 2.3. Suppose T is an m-linear strongly singular Calderén-Zygmund oper-
ator and 0 < l/q < a in Definition 1.2. Let s = max{ri,...,"m,l1,...,ln}, 7j and
l; (j =1,...,m) here are given by Definition 1.2. If sp < s < 00, 0 < § < 1/m,
§<t<ooandbe BMO™, then there is a constant C' > 0 such that for all bounded

measurable functions with compact support m-tuples f: (fi,--s fm), we have

MATHF)) @) < Ol pasom (M(T (D) (@) + M. (F)(@)).

Theorem 2.4. Suppose T is an m-linear strongly singular Calderon-Zygmund op-
erator and 0 < l/q < a in Definition 1.2. Let sp = max{ri,...,"m,l,...,ln}, 7;
and l; (j =1,...,m) here are given by Definition 1.2. Ifb € BMO™, then for any
So < D1yt s Pm < 00, with 1/p = 1/p1 + -+ 1/ppm, @ = (w1, ,wm) satisfying
beAz andvgzngilwf%,

50

1T (A llrway < ClBlIzsom [T 1m0

j=1
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The sharp maximal estimate of the multilinear iterated commutator can also be

established as follows.

Theorem 2.5. Suppose T is an m-linear strongly singular Calderén-Zygmund oper-
ator and 0 < l/q < a in Definition 1.2. Let s = max{ri,...,"m,l1,...,ln}, 7j and
l; (j =1,...,m) here are given by Definition 1.2. If sp < s < 00, 0 < § < 1/m,
§<ec<ooandbe BMO™, then there is a constant C' > 0 such that for all bounded

measurable functions with compact support m-tuples f: (fi,--s fm), we have

—

MiTi(D)) < CTT sl paso (Ms(F) (@) + AT () )

03 3 TT ool pasoMe T, ().

j=1 peCy i=1

Then the boundedness of the multilinear iterated commutator on product of weighted

Lebesgue spaces with mutiple weight can be deduced.

Theorem 2.6. Suppose T is an m-linear strongly singular Calderon-Zygmund op-
erator and 0 < l/q < « in Definition 1.2. Let sp = max{ri,...,"m,l,...,lm}, T;
and l; (7 =1,...,m) here are given by Definition 1.2. [fl?e BMO™, then for any
So < D1y Pm < 00 with 1/p = 1/p1+ -4+ 1/pm, & = (w1, ,wn) satisfying
Je Ay andvg:]_[;.nzlw;%,

50

HTHE(f)HLP(vg) < OH Hbj”BMO H ||fj||L"J'(wj)~
j=1 j=1

3. NECESSARY LEMMAS

Lemma 3.1. (see [6, 13]). Suppose 0 < p < r < 0o, then there is a positive constant

C = C,, such that for any measurable function f

QI fllze@) < CIRIT 1 fll e

Lemma 3.2. (see [13]). Suppose 0 < p,d < 0o and w € Ay. Then there exists a
constant C' > 0 depending only on the A, constant of w such that for every function
f

[ @ et < ¢ [ D@

n
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Lemma 3.3. (see [13]). Suppose @ = (wy, - ,wp) and 1 < py,--+ ,py < 00. Then
W € Ay if and only if

1

P ;
W EAmp}a Jg=1--,m,

Vg € Amp,

1-p/,
where the condition w; Pie Amp;_ in the case p; = 1 is replaced by wjl-/m € A

Lemma 3.4. (see [13]). Suppose 1 < py,--+ ,pm < 00 and % = p% + 4+ Ii. Then
W satisfies the Ay condition if and only if for every fit satisfies

M) zr(eay < C TNl -
j=1

Lemma 3.5. (see [18]). Suppose f is a function in BMO. Suppose 1 < p < o0,
x € R, and ri,79 > 0. Then there is a constant C' > 0 independent of f, x, r1 and
r9 such that
1 p T
(m - |f(y) — fB(m,r2)|pdy> < 0(1 + |In T—2}> 1/l aro-
Lemma 3.6. If¢ >0, then

Inzx < —z°
€

for all x > 1.

4. PROOF OF MAIN RESULTS

Proof of Theorem 2.1.

Suppose f;(j = 1,---,m) are bounded measurable functions with compact sup-
port. Then for any ball B = B(xy,rp) containing = with rg > 0, we’re going to
consider two cases, respectively.

Case 1: rg > 1.

Write

fi=fixes + fixese =} + 15, j=1--,m.
Then
15w = 11 (ff(yj) + ffo(yj)> - > ) - o (Ym)

Jj=1 J=1 at, - ,am€{0,00}
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= TLs+ A i) + TL )
e j=1
where each term of >’ contains at least one a; # 0 and one a; # oo. Write then
T(f) () = T(R - f9)() + ST Far ) (@) + TUR - [3)(2),

Take a co = > T(fM -+ fom) (o) + T(f2°, -+, £2°)(20), then

(o [imder —eias) " < (5 [ e o)
< (i L1 J&)sz)w
ro(o [0 e - ST g <xo>|5dz)l/5
ro (o [ U 0 - T ,fm(xo)mz) " ZI

Notice that 0 < < r < co and the r here is given in Definition 1.2. By Lemma
3.1 and Holder’s inequality, we have
Lo < OBITPIT(f, - fa)llss)

< C|BI7YTSL, -, o) ooy

1 1 o
< C —/ f " ) ><~~><(—/ fm m”mdm)
(21 | 1t a5 [ s

< OM, (f)().
We consider when a;, = -+ = a;, = oo for some {ji,---, 5} C {1,---,m} and
1 <l<m. For z € Bandyj, € (2B)", ---, y;, € (2B)*, there are |z — z¢|* < 1§ <
rg < 3ly; — x|, n=1,--- 1. By Holder’s inequality, the condition (1.1), we have

(g [1rue e - T ,fzmx:co)mz)w

|z — ol

< dd
< \B|//nm T —wo 5 +|ym—xo\m"+f/an'f (4| diid=

< Crp 11 / | f3(y;)|dy;

je{l, - mP\{,-
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Hje{jl i) | fi ()| dy;
vermy ([ro — | + -+ |zo — yj, | ymntela

)

k+lB

<oy ] / DS < rp) )
{1, mPI\{j1,-
<[ H 5,
(2*+1B) je{ir, it
> R 1
< Ort il e () ld
< TB;( B) H|2k+1B| - | f(y;)|dy;
< Cr;§22’]§M(3(x)
k=1
< CM,,(f)(@)

For z € B and yy, - - -

,Ym € (2B)°

By Holder’s inequality and the condition (1.1), we have

I3

[T5% 1 fi(y)ldy;
\@Bym (|20 = ya| 4+ -+ 4 |20 — ypm| ) Hel@

< T(fe, -

— ‘B|/| f1>

Cr
BZ/(\QkJﬁlB)m

k=1

IN

IN
Q
3
oo
e |
o
By
<
T
|
Qlm
[
Y
>
t —
=
P
&
=
&

IN
Q
=
o
Qlm
ling
|
2
&

< OM(f)(x).

, there are [z — xo|* < Sly; — x|, j=1,---

Case 2: 0 <rg < 1.
Denote by B = B(xzg,r%). Write

fi=fixop + fJX(QB

= o+ f,

j=1,---
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Then

m

L1 s) H O(y) + 3 FE () - Fon () + 17w,

Take a CN() = Z,T( Ial s 'fﬁzm)(xO) +T(f%oa e 7f7§10)(x0)7 then

(ﬁ/BHT(ﬁ(z)P—wop;dZ) (|B|/|T _50|6d2)1/5
< (g [t >|%zz)

(\B|/‘ZT e fam) (@) = DT ;m...f%m)(%)‘gdz)w
v0( [ ) - T ’frio)(xoﬂ‘sdz)l/é ::gfj

Notice that 0 < 0 < ¢ < 00, 0 < /g < o and the r, g here are given in Definition

1.2. By Lemma 3.1 and Hélder’s inequality, we have

Lo < OB, o) lse)
< CIBITYINT(fL, -+, fo) la(m)
L x
< C|B WBW( / 'd ) ( / m mlmdm)
= |B|~/*|B| |QB| | f1 yl| Y1 |2B| | fon(ym) | dy
< CMy(f)(=).
We consider when oy, = -+ = a;, = oo for some {ji,---, 5} C {1,---,m} and
1 <l<m. Forz€ Bandy; € (2B), ---, y;, € (2B)°, there are |z — x0|* < r% <
%|y],7 x|, m = ,{. By Holder’s inequality and the condition (1.1), we have

<ﬁ/ IT(f, - fom)(2) = T(ff - >f;im)(a:0)|5dz>”5

|z — 2ol

< i Lo
\B| ®nym ([y1 = 2ol + -+ + [ym — @0|)mnte/o

< Crg 11 / | f5(y;)|dy;

Fe{Lmi\{j1,:
x i/ e 1i(y5)ldy;
1 J (2FFLB)\ (2t B)! (‘xo — yj1| 4+ 4 |x0 — yjl‘)m’n«l»s/a

H |57 (yy)|dygd
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<o I / (w5l dy,
{1, mP\{j1,-
xZ(2’€ra)—<mn+§)/ II 15w)ldy;
k=1 @+ B)! e{j1, 0}
> i 1
5 k a\—=%
< 02 @) g ) M)l

IN
Q
R?
o7
<
2

IN
Q
<
B

From what has been discussed above, we can get that

—

I < C My, (f)(@).

For z € B and y1,- - ,ym € (2B)°, there are |z — x0|* < Hyj—xol, j=1,---,m.
By Hélder’s inequality and the condition (1.1), we have

lh < ‘B|/|T Jios e Fo)@) = TR, f3) (o) da
< o / [ 15 (yy)|dy;
— Jarrrgym\@rpym (|20 = yi| + -+ + 20 — Yl )t/
< COry g(zkrg)iﬁﬁlmé | £ ()| dy;
< oY 2 EM(PE)
k=1

< OMg, (f) ().

Thus, according to the estimates in both cases, there is

—

n . 1 L 1/6
MET( >><x>~sup3%mfaec(® LT —a}dz) < OM.(

\_/l

~—~
8

~—

which completes the proof of the theorem. O

Proof of Theorem 2.2.
By Lemma 3.3, we can get that vz € Amp C A
50
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Take a § such that 0 < 6 < 1/m, then by Lemma 3.2, Theorem 2.1 and Lemma

3.4, we have

1T erosy < 1M 0) < CIMET D 20

scHMso(f) ICHM(f°> N
LP(vz) L®0 (vz)
<cIfmsrenrs,  =cIIflm e,
j=1 L350 (wy) j=1

which completes the proof of the theorem. O

Proof of Theorem 2.3.

Suppose f;(j = 1,---,m) are bounded measurable functions with compact sup-
port. Then for any ball B = B(xy,rp) containing = with rg > 0, we’re going to
consider two cases, respectively.

Case 1: r5 > 1.

Write

fi=tixas + fixepe =1 + 7 G =1 m,

then

[T5w) = T8+ X w0 £ ) + TLE ),

j=1
where each term of >’ contains at least one a; # 0 and one a; # oo. Write then

TH)(z) = (bi(2) = bp)T(F)(2) = T((bi(-) = b+, fO)(2)
ST () = ) Fm) () = T () = ) L £ (2):

Take a ¢; = 3T ((bi(-) = bp) i+ farm)(@o) + T((bu(+) = bp) f°, -+, [ ) (o),

then
(51 [T - \clmdz) "

<o( % [ 16 —mrpere)

+C(ﬁ /B T((ba() = b)Y - >f791)(2)|5d2> )
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el [
s \1/6
DIEACIORTS ,~~,fﬁ;m><xo>] i)
c(ﬁ AL CCRUATRENGIE
1/5
() — By S, ,fm(xo)ﬁdz)

L.

g+

Il
'M“;

J=1

Because 0 < d < 1/m and 0 < ¢ < oo, there’s an u satisfying 1 < u < min{%, 7}

Then du < t and éu’ > 1. By Holder’s inequality, we can get that

1
o< o5 [ e -hva)™ (3 [ ErE)”
Cllrlno (5 | IT(F |dz)

< Cllby || grso MAT () ().

IN

Let v = s/sp, because sy < s < 0o, we can get that 1 < v < oco. Notice that
0 < d <r < oo, here r is given in Definition 1.2. By Lemma 3.1, Holder’s inequality

and Lemma 3.5, we have

Ly < CIBIYIT((0u() = bp)f1s - fadllsm)
< CIBITIT((0u() = bp) 1+ S lreeca)
<

1 ’ 1/ 1 )
b o bl 1V d v 7‘1Ud v
(e [ o) =ob17dn) ™ (g [ 15

<ﬁ /23 ‘fQ(y2)‘T2dy2>T12 N <ﬁ /QB ‘fm(ym)rmdym)”l"

—

< Clbll paroMs(f)().

We consider when oy, = -+ = a, = oo for some {j1,---, 5} C {1,---,m} and
1 < I < m. Without loss of generality, we just think about the case a; = oo,
because other case is similar. For z € B and y;, € (2B)¢, ---, y;, € (2B)°, there are

|z — zo|* < 3ly;, — Zo|, 1 = ,1. By Hélder’s inequality, the condition (1.1) and
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Lemma 3.5, we have

(ﬁ/}g\T((bl(.)—bé) P ) (2) = T((ba(-) = bp) f7 ,...ﬁm)(%)‘gdz)

1 |z — x| a
gC—// b1 () — bl T 157 ()=
|B| Jp Jmnyn (Jyr — 2| 4 -+ + [ym — wo|)mte/e b H i)
< Crp H / | fi(y;)|dy;
JE{L, - mPI\{j1,
XZ/ |b1(y1) blB|Hje{j1,...7jl}|fj(yj)|dyj
a1y 2k gy (|70 — v | + - +|~’Uo—yjl\)m"+5/°‘
< Crp H / | fi(y; |d3/J (2 rg) ")
JE{L, - mI\{j1,
S RCICOEUAR | QTSI
(2H+1B) j€lii i}
i e 1 1
< Clloillparors =Y k27 (—/ \f'(y-)|sdy')s
” 1”BMOB ; E |2k+1B| ok +1p VA J

< OlballgrroMs(f(@).

From what has been discussed above, we can get that

—

Ly < Cllball prroMs(f) ().

For z € B and y1,- -+, ym € (2B)°, there are |z — zo|* < 3y, — o], j=1,---,m
By Hélder’s inequality, the condition (1.1) and Lemma 3.5, we have

L < ‘B| 5 T W), L)) = T = WA S5 el

< // |Z—:L‘0|€ |b (y) b1|
= 1 1) —

X H | f5(y;)|dyd=

< € —(mn+Z )/ b _bl () di7
LT o 100 = B I L1
m 1
—ke s
< CHblHBMoTB Zk2 H(2k+1B|/ i (ys)l dyj>
k=1 j=1

—

Clloll paroMs(f) (2)-

IN

=
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Case 2: 0 <rg < 1.

Since 0 < I/q < «, there exists a # such that /g < § < a. Denote by B =
B(zg,7%). Write

fi=FiXep + fiXapy =2+ j=1--,m.

Then

m

[T = TLRw) + 3 i ) fir ) + [T 52 )).

Write then

— — ~ ~

Ti(N)(2) = (0a(z) =bp)T()(2) = T((bu(-) = bp)fPs - [2)(2)
=S TT( ) = B FE () = T(i () = B) i, f30)(2).

Take a ¢, = Z'T((bl(-) — L) o ,f,%m)(xo) +T<(b1(') —bh) £, >f;%°> (o),

then
(ﬁ/“Tgl(f)(z)p _ |51|5}dz) 1/

<¢(i [ Jonc ””Z)w

B
1Bl J5

For the same estimate of L, we have

—

Ly < Cllball prso Me(T(f)) ().
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Suppose v = s/so and €1 = n(8/l — 1/q), then v > 1 and €; > 0. Notice that
0 <4 < q< oo, by Lemma 3.1, Holder’s inequality, Lemma 3.5 and Lemma 3.6, we

have
Ly < CIBITIT((bi() = bp) £0 s FO o)
< CIBIUYT((b(-) = bp) fP -+ f9) | awe ()
~ 1 N AR e
< CBfl/q Bl/l _ / b _bl llvd l1v _ / l1vd 1
< CIB B (g | = b dn) ™ (o 1] dn)
' m\Ym lmd m lm
|QB|/ ‘f2y2 |QB|/ | fon(Ym)| 3/)
n(é-1)
< Oy Pbulo(1+ (1 - 6)ln H (o [ 15tw)rs)’
nt-3e
< Crg' * HblHBMOH \QB\/ |/ yj‘dyj>

< Clbull paroMs(f)(2)-
We consider when oy, = -+ = a;, = oo for some {ji,---, 5} C {1,---,m} and
1 <l < m. Let’s just think about the case &; = oo, because other case is similar. For
z € Bandy;, € (2B), ---, y;, € (2B)°, there are |z —x0|* < Slyj, —mol,n=1,--- 1
Suppose g5 = e(a — 6)/a, then 5 > 0. By Hoélder’s inequality, the condition (1.1),

Lemma 3.5 and Lemma 3.6, we have

(ﬁ/\T((bl(.)—bé) P fam)(2) = T((ba () — bp) £ ,...’f%m)(xo)‘gdz>

|z — ol -

= bi(y1) — b 3 (y,)|dijd=
- |B|//<nm (gt = 2ol -+ lym — zolyrera 1) B|H|f (v3)ldy
< Crp H / | fi ()| dy;

Je{l, - mP\{j1,

» Z/ |b1(y1) bHH]-e{jl,...,jl} | f5(y;)|dy;
aeri gy eBy (120 = Yl + -+ 4 [wo — g, [)te/e

< Cr (2kr,)~(mntg / bi(y1) — b )|d
B BZ (2k+1B)m ‘ 1(y1 B|}_[1|f] Yj ‘ Yj

) e ok+1p0 1\ " )
< Crg © 27 ||b <1+’ln D ( (u)3d ,)5
< Crg Z 1815300 I (G e M)

j=1

=
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e—0 ¢ = —ke =
< Clollpyors = 7> k27 M(f)(@)
k=1

< Olball grroMs((@).

From what has been discussed above, we can get that

—

Ls < Cllb1ll grroMs(f)().

For z € B and y1,- -, ym € (2B)°, there are |z — 4| < Hyij— ol ,j=1,--- ,m.
By Hélder’s inequality, the condition (1.1), Lemma 3.5 and Lemma 3.6, we have

Los o[> b (31) — b
|B| B ; (2k+1B)m\(2kB)m (|;L‘O — y1| + .+ |:L‘0 _ ym|)mn+a/a B

j=1
< CTE QkTG 72 < _ b i bl S/d ) s
< B;( B) 21 2k+1B‘ 1(y1) — bg|* dyy
<oz [0 TT (s [ Itwian)

|2l€+1B| ok+11 1\Y1 U1 L |2k+1_é| ki1 3\Y; Y

JR i N oht1,.0 | m ] .
< Cry @ 27« ||b 1+)ln B) ( _ wEd >

B £ 1 saro( s )]1;[1 251 2k+13‘f](yj)‘ Yj

575—9752 > —ke =
< Clbillpaors = > k27 M(f) ()
k=1

—

< Clo]l proMs(f)(z).

ng(f)(z)(j = 2---m) can be dealt with by using the same method. Finally, com-
bining the above situation, we have

B . 1/6
MATY(F)) () ~ sup in (ﬁ [l - a\dz)

Bag acC
< Clbllgasom (MAT(F)(@) + M) ).

which completes the proof of the theorem. O

1

Proof of Theorem 2.4.
Denote § = £ = (&, ,E2). Since w € Ag, by Lemma 3.3, each ¢; = w. !

80 s0’ J

belong to A, where ¢; = i’—g, Jj =1,---,m. There are constants c;, t; > 1, depending
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on the A constand of 1}, such that by inverse Holder’s inequality, we have

1 Cs 1
j t R a;—1
w
\m/ =181 J,

for any ball B. Pick a d; > 1 that makes

t

qj—1_d+]j—1‘

We can get that ¢; >d; >1,j=1,--- ,m.
Let d = min{dy,--- ,dx} and ¢ = max{cy, - - ,cm}. We have for ¢ = Z,

1 1%’” 11/<d>
(i f,) " 1 G [

1 )5 1 o\ (s
= ( Vg H <— Wj d ) g
1
1 frr /L -1y (@D
(o [ o) (i [ )™ ®
_CL/UQﬁﬁGL/wqﬂyﬁﬁz
B[ Jp ) LANIBI S5

So W € Az is true. Let s = sod, then it follows from d > 1 that s > sy and
d

s <pj, j=1,---,m. We have

weEA; =As.

by
LRSI

Take 0 and ¢ such that 0 < 6 < t < 1/m, then by Lemma 3.2, Theorem 2.3,

Theorem 2.1, Holder’s inequality and Lemma 3.4, we have

TS 2oty < IMS(TH o) < CIMETH) oy
< Ol gasom (IMAT N vy + 1Mo D a0 )

< Ol sasom (IMao (Pl sty + IM(Pl10)

< ClIbl pason IMs(Pllzoes) < Clllpasom|[M(F)

L% (vg)
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. m 1 ~ m
< Cllbl parom 11 NN e, , = ClEllBAON LTl s
j=1 j=1
which completes the proof of the theorem. O
Proof of Theorem 2.5.
To simplify the process, we will only consider the case m = 2.

Let by,b, € BMO, f, fa be bounded measurable functions with compact support.

For any ball B = B(z,rg) containing x with rz > 0, we have

—

Ty(F)@) = (ale) = by (bale) — )T (fu, fo) (@)
~(bu(x) = BT (fr, (ba() — B3) o) ()
~(ba(x) — BT (i) — B) o, o) (@)

FT((b () — bb) i, (ba(-) — B3 fo) ()
= —(bi(x) — by (ba() — BT (fr. fo)(2)
(b (@) = BB)TR e (i o) (@)
(ba(w) — B)TE oy (1 o) (@)
FT((bu(-) — by) i, (bal-) — D) fo) ().
We're going to consider two cases, respectively.

Case 1: rg > 1. Write

J1 = fixes + fixes) = 2+ £, fa= foxen + JoaX@B)y = I3+ f5°.

Take a

ca = T((ba() = bp) [ (ba(-) = 05) f57)(@0) + T((ba(-) = bp) 7%, (ba() — ) f2) (o)

+T((b1(+) = bp) fi%, (b2() — bp) f5°)(20) == c3 + ¢ + c3.

(ﬁ /BHTm:(f)(z)yS _ ‘CQP}CZZ) 1/

= — by 2) — b2 2)|°dz v
<0 [ 1n2) ~ By ts(2) — BT S )

Then
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1Bl /i

. 1/6
+0 (g [ 1100 = )75, - )50 - i)
=D+ o+ Js+ Ju + Jio+ Jug + Jua
Since 0 < 6 < 3and 0 < 6 < & < 00, there exists a v such that 1 < v < min{%, 1.

We have vd < ¢ and v'd > 1. Take ¢1,q2 € (1,00) such that qil + q% = 5, then
q% + q% + % =1, 10 > 1 and g0 > 1. By Holder’s inequality, we can get that

1 Tl 1 s
< 1l 0q1 a1 12 (0g2 )
Jp < C |B\ / |b1(2) — bg| dz) B /B |b2(2) — b dz)

v 5“
<[ [ ")
< Cllnllansolell oM. (T 2))(@).

By Holder’s inequality, we have

i

1 v 5 ) 1
C<®/B‘bl(2) —bjlg“s |B‘ /| ()2 flan)( )|5 dZ)
S C’||b1||BMO]\45v( ba(-) b2 (fl,fg))( )

= Ol prroM-=(Ty, (fr, f2)) (2).

J

IN

Similarly, we can get that

J3 < Olball prioM:(Ty, (f1, f2))(@).

Suppose t = s/sg. Since sy < s < oo, we have 1 < t < 0o, rit < s and rot < s.

Notice that 0 < § < r < 0o, by Lemma 3.1, Holder’s inequality and Lemma 3.5, we
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can get that

CIBI | T((bi(-) — b5) £2, (ba(-) — b%) ) || ey

1

C(%/ b1 (1) — blB|T1|f1(yl)|T1dyl) "

J41

IN

IN

1
9

|QB| 5 Il — Bl ) )

- 1 rmt TIT 7’1t %
C —\QB\ /23|b1(3/1) bB| dyl) |QB|/ |f1 3/1 dy)

1 ' o
- b . 62 rot d ) TQi / rgtd )
(g | ) =03 ) ™ (o | e

—

< C||bl||BMo||b2||BMoMs( )().

IN

For z € B and y» € (2B), there is |z — 2o|* < 3|ys — @o|. By Hélder’s inequality,

the condition (1.1) and Lemma 3.5, we have

Te < C(g [ (0 =W 12 0al) = B E)
~T((0a() = V) (Bal) = B3 15°) )=
|2 — @ol* 1 2

< - — byllb -
S OB, o e T = o0 s )~ )~

x| fi(y)|[ f2(y2) | dy2dy d=
< orp( [ ) - Bhllfilon)ldn)

2B
- 1

X _ — b3 d

( / s Ty 0~ Bl
< CTaB e )</ |b1(y1)—b§||f1(y1)|dy1)

2k+113
<( / (e —b%gufz(yz)\dyz)
2k+1p
e—& > _ ke 1 s %
< Clbillpaollbollpaors = Y k27« (m/ﬁwlﬁ(yl)l dyl)
k=1
1 -

<W 2k+13|f2(y2)| dyz)

< Clrlmoltal oMo () o).
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Similarly, we can get that

—

J43 < C”bl”BMpoQ”BMOMS( )(x>

For = € B, yy € (2B)° and y, € (2B)", there are |z — zo|* < 3|y1 — mo| and
|z — @o|* < 3|y2 — zo|. By Holder’s inequality, the condition (1.1) and Lemma 3.5,

we have

z — a9l 1 2
Ju < // / | by (1) — B l1ba(52) — B3|
“ ‘B| (2B)c J (2B)¢ |1U0 - y1\ + ‘950 - yz‘)QnJrE e BT b

x| f1(y) | f2(y2)|dy2dy,dz

- 1
S O3 o Ty~ T =g 1) =Pl =1
x| fr(y)l f2(y2) | dy2dy
< kZ (2¢rp) “(|2k+13|/ b (1) — b|? dyl)%
<2k+1B|/ | fi(y)|® dy1> (|2k+113| 2k+lB|b2(y2)_bB| dy1>1,
(g [ 1)’
<

e—£ - _ ke 1 s %
Clinlpuolltellors * K2 (g [ 1))
k=1

1 .
Sd )
<|2k+1B| ék-&-lB |f2(y2)| y2

—

< C||bl||BMo||b2||BMoMs( )().

Case 2: 0 <rg < 1.
Since 0 < I/q < «, there exists a # such that /¢ < § < a. Denote by B =
B(wo,7%). Write

fi= f1XZB+f1X(2B : f1 +f1a f2= f2X2B+f2X2B -—f2 +f2~

Take a

G = T((bl('> - b%a)leOa (bz(‘) - sz)f;OO)(xo) =+ T((bl(') - b}B)f%oa (52(') - sz)J;g)(l"o)
+FT((01(-) = by) £, (b2() — b3) £3°) (0) == ¢ + 3 + c3.
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(ﬁ /BHTm:(f)(z)yS _ ‘52|5}dz) 1/s

(|B| [ 11621 = ) 0() - sz)T(fl,fQ)(Z)PdZ) i

Then

( /I (ba(2) = BR)T} s (1 fo) (2 )|6dz)1/6
+C(|§/\T (b1 () = BL)F2, (ba(+) — b2) fO) (2 )sz)l/a
+C(|1 /\T ((ba(-) = DE)FL, (ba () — U3) £5°)(2) 02|5d2)1/6

1 2 e
+0 (g [T = 0.0 - B R)) - B )

] ) ) 1/5
+O(® / IT((ba() = BY) £, (bal) — 1) £3) (=) — c2|5dz)
= J1 + J2 + jg + J:u + sz + J:13 + J:14-

Similarly to Jy, Js, J3, we can get that

Ji < Cllball pasollbzll paroMe(T(fi, f2)) (),

j2 < C||bl||BMoM6(Tb22(f1> f2))(x)’

Js < Clball paso M(T5, (fr, f2))(w).

Since sg < s < 00, let’s suppose that t = s/sg, then we have 1 < ¢t < 0o. Denote

g1 = %(? — é) > 0. Noticing that 0 < § < ¢ < 0o, by Holder’s inequality, Lemma 3.5

and Lemma 3.6, we have

Ju < C|BIT|T((bi(-) = ) £2, (ba(-) — b3) )| o)

1
1|11 l

)|y )

1 5
<ﬁ /zé |b2(y2) — b2B|l2|f2(y2)|l2dy1>l
o _

2r! 1 s \*
Tt (G [ nwrdn)

< ol Bl

IN

1
C?"Bl a (1+’1
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«(1+ ]mfj“_%)) Pl (55 / o))

TL(% —2e1

< Crg

1

I llaolllaso (5 [ 15wnldn)’

(57 L, i)

—

< Cllbillparollb2ll paroMs (f)(z).
For z € B and y, € (2B)°, there is |z — z|* < lya — xo|. Let ey = %(6 — %) > 0.

By Hélder’s inequality, the condition (1.1), Lemma 3.5 and Lemma 3.6, we have

~ > — anl¢
Bo < c [ [ /(B — y|+|x0‘ g (o) = Bhlea(u2) — b3
2 00— 91 0 «
x| fi(yn)llfa(y2) | dydyrd=

< ([ - Bhllfiton)ldn)
2B
X(i/ ;%Jrgvb(?h) _b2B||f2(y2)|dy2>
1 J2FH1B\2*B |20 — Yo "o
< C@i 2°r%) 77( L |01(y1) — bp/* dy1>1,
o |2k+1B‘ 2k+1B
1 5 1 7
x - ba(ya) — V| dyr )
<|2k+1B| 2k+1B|f1(y1)| yl) <|2k+1B| 2k+1B| 2(y2) — 0" dy
1 1
X | ———= d
(iG] g o0l )
o e k+17"0 1 é
< @ o O s
< Cryg ZQ ( —|—)l DHblHBMO<‘2k+1B| QkHB\fl(yl)‘ dy1>
k’+1 9 1 é
(1+’ln ’)“bQHBMO(m 2k+13|f2(y2)| dy2>
—2¢e2 2 1 s %
< Cllaolllanori 025 (ot [ 1t
o= )
‘2k+1B‘ et 2(Y2)] Y2

—

< Cllbdllpaollbzll paroMs(f)().

Similarly, we can get that

—

Jis < Cllball parollball paroMs(F)(2).
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For z € B, y; € 2B)¢ and 5 € QBC,thereare 2 — xol® < Lly; — 20| and
Y Y 21y
|z — o™ < 3]y2 — o|. By Holder’s inequality, the condition (1.1), Lemma 3.5 and

Lemma 3.6, we have

~ Z_xo‘é . )

J // / | by () — b (B (ya) — b

“ |B| @B)e J @By (|70 — Y1 —|—|x0—y2|)2n+a| 1(y1) — b [b2(y2) — b3
x| f1(y)[| f2(y2) | dy2dy, d=

IN

- 1
< Orf / b1 (1) — B |[Ba(yo) — B2
B; a5ty (170 — gl + Jag — galres 1)~ O llelin) =i
x| f1(y)l] f2(y2) | dy2dy
. . 1 N
< Oy @) (s bu(yn) — bl dyr )
< Bk 1( B) 251 ] 2k+1B| 1(y1) — bp|” dys
- i) ( o) — B i)
|2k+1B| i 1\91)] ayr |2k+1B| B 2\Y2 Bl Y1
1 1
X d )
(‘QkJAB‘ ok+13 ‘fQ(yz)‘ b2
—2eo 2 1 s )i
< Clb b k*2 = d
< Clbilamolltal o * Z (g Loy 00
1 1
X d )
(|2k+1B| 2k+13|f2(y2)| Y2

—

< C||bl||BMo||b2||BMo S(f)(x).

Combining these two cases, we have

—

1 1/6
MiTig7)(0)) = 20Tyl 910 o)~ supint (1 [ T 73F = o)

—

< Cllball asolball prro (Ms(f) (@) + Me(T(f1, f2)) (%))
Cl1ball paro M= Ty, (fr, f2)) (@) + 1102l paro Me (T, (i, £2)) (@),

which completes the proof of the theorem. O

Proof of Theorem 2.6.

Since & € Az, as in the proof of Theorem 2.4, we can find d > 1 and s = s¢d,
50

such that @ € Ay and s < p;, for j =1,--- ,m.
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Take 9,1, , &, such that 0 < § < ey < ---&,, < 1/m. By Theorem 2.5, we have

VT Dl < € T 1o (WM )+ IV (TP 100

J=1

J
Z H 10w | garo 1VE, (T, (FD) o)
C =1

||F1S

In order to reduce the dimension of the BMO function in the commutator, The-
orem 2.5 is applied again to ||MZ (Tngwl(f))HLp(%). According to Definition 1.8,

v =A{vQ), - @)} Y ={v(G+ 1), (m)} and Ay = {1 1 Y1 C '}, where
¥y is any finite subset of ¥’ composed of different elements. Denote ¥] = 9" — 1)y.
By Theorem 2.5, we have

IME, (T, (D lrey < € TT Ibwmllsaso (M lere + IMes(TC) 00
k=j+1
m—j—1

+C Z Z HHdel(Z ||BM0||M62( wa,(3)||Lp(vg)'

h=1 ’lplEAhZ 1

Repeat the above process and apply Theorem 2.3, we have
1M (T (D)) o)
<C 115l pao0 <Cm+1(m, )| M ()l rws) + Crlm, )| Mz, (T(f)) || o (o)
j=1

ol ) [ Moy () sy + Con )| Me (T 10

where Cy(m,n),Ca(m,n), -+, Cp(m,n), Cpi1(m,n) are all finite real numbers asso-

ciated with m and n. By Lemma 3.2, Theorem 2.1 and Lemma 3.4, we have
1T (D) ersy < IMs(Trg(P)ersy < IME (D) 2o
< CTT 5l paro (Cm+1(m, ) [M(f)ll Lo g + Crlm, n) | Mey (T ()| o (o)
j=1

+Co(m, )| Moy (T(F)) | o(ua) + -+ + Cou(m, )| Me,, (T(f))Hmm))

< T Il aso (Conta G M F) 150 + Cona (1) | My (P
j=1

M(f%)

L¥ (vz)

< CTT o s IMs (D) lzoesy < CT T I0sllmar0
j=1 j=1
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m m 1
< C1T1Bspaso TTIIAI 2
o o L7 (wy)
J=1 7=1
m m
= CH ||bj||BMO H ||fj||ij(wj)7
i=1 g=1
which completes the proof of the theorem. O
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