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SKEW POLYNOMIAL RING OF THE RING OF MORITA
CONTEXT

YOSHUA YONATAN HAMONANGAN ) AND INTAN MUCHTADI-ALAMSYAH®

ABSTRACT. Ghahramani proved that the skew polynomial ring of the formal tri-
angular matrix ring is isomorphic to a formal triangular matrix ring. We aim to
generalize this work to the skew polynomial ring of a ring of Morita context. Let
M be a ring of Morita context and M|z;6,d] be a skew polynomial ring over M.
By studying a particular ring homomorphism 6 and a skew derivation d on M,
one can show that M|z; 6, d] is isomorphic to a ring of Morita context that is con-
structed by skew polynomial modules and skew polynomial rings. In this article,
we use the definition of skew polynomial module that was introduced in the work

of Ghahramani.

1. INTRODUCTION

Throughout this paper all rings are associative with unity, all modules are unital,
and every ring homomorphism preserves the unity element.

Skew polynomial rings were introduced by Oystein Ore in the 1930s. Before the
formal definition by Ore, these rings were studied because of their relation to differen-
tial equations and operator theory. The structure of these rings has also been studied
by P.M. Cohn, T.Y. Lam, A. Leroy, N. Jacobson, A. Ozturk, and many others [5].
Recently, skew polynomial rings have been used to construct codes [2].

Let R be a ring and « be a ring endomorphism of R. The a-derivation of R is an

additive map ¢ : R — R such that §(r1r9) = a(r1)d(r2) + 0(rq)re for every r1, 75 € R.
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Recall that R[z;«,d] is the skew polynomial ring over R or Ore extension of R,
whose elements are polynomials over R with the usual addition and multiplication is
subjected to the relation xr = a(r)z + o(r) ([3],[4]). It was proved by Ghahramani
that the skew polynomial ring of formal triangular matrix ring 7'[z; 0, d] is isomorphic
to a particular formal triangular matrix ring [3].

Recall that a Morita context is a set M = (R,V, W, S) and two mappings ( , ),
[, ], with R, S are rings, V is an (R, S)-bimodule, and W is an (S, R)-bimodule. The
mapping (, ): V ®sW — Risan R — R bilinear map and [, | : W@z V — S is

an S — S bilinear map. These mappings satisfy the associative condition, that is:
lye[,]=0,)0ly:VogWerV =V

L ]Qlw=1w®(, ) WRrV QW =W

([1],[6]). Hereafter, the mappings (v, w) and [w, v] will be written only as vw and wv,

respectively, for every w € W and v € V. If M is a Morita context then

row
M = reRveVweW,seS ,,
w s

with usual matrix operations, is a ring. The ring M will be called the ring of Morita
context. Note that the formal triangular matrix ring is a special case of the ring of
Morita context.

We will generalize the result in [3] for rings of Morita context. We will prove
that for a particular ring endomorphism 6, the skew polynomial ring M]|z;0,d] is

isomorphic to a ring of Morita context

(R[x; o, 6r), VIy; v, 7v], Wz, 7w, Sly; B, ds])

such that both R[x; «, dg| and Sly; 5, ds] are skew polynomial rings and also both the
(R[z; o, 0r], Sly; B, 0s]) bimodule V'[y; v, 7v] and the (S[y; 8, ds|, R[x; v, dg]) bimodule
Wlz;n, Tw| are skew polynomial modules.

The organization of this article is as follows. In section 2, we explain some ter-
minology. In section 3, we introduce a particular class of homomorphisms and skew

derivations of rings of Morita context. We also introduce the Morita context

(R[x; o, 6r), VIy; v, 7v], Wz, 7w, Sly; B, ds])
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. In section 4, we study the structure of M|z; 6, d].

2. TERMINOLOGY

Here are some notions introduced in [3]:

(1) Let R, S, A, B be rings, V be an (R, S)-bimodule, X be an (A, B)-bimodule,
and a : R — A, : S — B be ring homomorphisms. The additive mapping

~v:V — X is called a bimodule homomorphism relative to (a, 3) if

y(rv) = a(r)y(v) and  y(vs) = y(v)5(s)

foreachr € R, s€ Sandv e V.

(2) Let V be an (R, S)-bimodule, v : V' — V be a bimodule homomorphism
relative to (o, ), dg : R — R be an a-derivation and dg : S — S be a
[-derivation. The additive mapping 7 : V' — V is called a skew generalized

derivation relative to (O, dg) if
7(rv) = a(r)t(v) + 0g(r)v and 7(vs) = vy(v)ds(s) + 7(v)s

forallre R, se Sandv e V.

(3) Let V' be an (R, S)-bimodule, the mappings o« : R — R,  : S — S be
ring endomorphisms, and v : V' — V be a bimodule homomorphism relative
to (a, B). Suppose that g : R — R is an a-derivation, dg : S — S is a
[-derivation, and 7 : V — V is a skew generalized derivation relative to
(0Rr,ds). We call an (R[z;«,dg, Sly; 8, ds])-bimodule V' a skew polynomial
module V[y;~, 7] if
(a) V' contains V' as an (R, S)-subbimodule
(b) for each v € V', we have zv = y(v)y + 7(v)

(c) each element p € V[y;, 7] is uniquely written as p = vo+vy+- - - +vpy*
with v; € V and y' € Sy, 3,0] foralli e N, 1 <i <k

Remark 1. The conditions in skew generalized derivation relative to (g, ds) might
look strange because they are not symmetric as defined by Ghahramani. But, Ghahra-

mani needs the conditions to define the skew derivative [3].
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The following terminology will be used in this article. Let M be the ring of Morita

context (R, V, W, S). The notations E1y, Eoy, rF11, vE19, wEy, sEs denote the ele-

10 00 r 0 0 v 0 0 00 .
ments , , of M, respectively.

00/ \o 1) \oo) \oo/ \wo/ \os
The notation (m);; denotes the (¢, j)-th entry of m € M. The notation (r,v,w, s)

r v
denotes the elements of M.

3. THE MoORITA CONTEXT (R|x;,6g], Vy;v, 7v], Wlx;n, tw], Sly; B, ds])

Before we discuss the Morita Context (R|x; v, dg], V[y; 7, v], Wlx; n, tw], S[y; B, ds)),
we need to discuss the homomorphism and the skew derivation of the Morita ring of
Morita context. By using a similar technique as the one developed in [3] we have the

following two propositions:

Proposition 3.1. Let My and My be rings of Morita context (R,V,W,S) and
(A, XY, B) respectively and 0 : My — My be a mapping. The following statements
are equivalent:
i. 0 is a ring homomorphism and satisfies 0(E11) = E11 and 0(Fa) = Fao
ii. There are mappingsa: R — A, B: S —B,v:V = X andn: W — Y that
satisfy:
— «, B are ring homomorphisms
— 7,1 are bimodule homomorphisms relative to (c, 8) and (B, ), respec-
tively,
— a, B satisfy a(vw) = v(v)n(w), B(wv) = n(w)y(v) for allv e V,w e W
such that

0(r,v,w,s) = (a(r),v(v),n(w), B(s)).
for all (r,v,w,s) € M.
Proof. 1f (ii) holds, we can directly show that @ is a ring homomorphism. Since o and

f are ring homomorphism then a(1) = 1 and (1) = 1. Since v and 7 are additive
then v(0) = 0 and 7n(0) = 0. Therefore, 0(E1;) = E11 and 0(FEa) = Fas.
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If (i) holds. From rEy; = rEj1Eyy = EjirEy; we have a mapping o : R — A
such that O(rEy;) = a(r)Ey for all r € R. From (ry + o) E1y = mEy + ro By and
(riro) B = miE1iraEy we get that « is a ring homomorphism. Similarly, we have
a ring homomorphism 5 : S — Y such that 0(sFEx») = B(s)Ex for all s € S. From
vE13 = vE19Ey = E110E s, (v1 + vg)E1s = v1E1y + v9F1a, (1v)E1y = rEjjvE, and
(vs)FE19 = vE138F9, we get a mapping v : V' — X that is a bimodule homomorphism
relative to (o, 5) and satisfying 0(vE5) = v(v)Eyp for all v € V. Similarly, we get
a mapping n : W — Y that is a bimodule homomorphism relative to (3, «) and
satisfying O(wEy) = n(w)Ey for all w € W. From (vw)E; = vEpwEy and
(wv) Eyy = wEsvEs we have that a and [ satisfying the relation a(vw) = v(v)n(w)
and f(wv) = n(w)y(v) for all v € V,w € W. Lastly, since every (r,v,w,s) € M
can be written in the form rEy; + vEjy + wEy + sE9 then we have 0(r, v, w, s) =

0(rEn) + 0(vE) + 0(wky) + 0(sEa) = (a(r),v(v), n(w), B(s)). O

Proposition 3.2. Let M be a ring of Morita context (R,V,W,S) and 0 : M — M
be a ring endomorphism satisfying (ii) in Proposition 3.1. The function d : M — M
s a O-derivation if and only if there are vg € V, wy € W, functions dg : R — R,
0s: S =S, 7y : V=V, 1w : W —= W that satisfy:
i. 0g and ds are the a-derivation and the B-derivation, respectively, for mappings
a and [ as in the previous proposition
ii. 7v and Ty are skew generalized derivations relative to (0g,ds) and (ds,0R),
respectively
iii. 0 and ds satisfy
— op(vw) = vy(v)Tw (w) + 7v (vV)w and
= ds(wv) = n(w)7v(v) + 7w (w)v

forallveV,weW, and mappings v and n as in the previous proposition.

0 w
iv. d(Ell): 0
Wo 0
such that
row or(r) mv(v row 0 0 ro v
; () v, 0\ :
w s Tw(w) ds(s) w s —wy 0 —wy 0 w s

for all (r,v,w,s) € M.
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Proof. Let d be a #-derivation with 0(Ey;) = Ej; and 0(Fy) = FEs. Since [ =
E11 + Ey then 6(I) = I. Note that d(I) = d(II) = 6(I)d(I) + d(I)I = d(I) + d(I).
Therefore d(I) = 0. Since d is additive then d(E1;)+d(FE22) = 0. Similar to the proof
of Proposition 3.1, from Ey; = Ej1F; we get

0 v
d(En) = 0 for some vy € V and wy € W.

Wo 0

From ’/’E11 = ’/’E11E11 = E117’E11, (7’1 + 7’2)E11 = T1E11 + 7’2E22, and (T17’2)E11 =
r1E11m9Fas, we get a function dg : R — R defined by dg(r) = (d(rE11))1; for all
r € R and the function dg is an a-derivation. In particular,

r 0 Or(r) a(r)vg

d -
00 wor 0

for all r € R. Similarly, we get a function dg : S — S defined by dg(s) = (d(sEa2))22

for all s € S and the function dg is a [-derivation. In particular

0 0 0 —UpS
0 s —B(s)wy 0s(s)

forall s € S. From vE 15 = vE 9 FE9 = Ej1vE15, we get a function 7, : V' — V defined
by 1 (v) = (d(vE12))12 for all v € V. From wEy = wEy Fy1 = ExpwEsy, we get a
function m — W defined by 1y (w) = (d(wEs))9 for all w € W. In particular,

0 v —y(v)wy TV (V 0 0 —Vw 0
d R "
0 0 0 WoU w 0 mw(w) n(w)vy

for all v € V and w € W. Since d is additive, we can prove both 7 and 7y are
additive. From (sw)Es = sEgpwEsy, (wr)Ey = wEygrkEy, (rv)Eiy = rEjjvEs,
(v$)E12 = vE198FE9, (vw)E;; = vEjpwEy, and (wv)Wae = wEynvE;s we get that
7y and Ty are skew generalized derivations relative to (dg,ds) and (Js,dr), re-
spectively. Moreover, 0 and dg satisfying dg(vw) = v(v)Tw(w) + 7v(v)w and

ds(wv) = n(w)ry(v) + Tw(w)v for all v € V, w € W. Lastly, for all (r,v,w,s) € M,
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we have
rov r 0 0 v 0 0
d =d +d +d +d
w s 0 0 00 w 0 0 s
[ Or(r) = y(v)wo —vow  a(r)vy — vos + Tv(v)
wor — B(s)wo + Tw(w) ds(s) + wov + n(w)vo
_ or(r) mv(v) v rowv 0 v B 0 r v
mw(w) ds(s) w s —wy 0 —wy 0 w s
The proof for the converse can be checked through direct calculations. U

Note that the homomorphism described in Proposition 3.1 is a ring isomorphism
if and only if «, § are ring isomorphisms and +,n are bijective mappings satisfying
condition (ii) of the proposition. Now, we are ready to discuss the Morita context
(R[x; o, 6r), VIy; v, 7v], Wz, 7w, Sly; B, ds]).

Let M = (R,V,W,S) be a Morita context, the (R[x;«,dg], S[y; 5, ds])-bimodule
V{y; v, 7v] and the (S[y; B, dg], R|x; o, 6g])-bimodule Wz;n, 7w be skew polynomial
modules such that the mappings «, 3,7, n satisfy (ii) in Proposition 3.1 and the
mappings 0g, ds, Ty, T satisfy (iii) in Proposition 3.2.

Since M = (R, V, W, S) is a Morita context, we can define a natural operation from
Viy: v, 7v] @spses) Wlesn, Tw] to Rlx; o, dg] by the definition of skew polynomial

modules V]y;~, 7v] and W{z;n, rw]. For example, we can define

(vy)(wz) = v(n(w)z + 1w (w))z = vp(w)x? + vy (w)x

In the same way, we define the operation from W{z;n, 7w] ®gjwa.s. Vv, 7v] to
Sly; B,0s]. Now, we only need to check that both operations are sufficient to define
the Morita Context (R[x; c, 0gl, V[y; vy, Tv], W[z;n, Tw], Sly; 5, ds]). Note that:

(1) For all v,v" € V, w € W and nonnegative integers j and k, we have vwz’ €
Rlz; o, 0g] and (vwad)v'yk = vwP(y)y* = v(wP(y)y*) = v(wziv'y*) with
P(y) = 29v' is a polynomial in y, coefficients in V, and the second equality

follows from the property of the Morita context M.
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(2) For all v,v" € V, w € W and nonnegative integers j and k, we have

(vywa))v'y* = (vn(w)z? ™ 4+ vy (w)a? o'y
= v(n(w)z + T (w))z/v'y*
=v(n(w)x + Tw(w vay

=v Z w)z + Ty (W) ) Uy ™

with 27v'y* = Y vy™* € V]y; v, 7v]. Observe that

k m—+k

(n(w)x + 7w (W) )vmy™ ™ = ((w)y(Vm)y + N(W)TV (V) + T (W) V)Y

= (Blwvm)y + 0s(woy,)) ym+k

- m+k
= Yywony" .

Then

(vywa W'y" = v Z YWy = ( Z vmym+k) (vy) (wa’v'y")

(3) If (vytwa?)v'y* = vy'(waiv'y*) for all v,0" € V, w € W, nonnegative inte-
gers j,k and nonnegative integer ¢ < n, then we can prove (vy"wa!)v'y* =

vy"(wrfv'y*) in the same way.
Therefore, by induction, (vy‘wz?)v'y* = vy*(wziv'y*) holds for all v,v' € V, w € W,

nonnegative integers 7, j, k. Thus for all Y vy, S viy* € Viy; v, 7] and Y w;z? €

Wlz;n, Tw], we have the following chain of equalities
(Z vy Z wj:L'j) Z vy
i j k
(Sl )y )
j k i J k

i

fs(rmer) ) sz

( J

= Z (; (Z(wyiwﬂj )v;yk» > (; (Z vy (wja vy )))

J ( J
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_ Z (2}; (v,y Z (w27 V") )) =y (viyizk: (ZJ: w;z vy )))

)

Y)Y <;<wjxjv,gyk>) “Yuw (; - ;U;yk> |

Analogously, we also have

(wa Zwy)Zwk:r - Y (;vjyj;w;g;k>

for all >~ w;z®, > wiz® € Wiz;n, 7] and Y vjy? € Vy; vy, v).

In the same way, we can also prove that the operation from V[y;~, 7v] ®gpys.64]
Wlz;n, tw] to R[z;a, 0g] is bilinear R[z;«,dg| — R[z; a, dg| and the operation from
Wz n, mw] ®Riwasa VIy; v, 7v] to S[y; B, ds] is bilinear Sly; 8, ds] — Sly; 8, ds].

We summarize our observations in the following proposition.

Proposition 3.3. Let M = (R,V,W,S) be a Morita context. Let

(R[z; o, 0r], Sly; B, 0s])-bimodule V' [y; v, Tv] and (S|y; B, ds], R|x; o, dg])-bimodule W |x; n, /]
be skew polynomial modules. Let the mappings «, 3,7, n satisfy (ii) in Proposition 3.1

and the mappings Og, s, Tv, Tw satisfy (iii) in Proposition 3.2. Then

(Rlz; o, 0], Vy; v, v, Wlz;n, mw], Sly; B, ds])

is a Morita context under the operations in skew polynomial module V'[y; v, v], skew

polynomial module W [x;n, ] and Morita context M.

4. THE SKEW POLYNOMIAL RING M|z;6,d]

By using the same technique as the one developed in [3], we have the following
proposition. The proof of this proposition is imilar to the proof of [Proposition 3.5]

in [3].

Proposition 4.1. Let M be a ring of Morita context (R,V,W,S), 0 : M — M be
a ring endomorphism, and d : M — M be a 0-derivation. The following statements
are equivalent:

i. 0 satisfies the condition (ii) in Proposition 8.1 and d satisfies the properties

in Proposition 3.2 with vg = 0 and wy = 0.

ii. E112E22 =0 and E222E11 =01 M[Z7 9, d]
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iii. Bz = zEy in M|z;0,d]
iv. FEgz = zEq in M|z;0,d]
If any of the above conditions holds, then in M|z;0,d], we have
(1) (Ey2)™ = Enz™ = 2"Eyy and (Eywz)" = FEyz" = 2"Eyy for every positive
integer n.

(2) For every p(z) € M|[z;0,d] with p(z) = m;z", we have

(a) Eup(z)En = Z(mi)nEnzi
(b) Eup(z)Ey = Z(mi)mEmZi
(¢) Eaap(z)Eny = Z(mi)mEmZi
(d) Eaap(z)Ean = Z(mi)22E22Zi

Here is the main theorem.

Theorem 4.1. Let M be a ring of Morita context (R, V,W.,S), 0 : M — M be a
ring endomorphism satisfying the condition (ii) in Proposition 3.1 and d : M — M
be a O-derivation satisfying the properties in Proposition 3.2 with vo = 0 and wy = 0,

then the skew polynomial ring M|z;0,d] is isomorphic to the ring of Morita context

(Rlz; v, 0r], VIy; v, 7v], Wl n, mwl, Sly; 8, 0s])
as in Proposition 3.3.
Proof. Let N denote the ring of Morita context
(Rlz; a, 0r], VIy; v, 7v], Wl n, mwl, Sly; 8, 0s])
and N3 denote the ring of Morita context
(EnnM|z;0,d|Ey, E1nM (230, d| Esy, EogM|z; 0, d|Eyq, EsaoM|z; 0, d| Egs)

where E11, F1o, o1, F9 are the elements in the ring of Morita context M. By Pierce
decomposition, we have M|z;6,d] = N,. So we only need to define the bijective
mapping A : N; — N, satisfying the condition (ii) in Proposition 3.1.

Define ¢1 : R — E;yM|z;0,d|Ey; by ¢1(r) = E11(rEn)Ey = rEy for all r € R.
We can check directly that F11zE; € Ey3M|z;0,d]Ey; satisfies

(BuzEn)oi(r) = ¢i(a(r))z + ¢(dr(r))
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for all € R. By [4, p. 37], there is a unique ring homomorphism ¢, : R[z; a, 0g] —
Ey 3 M|z;0,d]Eyy such that ¢1|gr = ¢ and ¢1(x) = Ey12Ey;. In particular,

©1 (Z Tixi) = Z ¢1(7’i>(E112E11)i = ZTZ'EHZi = F; (Z TZ-EHzZ) Eq.

The last equation tells us that ¢, is injective. On the other hand, by Proposition 4.1,

we have
EnM[Z; H,d]EH = {Z TZ'EHZi | T, € R} .

Thus ¢y is onto. We conclude that ¢, is a ring isomorphism.

Analogously, if we define ¢g : S — E9oM|z;0,d|Ey by ¢o(s) = Eaa(sEg)Ey =
sE9y, then we have a unique ring isomorphism ¢y : Sly; 8, 0s] — EaaM|z;0,d|Eq
such that po|s = ¢ and o(y) = EaazFa. In particular,

©2 (Z Sz‘yi) = Z ¢2(3i)(E22ZE22)i = Z 52E222i = Fy (Z SiE22Zi) Eo.
Note that
EllM[Z;e,d]EQQ = {Z ’UZ'Elg,Zi | V; € V} .

Define o3 : V[y; v, 7v] = E1iM|[z;0,d|Eag by o3 (O viy') =S v;E192" for all > vyt €
V{y; v, v]. Clearly, o3 is an additive bijective mapping. Let r € R C R|x; «, dg] and
S~ vyt € V]y; v, 7v]. Note that

¥3 <7” Z%?f) = @3 (Z TUi?f) = ZTUiEmZi =rkn Z rv; Epo2!
= ¢1(r)ps (Z viy") :
Therefore, for each r» € R and v(y) € V[y; v, 7v], we have
e3(rv(y)) = p1(r)es(v(y)).

Let rx € Rlx; o, 0g] and > v;y' € V]y; v, 7v]. Note that

¥ (m > viyi> = 3 (Z mviyi)
= 3 (Z r(y(o)y™ + Tv(v)y"))



552 YOSHUA YONATAN HAMONANGAN AND INTAN MUCHTADI-ALAMSYAH

= ry(v) Bz + 11y (v) Erp?'

= (rBu) (Y (1(0) Ernz + (0 Brz)2')
= (rBy) (Y 2viBra?’)

= (rEnz) (Z v,-Elgz’)

= pr(ra)es (Y v)

Therefore, for each rz € R[x; a, 0] and v(y) € V[y; v, 7v] we have

p3(rzv(y)) = pi(rz)es(v(y)).

Let n be a positive integer, assuming that for each ra’ € R[z; o, dp] withr € R, t <n
and v(y) € V]y;~, 7v], we have ps(ratov(y)) = ¢1(rz')es(v(y)). In the same way, for
every rz" € R[z;a,0r| and > vy’ € V]y;v, 7/] we have the following equality

©3 (7“36" Z vﬂf) = p1(rz")es (Z Uiyi> .

By induction, we conclude that the equation @s(rz"v(y)) = p1(rz™)ps(v(y)) holds
for every nonnegative integer n, r € R and v(y) € V[y;v, 7v]. By using the additivity
of @3, we have the equality

ps(r(x)v(y)) = er(r(x))ps(v(y))

, which holds for all r(z) € R[z; o, dg] and v(y) € V]y; 7, 7v]. By the same argument
(using the property of skew polynomial ring Sly; 3, ds]) we can prove that the equality
e3(v(y)s(y)) = 3(v(y))e2(s(y)) holds for all v(y) € Vy; v, 7v] and s(y) € Sly; B, ds].
Thus, ¢3 is a bijective bimodule homomorphism relative to (¢1, ¢2).

Similarly, we can prove that the mapping ¢4 : Wlz;y, Tw] — EouM]z;0,d]Exs,
which is defined by o, (3" w;z") = > w;Fy 2 for all " w;z' € Wz; v, Tiw|, is bijective
bimodule homomorphism relative to (@2, ¢1).

Similarly, we can also prove that the equations ¢y (v(y)w(z)) = p3(v(y))ea(w(x))
and @4(w(y)v(z)) = @a(w(y))es(v(z)) hold for all v(y) € Vy;v,7v] and w(z) €
Wiz, n, Tw].

Define A : N7 — N, by

A(r(x), v(y), w(@), s(y)) = (r(r(2)), ps(v(2)), pa(w(z)), pa(s(x)))
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for all (r(z),v(y), w(z), s(y)) € N;. By the above observations, we have N7 2 N,. 0O

R V
Example 4.1. Let denote the ring of Morita context (R, V,W,S).

(1)

w S
Let R be a ring. Note that the set M = (R, R™? R**1 R**2) with the usual
matrix operation becomes a Morita context. Let M be a ring of Morita context

M. Define the mappings 0 : M — M and d : M — M by:
0 (a,b,c,d) = (a,=b,—c,d) and d(a,b,c,d)=(0,b,¢,0)

for every (a,b,c,d) € M. The mappings 0 and d are a ring endomorphism

and a 0 derivation, respectively. By Theorem 4.1,

R[ZI:] R1X2[y; —idR1x2, idexz]

M[Z7 97d] %} 2%1 . . 2% 2
R [[lf, _ZdR2><17 ZdR2><1] R [y]

with R[z] and R**?[y] as the usual polynomial rings.
Let M be a ring of Morita context (R, V,W.,S), and 6 : M — M be a ring
endomorphism that satisfy (ii) in Proposition 3.1. Choose the zero mapping

in M for the 8-derivation. By Theorem 4.1,
Rlz;al Viy;n]
Wla;nl Sly; 6]
If o # idg and B # ids then both R[x;«| and Sly; B] are the polynomial ring

M|z 0] =

of endomorphism type.

Let W = {0} be a (S, R)-bimodule. One can define the Morita context
(R,VIW,S) byv0 =0€ Rand v =0¢€ S forallveV. Leta: R — R
and B : R — R be ring homomorphisms, v : V. — V be a bimodule homo-
morphism relative to (o, 3), dg : R — R be an a-derivation, dg : S — S be
a B-derivation, and 7 : V. — V be a skew generalized derivation relative to
(0r,ds). Note that the identity mapping in W is a bimodule homomorphism
relative to (,a) and a skew generalized derivation relative to (0s,0r). By

Theorem 4.1

Rlz;a,0p] Vy;v, 7]

Mz, 0,d] =
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This result is confirmed by [Proposition 3.6] in [3].

The following theorem generalizes Theorem 4.1.

Theorem 4.2. Let M be a ring of Morita context (R, V,W,S), 0 : M — M be a
ring endomorphism satisfying condition (ii) of Proposition 3.1 and d : M — M be a
0-derivation, then the skew polynomial ring M|z;0,d] is isomorphic with the Morita
context

(Rlz; o, 0r], V]y; v, v, Wlzs 0, mwl, Sly; B, s])
as in Proposition 3.3 and the mappings Og,ds, Ty, Tw satisfying conditions (i), (ii),

and (iii) in Proposition 3.2.

Proof. Since d is a 6-derivation, d can be written in the form

rowv Or(r) mv(v rowv
] (o) v
w s Tw(w) 0s(s) w s
. 0 v .
forallr e R,veV,weW,se Switha = and mappings Og, 05, Ty, Tw
—Wop 0

satisfying (i), (ii), and (iii) in Proposition 3.2. Define D : M — M by

" v _ or(r) mv(v)

w s mw(w) ds(s)
forallr€e R,v eV, weW,seS. By Proposition 3.2, D is a #-derivation. By [3,
Proposition 3.2]

M|z;0,d) = M|[2';0, D]
by the isomorphism sending z to z/ —a. On the other hand, by Theorem 4.1 we have
Rlz; o, 0r]  Vy;v,7v]
Wiz;n, mw]  Sly; 8, ds]

with (R[z; o, 0r|, V[y; v, 7v], W[z;n, 7w, Sly; B, 0s]) as the Morita context in Propo-

M|[;6, D] =

sition 3.3. We conclude that

R[l";a,CSR] V[?J;%TV]

Mlz:0,d] =
0.0 Wiz;n, mw]  Sly; B, ds]
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In Theorem 4.2, there are two ring isomorphisms:
Ay Mz;0,d] — MZ';0, D]

and
Rlz; e, 0] Vy;v, 1v]

Wlzin, mw]  Sly; B, ds]
From [3, Proposition 3.2], the mapping A; satisfies Aj(E11) = Ey1, Ai(Fa) = Ea,

Ay M[Z/;e, D] —

and Ai(z) = 2/ — a. From Theorem 4.1, the mapping A, satisfies Ay(E11) = Eip,
Ay(FEa) = Eao, and Ay(2' — a) = Ay(2') — Ay(a) = (2,0,0,y) — a. Moreover, A; and
A, are identity mappings on M. Therefore,

(Ao Ay)(z+a)=(AroAy)(z)+a=(z,0,0,y)

is a diagonal matrix.

The following theorem explains that the homomorphism and skew derivation on
the ring of Morita context must satisfy the conditions given in Propositions 3.1 and
3.2, respectively, if the skew polynomial ring of Morita context is isomorphic to a ring

of Morita context and satisfies some particular conditions.

Theorem 4.3. Let M be a ring of Morita context (R, V,W,S), 0 : M — M be a
ring endomorphism on M, and d : M — M be a 0-derivation. Let (A, X,Y, B) be a

Morita context such that there exists an isomorphism

A X
Y B

v : Mlz;0,d —

satisfying @(E11) = En and @(Fy) = FEay. Assume that there are an invertible
diagonal matriz P in M and a matriz Q) in M such that ¢(Pz + Q) is a diagonal
matriz, then:
(1) The mapping 0 satisfies condition (i) in Proposition 3.1.
(2) The mapping d satisfies the conditions in Proposition 3.2.
(3) We have the folowing isomorphisms: A = Rlx;«,dg| and B = Sly; 5,0s]. By
the isomorphism one can consider X as an (R[z;«a,dg|, S|y; B, ds])-bimodule

which is isomorphic to skew polynomial modules V{y;v, 7] and Y as an
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(S[y; B, ds], R|x; v, 6g])-bimodule that is isomorphic to skew polynomial mod-
ules Wly;n, tw].

Proof. Note that
o(En(Pz+Q)) = p(En)p(Pz+ Q) = Enp(Pz+ Q) = ¢(Pz + Q) En

= ¢(Pz+ Q)p(En) = ¢((Pz+ Q) Ewn).
Since ¢ is an isomorphism, F; Pz + E11Q)Q = PzE}; + QF1;. On the other hand,
PzEy; = PO(FE11)z + Pd(Eq), thus we have the equalities PO(Ey;) = Ep; P and
FE11Q = QEy; + Pd(E4;). Since P is an invertible diagonal matrix, PO(E;) = Ey P
implies §(F11) = Eyy and E;1Q = QFE1; + Pd(Ey;) implies d(E11) = (0, vy, —wy, 0)
for some vy € V and wy € W. Similarly, from ¢(Es(Pz + @Q))) we conclude that

0(Eq3) = Eay. Therefore, the first two statements are proven by Propositions 3.1 and

3.2.

By Theorem 4.2, there is an isomorphism

Rlz;a,0r]  Viy;,
A 73 @, ) iy 7v] — M(z;0,d]

W[ﬂﬂﬂ'w] S[y76755]

such that A(Ell) = Ell and A(Egg) = EQQ. Thus

R[l";a,CSR] V[?J;%TV] A X
pol: —
Wiz;n, mw] Sly; B, ds] Y B

is the isomorphism such that (¢ o A)(E11) = Eip and (p o A)(Ey) = Eyp. By

Proposition 3.1, we have the following ring isomorphisms

¢1: Rlr;a,0p] — A and ¢y S[y; 8,0s] — B,
and the additive bijective mappings

o3 Vlyiy, vl = X and g : Wi, mw] =Y,

such that ¢1, 9, @3, 4 satisfy (ii) in Proposition 3.1. By the isomorphism, X can be
considered as a (R[z; a, dg|, S|y; B, ds])-bimodule by

r(@)ts(y) = pa(r(2))tea(s(y))
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for every r(x) € R[z;a,0g|, t € X, s(y) € Sly; B,0s]. Moreover, @3 is a bimod-
ule isomorphism. Therefore, X is a (R|x;«,dg], S[y; B, ds])-bimodule isomorphic to
V{y; v, 7v]. In the same way, Y can be considered a (S[y; 3, ds], R[z; a, 0r])-bimodule
and isomorphic to W{z;n, Ty ]. O
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