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UNIQUENESS OF ENTIRE FUNCTIONS CONCERNING
PRODUCT OF DIFFERENCE POLYNOMIALS

HARINA P. WAGHAMORE (), HUSNA VALLIJAN ) AND CHAO MENG &)

ABSTRACT. In this paper, using the concept of weakly weighted sharing and relaxed
weighted sharing we investigate the uniqueness of product of difference polynomials
that share a small function. The results of the paper improve and extend the recent

results due to Chao Meng [9].

1. INTRODUCTION AND DEFINITIONS

A meromorphic function f means meromorphic in the complex plane. If no poles
occur, then f is called an entire function. The fundamental results and the standard
basics of the Nevanlinna value distribution theory of entire functions are used (see
[4],[11],[14]). For a meromorphic function f, S(r, f) denotes any quantity satisfying
S(r, f) = o(T(r, f)) for all r outside a possible exceptional set of the finite logarithmic

measure.

)

the counting function for the zeros of f(z)—a with multiplicity </, and by Ny)(r, fL)

Let a be a finite complex number, and I be a positive integer. We denote by N (r,

&.‘

the corresponding one for which multiplicity is not counted.

Let N(r, f%) be the counting function for the zeros of f(z) — a with multiplicity
> [ and N(l( be the corresponding one for which multiplicity is not counted.

) =N(r,75) + Ne(r

)

Moreover, we set N;(r 722) + .+ Nq(r, 77)- In the same
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way, we can define N;(r, f).

Recently, A.Banerjee and S. Mukherjee [1] introduced another sharing notion which

is also a scaling between IM and CM but weaker than weakly weighted sharing.

Definition 1.[1] Let a € C U {oo}. We denote by Ng(r,a; f,g)(Ng(r, a; f,g)) the
counting function(reduced counting function) of all common zeros of f — a and
g — a with same multiplicities and by Ny(r, a; f, g)(No(r, a; f, g)) the counting func-
tion(reduced counting function) of all common zeros of f — a and g — a ignoring

multiplicities. If

N (ry ) + 7 (ro 2y ) - 2elnaifa) = S(n) + S(rg),

then we say that f and g share the value a “CM”. If

N (rty )+ (ro 2y )~ 2alnai fg) = S() + S(rg)

then we say that f and g share the value a “IM”.

Definition 2.[7] Let f and g share the value @ “IM” and k be a positive integer or
infinity. Then Wf) (r,a; f,g) denotes the reduced counting function of those a-points
of f whose multiplicities are equal to the corresponding a-points of ¢, and both of
their multiplicities are not greater than k. N?k(r, a; f, g) denotes the reduced counting
function of those a-points of f which are a-points of g and both of their multiplicities

are not less than k.

Definition 3.[7] For a € CU {oo} if k is a positive integer or co and

( )W)rafg) S0 1),
1 — B
( ) Nyy(r,a; f,9) = S(r, g),
g-—
N( : ) Nos(roa: f.9) = S0, ),
N(k+1(7gl) Nk+17"@§f79)25(7“79)7
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orif k=0 and

N (not) - Natraifg) = S().

then we say f and g weakly share a with weight k. Here we write f, g share “(a, k)”
to mean that f, g weakly share a with weight k.

Definition 4.[I] We denote by N(r,a; f |= p; g |= q) the reduced counting function

of common a-points of f and g with multiplicities p and ¢, respectively.

Definition 5.[I] Let f,g share a “IM.” Also let k be a positive integer or oo and
a € CU{oco}. If ZMQW(T, a; f |=p;9 |= q) = S(r), then we say f and g share a
with weight & in a relaxed manner. Here we write f and g share (a, k)* to mean that

f and g share a with weight & in a relaxed manner.

In 1997, Yang and Hua [12], studied the unicity of differential monomials and ob-

tained the following theorem.

Theorem 1.1.[12] Let f(z) and g(z) be two non-constant entire functions, n > 6 a
positive integer. If " f" and g"g’ share 1 CM, then either f(z) = ¢1e%, g(z) = coe™,
where ¢y, ¢, ¢ are three constants satisfying (cic2)"tc? = —1 or f(z) = tg(z) for a

constant ¢ such that "1 = 1.

In 2001, Fang and Hong studied the unicity of differential polynomials of the form

f™(f —1)f" and proved the following uniqueness theorem.

Theorem 1.2.[3] Let f(z) and g(z) be two transcendental entire functions, n > 11
an integer. If f*(f —1)f" and ¢"(¢g — 1)¢’ share the value 1 CM, then f = g.
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In 2004, Lin and Yi extended the above theorem as to the fixed point. They proved

the following result.

Theorem 1.3.[6] Let f(z) and g(z) be two transcendental entire functions, n > 7

an integer. If f*(f —1)f" and ¢g"(g — 1)¢' share z CM, then f = g.

Theorem 1.4.[15] Let f(z) and g(z) be two transcendental entire functions of finite
order, and «(z) be a small functio n with respect to both f(z) and g(z). Suppose that
¢ is a nonzero complex constant and n > 7 is an integer. If f*(2)(f(z) —1)f(z+¢)

and ¢"(2)(g(z) — 1)g(z + ¢) share a(z) CM, then f(z) = g(2).

In 2014, Chao Meng [9] proved the following results.

Theorem 1.5.[9] Let f(2) and g(z) be two transcendental entire functions of finite
order, and a(z) be a small function with respect to both f(z) and g(z). Suppose that
¢ is a non-zero complex constant and n > 7 is an integer. If f"(2)(f(z) — 1)f(z +¢)

and ¢"(2)(g(2) — 1)g(z + ¢) share “(a(z),2)”, then f(z) = g(2).

Theorem 1.6.[9] Let f(2) and g(z) be two transcendental entire functions of finite
order, and a(z) be a small function with respect to both f(z) and g(z). Suppose that
¢ is non-zero complex constant and n > 10 is an integer. If f*(2)(f(z) —1)f(z+¢)

and ¢"(2)(g(z) — 1)g(z + ¢) share (a(z),2)* then f(z) = g(2).

Theorem 1.7.[9] Let f(2) and g(z) be two transcendental entire functions of finite
order, and a(z) be a small function with respect to both f(z) and g(z). Suppose that

¢ is a non-zero complex constant and n > 16 is an integer. If Eo(a(2), f™(2)(f(2) —

D) f(z+¢)) = Ey(a(z),g"(2)(9(2) — g(z + c)) then f(z) = g(2).

Question 1. What can be said about the relationship between two entire func-

tions f and g if we consider the difference polynomials of the form f™(z)(f(z) —
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nm H;.lzl f(z+¢;)% where n(>1),m(> 1) and d > 1 are integers?

In this paper, our main aim is to find the possible answer to above question. We
assume, ¢; € C\ {0}(j = 1,2, ...,d) are distinct constants, n,m,s;(j = 1,2,...,d) are

oL . d
positive integers and o = 3 ;_,

S =81+ S2+ ... + 54.
We prove the following results which improve and extend Theorem 1.5-1.7. The

following theorems are the main results of the paper.

2. MAIN RESULTS

Theorem 2.1. Let f(z) and g(z) be two transcendental entire functions of fi-
nite order and «(z) be a small function with respect to both f(z) and g(z). Let
¢;(j =1,2,...,d) be complex constants and s;(j = 1,2, ..., d) be non-negative integers.
Suppose n(> 1) and m(> 1) are integers satisfying n > o +m + 5. If f"(2)(f(z) —
D™ Tj=) f(z + ¢)% and ¢"(2)(g(2) — )" ITj=, 9(= + ¢;)¥ share “(a(2),2)”, then
f(z) =g(2).

Theorem 2.2. Let f(z) and ¢(z) be two transcendental entire functions of fi-
nite order and «a(z) be a small function with respect to both f(z) and g(z). Let
¢;(j = 1,2,...,d) be complex constants and s;(j = 1,2,...,d) be non-negative in-
tegers. Suppose n(> 1) and m(> 1) are integers satisfying n > 20 + 2m + 6. If
PR (=) Ty Fee)® and () (9(2)—1)" [T, g(z-+e;) share (a(2), 2)",
then f(z) = g(2).

Theorem 2.3. Let f(z) and g(z) be two transcendental entire functions of fi-
nite order and «a(z) be a small function with respect to both f(z) and g(z). Let
cj(j = 1,2,...,d) be complex constants and s;(j = 1,2,...,d) be non-negative in-
tegers. Suppose n(> 1) and m(> 1) are integers satisfying n > 40 + 4m + 8. If
Ey(a(2), fr(f(z) =)™ Tj=) f(z 4 ¢)%) = Ey(alz), ¢"(9(2) = )™ [T, 9= +¢5)%),
then f(2) = g(z).
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Remark 2.1. Since Theorems 1.5-1.7 can be obtained from Theorems 2.1-2.3
respectively by putting m = 1 and ¢ = 1, Theorems 2.1-2.3 improve and extend

Theorems 1.5-1.7 respectively.

3. LEMMAS

Let F' and G be two non-constant meromorphic functions defined in C. We denote

by H the function as follows.

o2 " 2G
H= (F_F—J B (@_G—l)
Lemma 3.1.[1] Let H be defined as above. If F' and G share “(1,2)” and H # 0,
then

T(r, F) < No(r, %)—i—Ng(r, é)—i—Ng(r, F)+Ny(r, G)—Z Np(r, g)+5(r, F)+S(r,G),

p=3

and the same inequality holds for T'(r, G).

Lemma 3.2.[1] Let H be defined as above. If F' and G share (1,2)* and H # 0, then

T(r, F) < No(r, %) + No(r, é) b No(r, F) + No(r, G) + N(r, %) + N, F) — m(r,

+S(r, F)+ S(r,G),

G-1

and the same inequality holds for T'(r, G).

Lemma 3.3.[14] Let H be defined as above. If H =0 and

] N(r, %) + N(r, F) + N(r, é) + N(r,G)
lim sup
r—00 T(T)
where T'(r) = max{T(r, F),T(r,G)} and I is a set with infinite linear measure, then

F=Gor FG = 1.

<l,rel

Lemma 3.4.[§] Let F' and G be two non-constant entire functions, and p > 2 an
integer. If £, (1, F) = E,)(1,G) and H # 0, then

T(r, F) < No(r, %) + N, é) +ON(r, %) LN é) +S(r F) + S(r,G).
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Lemma 3.5.]2] Let f(2) be a meromorphic function in the complex plane of finite
order p(f), and let n be a fixed non-zero complex number. Then for each ¢ > 0 one

has

T(r, f(z+n) =T(r, f(2) + O>r"H=) + O(logr).

Lemma 3.6.[10] Let f(z) be a entire function of finite order p(f), ¢ a fixed non-
zero complex number, and P(2) = a, f"(2) + an_1 " H(2) + ... + a1 f(2) + ap where
a;j(j = 0,1,...,n) are constants. If F(z) = P(2)f(z + ¢), then T(r,F) = (n +
DT (r, f) + O(rPD=1+¢) + O(logr).

Lemma 3.7. Let f be meromorphic function of finite order and ¢ be a non-zero

complex constant. Then,

m (r’ flz+ 0)) e (r’ f(2) ) — Ofrrh-teey.

f(2) fz+0)
Lemma 3.8. Let f be an entire function of order p(f) and F(z) = f™(2)(f(z) —
d
)™ 11 f(2 + ¢;)% where n (> 1) and m (> 1) are integers. Then,

7j=1

T(r,F) = (n4+m+o)T(r, f)+ O{r’D 1Y L S(r f),

d

for all r outside of a set of finite linear measure where o = s+ o+ ... + 54 = D _ ;.
j=1

Proof. Since f is an entire function of finite order, from Lemma 3.7 and standard

Valiron-Mohon’ko theorem we have
(n+m+0)T(r, f(2)) = T(r, f(2)(f(z) = D)™) + S(r, [)
=m (r, [ (2)(f(2) = 1)™) + S(r, f)
S m (T’ fn+o(z)(f(z) B l)m) + m(r,F(z)) + S(’l“, f)

F ()
<o | P + 50 p)
[T f(z+¢)>

i=1

(3.1) <T(r,F(2))+ O{rp(f)_1+€} + S(r, f).
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On the other hand, from Lemma 3.5, we have

JWJu»Smmﬂw»+Mnuw—n%+mQﬁ%alIﬂ%gﬁj+Smn

< (n+m)m(r, f(2)) + om(r, +Zsj (,%;j))jLS(r,f)

< (n+m-+o)m(r, f(2)) + O{r"D <} + S(r, f)

(3.2) <(n+m+o)T(r, f(2))+ O{rp(f)_Ha} + S(r, f).

From B and B:2] we can prove this lemma easily.

4. PROOF OF THE THEOREMS

Proof of Theorem 2.1.
Let F(z) = [f(2)"(f(2) =)™ [T f(z4¢5)Y] G(z) = [9(=)"(9(x)-1)™ 15—, g(Z+Cj)Sj}.

a(2) ’ a(2)

Then F(z) and G(z) share “(1,2)” except the zeros or poles of a(z). By Lemma 3.6,

we have

(4.1) T(r,F(z)) = T(r, f(2)"(f(z) = )" [ [ f(z + ¢)*) + S(r, f)

(4.2) T(r,G(z)) =T(r,g(2) ’”ngwg )*7) +S(r,9)
Also, we have
Na(r, ) = Naf : )+ 5(r, )
S TV S (AT EE |
43 — Nor, =)+ N(r, . ! .
( ) N2(afn)+N(>(f_1) )+N(a1—[?:1f(z+c]) )+S( f)
<24+m+o0)T(r, f)+S(r f)
and
(4.4) Ng(r,é)g@—i—m—i—a)T(r, g) +S(r.g)
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Suppose H # 0, then by Lemmas 3.1,3.5 and Lemma 3.8, we have

T(r,F)+T(r,G) < 2Ny(r, %) + 2Ny(r, l) + S(r, f)+ S(r,g)

G
1 1 1
S A AN ) AN )
1 1
AR N ) N

+ S(r, f)+ S(r, 9)
(n+m+0)[T(r, f) +T(r,9)] <(4+2m+20)[T(r, f) + T(r,g)] + O(r" 7+
+O(r"O71) + 5(r, f) + S(r, 9)

(4.5)
(n—o—m—4)[T(r,f)+T(r,9)] <OFI7F) + OO~ + S(r, f) + S(r, g)

which contradicts with n > ¢ +m + 5. Thus we have H = 0. Note that
N(r,£)+N(r, &) < (A+m+0)T(r, f)+ (1 +m+0)T(r,g)+S(r, f)+S(r,g) < T(r).
where T'(r) = maz{T (r, F),T(r,G)}. By Lemma 3.3, we deduce that either F' = G
or FG = 1. Next we will consider the following two cases, respectively.

Let FG = 1. Then

£"(2) D" [T #G+ ) llo"(2)o(z) = )" [ L otz + )] = o?

LF(2) (F(2)=1) (f™ L (2)+ ™ 2(2) 4. 41) H;.lzlf(z+cj)8j][gn(z)(g(z)_l)m(gm—1(z)+
9" 2(2) + o+ DI 9(z 4 ¢)¥] = o,

It can be easily viewed from above that

N(r,%) = S(r, f) and N(r, L

Thus,
3(0, f)+0(1, f)+0(o0, f) = 3, which is not possible. Therefore we must have F' = G.
This completes the proof of Theorem 2.1.
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Proof of Theorem 2.2. Let
[ (2)(F(2) = )" TGy (2 + ;)] l9"(2)(g(2) = )" TT5—, 9(= + ¢;)*]

a(z) ’ a(z)

Then F(z) and G(z) share (1,2)* except the zeros or poles of a(z). Obviously

F(z) = G(z) =

T@quwwngmwm%yuwmi;+ﬁwég+ﬁmég+anm+sma)

(n+m+o)[T(r, f) + T(r,g)] < (5+3m+ 30){T(r, ) + T(r, )} + O(r*H71)
+ O(rP 971 4+ S(r, f) + S(r, g).
(4.6)
(n —2m — 20 —5)[T(r, f) + T(r,9)] < O@*D715) £ O D=4 1 S(r, f) + S(r, 9).

According to (4.06]) and Lemma 3.2, we can prove Theorem 2.2 in a similar way as in

proof of Theorem 2.1.

Proof of Theorem 2.3. Let

AU = ) T S )
a(z)

Then By (1, £()(f = )" T £+ 6)%) = By (L9"()o )" T 00z + )

except the zeros or poles of a(z).

F(z) , G) =

Obviously

1 1 — 1 1
T(r,F)+T(r,G) <2N(r, F) + 2Ny(r, 5) + 3N(r, F) + 3N (r, 5)

+S(r,F)+S(r,G)
(n+m+0)[T(r, f)+T(r,g)] < (7+5m+50)[T(r, f) + T(r,g)] + O(r" )71+
+O(r" 9 + S(r, £) + S(r, 9)
(4.7)
(n—dm — 4o — T)[T(r, f) +T(r,9)] < O(r*D =) L O@rP D=4 S(r, f) + S(r, g).

Using to (A7) and Lemma 3.4, we can prove Theorem 2.3 in a similar way as in proof

of Theorem 2.1.
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5. OPEN QUESTIONS

Question 5.1 Can the Theorem 2.1-2.3 be extend to meromorphic functions?

Question 5.2 Can the difference polynomials in Theorem 2.1-2.3 be replaced by
difference polynomials of the form f"(2)(f(z) —1)™ H;l:l flz+¢j)% H§:1 f@(2)?
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