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ON GENERALIZED D-CONFORMAL DEFORMATIONS OF
ALMOST CONTACT METRIC MANIFOLDS AND HARMONIC
MAPS

MOHAMMED ELMAHDI ABBES() AND SEDDIK OUAKKAS(®

ABSTRACT. The objective of this paper is to study and construct harmonic maps
among almost contact metric manifolds by introducing the notion of generalized

D-conformal deformation.

1. INTRODUCTION

Let ¢ : (M™, g) — (N™, h) be a smooth map among Riemannian manifolds. Then

¢ is said to be harmonic if it is a critical point of the functional energy:

1
B(0) = [ laofan,

with respect to compactly supported variations. Equivalently, ¢ is harmonic if it

satisfies the associated Euler-Lagrange equations:
7(¢) =Tr,Vde =0,

where 7(¢) is called the tension field of ¢; one can refer to [1], [4], [5] and [6] for
background on harmonic maps. There exist several type of deformations of almost
contact metric structures. In this context, the notion of generalized D-conformal
deformation is studied in [9] where the authors gave the generalized D-conformal
deformation of some particular structures and they studied the scalar curvature asso-

ciated with this type of structures. In the first section of this paper, we present some
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new results on the generalized D-conformal deformation where we prove in Theo-
rem 2.1 the relation between the Levi-Civita connections on (M?*™*1 ¢ & n,g) and
(M mtl 5, E,ﬁ,g) and we treat some particular cases. The objective of the second
and the third sections, where we present the two possible cases (Theorem 2.2 and
Theorem 2.3), is to characterize the harmonicity of the identity map relative to this
deformation. In each case, we construct several examples where we determine the

functions a and 3 so that the identity map is harmonic.

2. THE MAIN RESULTS

In this section, we consider (M?™! ¢ & n,g) an almost contact metric manifold. A
generalized D-conformal deformation is defined as change of structure tensors of the

form (see [9])
P=v, T=on, Ezé& g=Bg+ (" = B)n®n,

where o and [ are positive functions on M; one can easily check that (M 3,67, y)
is an almost contact metric manifold, too. Denote by V and V the Levi-Civita

connections on (M?™*! ¢, & 7, g) and (M*™ 3, €,7,9) respectively.

2.1. Some properties of the generalized D-conformal deformation.

Proposition 2.1. Let (M*™* ¢ & n, g) be an almost contact metric manifold and let
(M,%,£,7,7) be a generalized D-conformal deformation of (M*™+',,&,n,g). Then,

we have

§(VxY,Z) = Bg(VxY. Z) + (a® = B)n(Z)n(VxY) + an (Y)n(Z) X (a)

(X)n(2)Y (@) —an(X)n(Y) Z (a) - “n (Y)n(2) X (B)

+ an 9

+%(a2 ~B8)n(X)g(Vyé, Z) - % (@ =B)n(X)g(VzE,Y)
+%(0z2 —B)n(Y)g(Vxé, Z) — % (@ =B)n(Y)g (V2 X)
+%(0z2 —B)n(Z)g(VxEY)+ % (@ =B)n(Z2) g (VyE X)
51X (2)Y (8) + 50 (X)n(¥) Z(8) + 50(¥, 2) X (5)
F59(X2)Y (6)~ 39 (X V) 2 ().
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Proof. By using the Koszul formula, for all XY, Z € I'(T' M), we have

29(VxY,2) =X (g, 2)+Y (9(X,2)) - Z(g(X,Y))

Asg =g+ (a® = B)n®@n, we get

25 (VxY, Z2) = X (Bg (Y. 2) + (" = B) n (V) n(2))
+Y (B9 (X, 2) + (® = B)n(X)n(2))
—Z (Bg(X,Y)+ (> =B)n(X)n(YV))
+ (o® = B)n (X, Y])n(Z) + By ([2, X],Y)
+(@®=B)n (2, X)) n(Y) — Bg (X,[Y, Z])
— (@ = 8)n(X)n (Y, 2]) + By ([X, Y], Z)

For the term X (Bg (Y, Z) + (o — B)n(Y)n(Z)), a long calculation gives

685

X (Bg(Y,Z) + (o = B)n(Y)n(Z)) = X (Bg (Y, Z)) + X ((o” = B) n (Y) 0 (Z))

=Bg(VxY,Z)+Bg(Y,VxZ)+g(Y,Z) X (B)

+(a® = B)n(2){g(Vx&Y) +7(VxY)}
+(a® = B)n(V){g(Vx&, Z)+1(VxZ)}

+2an (Y)n(2) X (a) =n(Y)n(Z2) X (B).

By a similar calculation, we obtain

Y (Bg(X,Z)+ (o = B)n(X)n(2)) = Bg(Vy X, Z) + g (X,VyZ)

+(0® = B)n(2) {g (Vy&, X) + 0 (VyX)}
+ (® = B)n(X) {9 (Vv&, 2) +n(Vy2)}

+2an (X)n(2) Y (a) =0 (X)n(2) Y (B)

+9(X,2)Y (B)
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and

Z(Bg (X, V) + (o = B)n(X)n(Y)) = Bg (V2X,Y) + g (X, VzY)
+(0® = B)n(V){g (V25 X) +n(VzX)}
+(0® = B) n(X){g (V& Y) +n(VzY)}
+2an (X)n(Y) Z (o) —n(X)n(Y) Z (B)

+9(X,Y)Z(B).

Finally, it is clear that

(@ =B)n((X,Y)n(Z2) = (®> = B)n(Z)n(VxY) = (a® = B)n(Z)n(VyX),

(@ =B)n(ZX)n(Y) = (a®=B)n(Y)n(VzX) = (> =B)n(Y)n(VxZ)

and

(& =B)n(X)n([Y,Z]) = (o = B)n(X)n(VyZ) — (o = B) n(X)n(VzY).

It follows that
5 (VY. Z) = B9 (VxY.2) + (o = B) 0 (2)n(VxY) +an (V) 1 (2) X (a)
+an(X)n(2)Y (a) —an(X)n(Y) Z (o) — %n (Y)n(2) X (B)

8)n(X) g (Vr, 2) - 5 (0> = B) 1 (X) g (V4£,Y)
1

(@®=B)n(Y)g(VxE, Z)—ﬁ( o =B)n(Y)g(VzE, X)

+
®
|

+

N
no
|

B)n(Z)g(Vx&Y)+

1

n(X)n(Z)Y (B) + 50 (X)n

)Y (8) - 59 (X, V) Z(5).

(@® = B)n(Z)g(VyE X)

1
2
(V) Z(5) + 50(¥.2) X (5)

N~ N = N~ N~ N~

+
s

=
N

By applying Proposition 2.1, we obtain the following result:
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Theorem 2.1. For any X,Y € ['(TM), the relation between VxY and VxY is

given by
(2.1)
VY = V¥ = 5 (X)n (V) grada+ 5on (X) 5 (¥) grads = 529 (X,Y) grads
M@ E- S X nMEDE+ S X Ep)e
+ 0 Vxe+ ST ek X ()Y + oY () X
— S COY ()€~ 5on () X (D€~ S5 En () Tryg (V6. V)
()9 (Ve 1)~ () Trg (726, X)
+%nw)g(vg&mwén(Y)X(a)Hén(X)Y(a)&
0§ s

+WQ(VX£ Y)f+ 9(Vy§ X)¢,

where

Tryg (X, V&) e =g (X, V) e+ g (X, Ve, ) pei + g (X, Veb) €.

Proof. If we consider an orthonormal frame {e;, pe;, £}, on the almost contact met-
ric manifold (M?™, ¢, &, 1, g), then an orthonormal frame on (M?*™*!,5,£,7,7) is
given by

{g.—ie. —6.—L e g—lé‘}m
z_\/Blagol_\/ngza _Oé i:1-

For all X,Y € I'(T'M), we have

VxY =3 (VxY. &) e +79 (VxY.pe) pe + 7 (VxY,§) &
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By Proposition 2.1, we obtain

Similar calculation gives us

7 (VxY,5e) 78 = g (VxY, pe;) pe; — %n (X)n(Y) (ves) (@) pes
1

= (X)n(Y) (pe:) (B) pei —

33 L0 (X,Y) (es) (8) e,

2
2 2 _
(@ 55 mn(Y)g(Vx&,soei) we; + (a 25 b)

L X (8) g (Y. per) ves + =Y (8) g (X, ges) e,

2
(= B)
25

n(X) g (Vv pe;) e

_l_

n (Y> g (vgoelfa X) ©Ye;

and

7 (VXY E=g(VaV, 06+ (V) X (0) €+ 20 (X)Y ()¢

(@® = B)
202
)

g(Vy&, X)¢

B (x) g (Ve v) € -

(= p
+ 202
1 1

——n(X)n(Y)€(@) &+ 55 {n(X)n(Y) - g (X, Y)}EB)E,

n(Y)g(Veg, X) ¢
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which gives us
VxY =VxY — %77 (X)n(Y) grada + —=n (X)n(Y) grads — % (X,Y) gradp
2 2 2

S @)¢ = S nONMEDE+ 52

2 _ 2 _
i L) VyE s X (B)Y 4 oY ()X

N(X)Tryg(Ve,Y)e

(X,Y)€(B) €

1 1 v a2 -3

D (V) Tryg (V6. X) o+

" (a;a—wﬁ)_n (V)9 (Ve&, X)E+ Tn (V) X ()€ + 10 (X) Y (a)€

e (Vxe e+ S g (e X

U

By considering the elements of the orthonormal frames of (M?™! . & n,g) and

(M 3,67, y), Theorem 2.1 allows us to deduce the following corollary.

Corollary 2.1. For the orthonormal frame {e;, pe;, £} | of the almost contact metric

manifold (M*™ 1 o, €. n,9), we have

2
= —
Veiei - Veiei - %gradﬁ + m (20;25 )g (ﬁ)g
1 25
+ BQ’ (B)ei — - 2 ! (Ve,€1) €
2
vcpeigpei = cheigoei - 2ﬁ97’adﬁ + (aa2ﬁ 5)5 (ﬁ)g
1 2 —
+ 5 (pe) (B) e = (Vi)
and ) )
s, « Q@ o+
Vet = Ve — Sgrada+ ©ZEE ()€
Similarly, for the orthonormal frame {Ei = \/iﬁei,@i = %ﬁweif = ig}:, we obtain
= 1 (o = B)
Vee = Bveiei - %gmdﬁ + %f (B)¢€
2 _
(@) e - S (Ve

"o B
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m (a® — B)

— 1
VE@ - vaeiﬁﬂei - %grddﬁ + 205262 5 (ﬁ) é-
1 2
+ 25 (pes) (B) wei — Wﬂ (Voetpei) §

and

—— 1 1 1
Vel = BVg& - @grada + @5 () €.

From Theorem 2.1, if (M?*™*1 ¢, £ n,g) is a Kenmotsu manifold, we obtain the fol-

lowing Corollary.

Corollary 2.2. Let (M*"* ¢ & n,9) be a Kenmotsu manifold, by using the fact
that

Vx{=X-—n(X)§,  WwE=Y-n)§ V=0
and
Treg (X, Vi) e =X —n(X)E,  Treg(Y,Ve§)e =Y —n(Y)§,
the equation (2.1) becomes

= a
VxY =VyxY — En (X)n(Y)grada + — 25

25577()()77(3”)5(04)5

a?—f x a2 5

n(X)n(Y)grads

—g(X,Y) gradp +

9(X,Y)E(B)¢€
(2.2)

5 (X)Y ()€~ oon (V) X <5>5+§n<y>x<a>s
1

In particular, we deduce that

veiei = Ve — %gradﬁ + m

1
+ Bei (5) €; + 0;72
m (a® — B)
2a2ﬁ2

£,

= 1
Ve = =Ve,e — %gradﬁ +

B
m (o — B)

€; (5) €; + O(2ﬁ

L1
27
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2 _
Veuspes = Voues = Tograds + 0 —Pe(s).¢
2 _
+ 1 (e (8) pes + L2
— 1 2 _
wa - ngpei(pei - %gradﬁ + %ﬁzﬁ)f (ﬁ)g
1 - p
+ 252 (pei) (B) pei + m(zzﬁ >§’
2
Vet =~ Sgrada+ © e (o)
and
N 1 1
Vel = —a—ﬁgmda + @5 () €.

As a first result, we study the harmonicity of the identity map
IdM : (M2m+1’ S0>€>77>g) — (M2m+17¢7 ga ﬁ> g)

2.2. The harmonicity of Idy : (M*"*!,,&,n,9) — (M*™*,5,£,7,7)-

Theorem 2.2. Let (M?™! & n,g) be an almost contact manifold and let
(@ =, &= ég N = an,g) be a generalized D-conformal deformation defined on M,

where
g=0Bg+ (&®=B)nen.

The tension field of Idy : (M*™ 0, &,n, 9) — (M*™,5,£,7,7) is given by

7 (Id) = —%gmda — mﬁ— 1gradﬁ—i— aza;ﬁﬁ(a)g
_ 2 _ 2 _ 2
oD =g+ T e e+ T v

In particular, if (M*™*1 ¢ & 1, g) is a Kenmotsu manifold, the tension field of the
identity map Idy : (M*™ ', 0,&,m,9) — (M*™,5,€,7,9) becomes

m—1 a?+ B

o

T(Id):—Bgrada— 5 gradf + of ()&
(m—1)a® —mp 2m (o* — B)

L () g+ RS
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Proof. By definition, we have
T ([d) = Veiei — Veiei + v¢ei(p€i — V¢ei30€i + v§£ — v§£
Using Corollary 2.1, we obtain

- _om m(a* = )
Veei — Ve = ﬁgradﬁ + “oalf

2 _
- Oé2 Bg (v6¢€> 62’) 5,

v m m(o? - §)
Ve pei = Ve pei = —%gradﬁ + —oal
1 a?—f

+ 5 (ped) (8) pei + — 59 (Ve i) €

a?— B
5}

£(6)¢

+ %Q’ (6) €; +

§(6)¢

and
a?+ 3
af

Ve€ — ggmala +

Vel — Vel = 5

§(@)¢,

which gives

7 (Id) = —%grada — %gradﬁ + aza;ﬁf () + —=

2 _
+ %ei (B) e + % (wei) (B) wei + 0‘7259
a? -0

2
+ D (Ve o) € + .

(veié-’ €2>£

Ve

Using the fact that

divé = Tr,g (Vo€ @) = g (Vo€ ) + g (Ve &, 06i)

we deduce that
-1 2
m gradf + o+ P
p
(m—1)a?> —mp a?—p
a?f B
If (M*™+ 0, €,m,g) is a Kenmotsu manifold, then divé = 2m and V¢ = 0 and in

T(Id) = —%grada— £(a)€

af
+ o5

§(B)€+ (divg) € + Vel

a2

this case, the tension field of the identity map Id,; becomes

o« m—1 a?+
T(Id)——Bgrada— 5 gradf + of ()€
(m—1)a®>—mp 2m (o? — j)
e B+ T,
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Corollary 2.3. The identity map Idy : (M, ¢,&,1,9) — (M,@,E, 7, y) is harmonic
if and only if

a’grada+ (m — 1) a’gradf —a (o + ) € (a) € — ((m — 1) a® —=mB) £ (B) €
— (a? = B) B (divg) € — o* (o — B) Ve£ = 0.
Moreover, if (M?>™1 o, €1, 9) is a Kenmotsu manifold, we conclude that
Idy - (M., &,n,9) — (M, 3,£,7,7) is harmonic if and only if
o&’grada + (m — 1) &*gradf — o (o + ) € (a) &
— ((m—=1)a* =mpB) £(B) & —2m (o* — B) E = 0.

Remark 1. If the functions o and 3 depend only on the direction of £, we conclude

that the identity map Idy : (M, p,&,n,9) — (M,@,E, 7, y) is harmonic if and only
if

afé (o) € —mpE (B) € + (o — B) B (divg) € +a® (a® — B) Ve = 0.
In the case where (M*™ 1 ¢ & n,g) is a Kenmotsu manifold, the harmonicity con-

dition of Idy : (M, ¢,&,1,9) — (M,@,E, 7, y) is given by the following equation

al (a) —mé& (B) +2m (a2 - B) =0.

Example 2.1. [11] We consider the manifold M = {(z,y,z) € R3 2 #0}. The

Riemannian metric on M is defined by
1 1 1
g = —2d$2 + —2dy2 + _2d22,
z z z

and the orthonormal frame is given by e; = Za%> €y = Za% and e3 = z%. The vector

fields ey, es and eg satisfy

V6161 = €3, v61€2 = 07 v6163 = —€1,
vezel = 07 V6262 = €3, v6263 = —é€2,

Vegel = O, V6362 = 0, v5363 = 0.

If we suppose that the functions o and [ depend only on z, we deduce that the

tension field of the identity map Idy : (M, ¢, &, n,9) — (M,$,£,7,7) is given by

7 (Id) = é (zad — 28 =2 (a® = B)) &
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Then the identity map Id,; is harmonic if and only if the functions a and g are

solutions of the following differential equation
zad' — 23 =2 (a® — B) =0.

To solve this last equation, we will give some special solutions :
(1) Looking for particular solutions of type a = k12® and 8 = kyz*®
(a, k1, ky € R* k1, ko > 0 ). The identity map Idy, is harmonic if and only if

2 (kf — ko)
k2 — 2k,

For example, if k; = 2 and ky = 1, we find a = 3, then o = 22% and 3 = 2.
(2) Other particular solutions are given by a = C}2? and 3 = (522,

where C, Cy > 0.

Example 2.2. [8] We consider the manifold M = {(x,y, z) € R? }. The Riemannian
metric on M is defined by

1 1
g= ezd:zz + ezdgf +d2?,

9

and the orthonormal frame is given by e; = -2, ey = €7 B9

5 and ez = %. The vector

fields ey, e and eg satisfy

Veer=e3, Veea =0, Vge3=—e,

Vee1 =0, Ve =e3, Ve,e3=—ey,

Ve,e1 =0, Veea =0, Vges=0.
If we suppose that the functions a and § depend only on z, we deduce that the
identity map Idy : (M, ¢, &, n,9) — (M, %,£,7,7) is harmonic if and only if

(2.3) ad — ' +2(a” = B) =0.

To solve this last equation, we will give some special solutions:

(1) Particular solutions are given by : a = Cie™?* and = Coe™*
(C1,Cy e R*, 1,0, > 0).

(2) Looking for particular solutions of type a = C1e® and 8 = Cye®*, we obtain
b=2aand (a+2)C? —2(a+1)Cy = 0.

Then « (z) = C1e® and §(z2) = 2(&121)) Cie?=,
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Example 2.3. [7] We consider the manifold M = R®. An orthonormal frame is

v 0 _ ,—v 0 _ v 0 _ v 0
5. €2 =¢€ 8yandeg—e eq =e "o

given by e; = e 557

and e; = e‘“%, where
(7,9, 2,u,v) are the standard coordinates in R5. Taking e5 = £ and using Koszul’s

formula, we get the following

Velel = —€s5, v61€2 = 0, V61€3 = 0, v6164 = O, v61€5 =€
Ve,e1 =0, V€2 = —e5, Ve,e3 =0, Ve,e4 =0, V.5 = €
Ve,e1r =0, Vesea =0, Ve,e3 = —e€5, Veeq =0, Vese5 = €3
ve461 = O, ve4€2 = 0, V64€3 = 0, Ve4e4 = —¢€53, Ve4e5 = €4
ve561 = O, ve5€2 = 0, V65€3 = 0, Ve5e4 = O, Ve5e5 =0.

If we suppose that the functions a and § depend only on v, the identity map Id;; is
harmonic if and only if the functions a and [ are solutions of the following differential

equation
(2.4) e Vaa’ +4a* —2e7°[ — 48 = 0.

To solve this last equation, we will give some special solutions:

(1) A simple calculation proves that the functions a = kje™4" and B = koe=2¢"
(k1, ko > 0) are solutions of (2.4).
(2) Looking for particular solutions of type a = ke’ and 3 = koe®"

(a,b,ky,ky € R* ki, ky > 0), we obtain a = k1€ and 3 = k.e?*®", where
i)
= Wik

a = 2e*" and = 2e*".

For example, if k1 = ky = 2, we find a = 2 and b = 4 , then

Example 2.4. [10] We consider m € N* and the manifold M = R*"*!. The Rie-
mannian metric on M is defined by

g = 2T dx? 4 7267 gy 4 222,

and the orthonormal frame is given by
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The vector fields X;, Y; and & satisfy

Vi Xj=—-(1+e7)0;8 VxY;=0, Vxi{=({1+e7)X;
VyY,=—(1—-¢€e77)0;§, VyX;=0, Vy{=(1—-e?)Y,
VX, =0, VeYi=0, Ve£=0.

If we suppose that the functions o and S depend only on z, we deduce that the
identity map Idy : (M =R & n, g) — (M =R*"* 5,£,7,9) is harmonic if

and only if the functions o and S are solutions of the following differential equation
e Faa + 20 —me B — 26 =0.
Particular solutions of this last equation are given by the following system

e*d +2a=0
me*f +26=0

which leads us to a = C1e2¢ " and 8 = Cyen® ", where Cy, Cy > 0.
2.3. The harmonicity of Id : (M*"*,5,£,7,9) — (M*™ ™ ¢, &1, g).

Theorem 2.3. Let (M?*™! . £, 1, g) be an almost contact manifold and let
(@ =, &= ég N = an,g) be a generalized D-conformal deformation defined on M,

where
g=0g9+ (> =B)n&n.

The tension field of Id : (M*™, 5, £,7,g9) — (M*™,¢,&,n,g) is given by

1 —1 2+
" (1d) = —sgrada + = G grads - O‘ag RIQL
_ 2 _ 2 _ 2
- 22%2 e e - ﬁﬁ (ae)e~ e

In particular, if (M?™ ¢ & n,g) is a Kenmotsu manifold, the tension field of the

identity map becomes

1 m— 1 o +
T ([d) = a—ﬁgrada + 797"@d5 - Tﬁg (Oé)g
(m—1)a®—mp 2m (a? — j)
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Proof. By definition, we have
7 (Id) = V& — Vet + Ve @t — Ve de; + Vel — VL.

A simple calculation gives us

1
ve_iei = Bveiez 262 (5) €,
vV o 1v 1
pe; Pl = E we; P — 2—ﬁ2 (ei) (B) e
and
1 1
Vel = —Ve—{ = Vel — ()¢
Then
o 1 > p
Vge — Ve, = %gmdﬁ - @62‘ (B) e — = (20;2ﬁ2 )5 (8)€
2 _
+ aazﬁﬁﬁ (Ve,ei) €
_ 1 2 _
VseiPes — Vseioes = mgrad - 2 () (9) e — o0 (9)
2 _
+ aa2ﬁﬁn (VSDQQOFJZ') 5

and

1 2-p 2+

Vel — Vel = 5g7’ada aazﬁ Ve& — aaTﬁf () €.
It follows that
1 -1 a?+ B
T (Id) = Bgradoz + 52 ——gradff — Tﬁg ()&
(m—1)a?> —mp a?—p o? 5
- e (B~ S din) € - Ve

If (M*™H1 o € n, g) is a Kenmotsu manifold, then div = 2m and V¢ = 0 and the
tension field of the identity map Id becomes

2“‘6

1
T(Id) = 5gmda—l— 5 radf — pExe ()&
(m—1)a? —mp 2m (o — )
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Remark 2. If the functions o and [ depend only on the direction of &, then the
tension field of the identity map Id : (M*™*',5,€,7,9) — (M*™*',0,&,n, ) takes
the following form

1 2 _ 2 _
P1d) =~ @€+ e e - g - S v,

and in the case where (M*™ o, € n, g) is a Kenmotsu manifold, the tension field of

the identity map is given by the following formula

1 m 2m (a? — B)
T(Id)——gg(a)fﬂLaTﬁ (5)5—T

Example 2.5. [3] We consider the manifold M = {(z,y,z) € R® z # 0}. The Rie-

.

mannian metric on M is defined by
1 1 1
g = —2d$2 + —2dy2 —+ _2d22,
z z z

and the orthonormal frame is given by e; = Za%v ey = za% and e3 = —z%. The vector

fields ey, es and eg satisfy

v6161 = Oa V6162 = 07 Vele?) = €1,
v6261 =0, V6262 = 07 Vege?) = €9,
v63€1 = 0, Vegeg = O, V63€3 =0.

If we suppose that the functions a and § depend only on z, we deduce that the
identity map Id : (M,@,g, 7, y) — (M, p,&,n,9) is harmonic if and only if the

functions « and 3 are solutions of the following differential equation
2B — zaf' — 203 + 2a8 = 0.

Let us look for particular solutions of type a = k12% and 3 = ky2%* where (ky, ks > 0).
The identity map Id is harmonic if and only if ky = ﬁk‘%,a < 2, which gives us
a = kiz% and 8 = ﬁk%zza where a < 2. For example, if we take a = —2, we get

_k _ M
a= 7 and 8= 5.

Example 2.6. [10] We consider the manifold

M = {(xlf" y Tms Y1, 7 ° >ym>t) €R2m+1,2>0}
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with standard coordinates (z1,+ , Tm, Y1, , Ym,t). Let
0 0 0 0 0
=—t—, X;=t(1+#)—+t2—, YVi=-t"+t(1-#*) -~

be a global basis of M. If we suppose that the functions a and 8 depend only on
t, we deduce that the identity map Id : (M*™*!,5,£,7,9) — (M*™™ 0, &,n,9) is
harmonic if and only if the functions o and [ are solutions of the following differential

equation
(2.5) tBa’ — mtaB' —2ma® + 2ma = 0.

For this equation we can give some particular solutions:

(1) As first particular solutions, we obtain: a = \/gt and 3 = Ct? (C > 0).

(2) Other particular solutions are a = Ct~>™ and 8 = St~ (C' > 0).
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