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ON STAR COLORING OF DEGREE SPLITTING OF CARTESIAN
PRODUCT GRAPHS

S. ULAGAMMAL® | VERNOLD VIVIN J.(?) AND ISMAIL NACI CANGUL®)

ABSTRACT. A star coloring of a graph G is a proper vertex coloring with the
condition that no path on four vertices in G can be labelled by two colors. The
star chromatic number x; (G) of G is the least number of colors that is required to
star color G. In this paper, we determine the star chromatic number of the degree
splitting graph of the Cartesian product of any two simple graphs G and H denoted
by GOH and also we portray the star chromatic number for the degree splitting
graph of the Cartesian product of prism graphs, toroidal graphs and grid graphs.

1. INTRODUCTION

Throughout this paper, the graphs considered are to be finite, simple, connected
and undirected, [2, 3, 7]. The concept of star chromatic number was introduced by
Branko Griinbaum in 1973. A star coloring [1, 5, 6] is a proper vertex coloring so
that no path on four vertices of a graph G can be colored by only two colors. The
star chromatic number of G denoted by x;, (G) is the least number of colors needed
to star color GG. In a star coloring, the vertices having any two colors form an induced
subgraph which has connected components in the form of star graphs. For a detailed
study on star chromatic number and its complexity, see [1, 4, 5].

We consider graphs G = (V, E) with V(G) = S; U S, US3U...S; UT where each
S; is a set of all vertices of the same degree with at least two elements and T' =

V(G) — U!_, Si. Thus to construct the degree splitting graph of G, [8, 9], add new
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vertices wy, ws, ... w; and join w; to each vertex of S; for 1 < ¢ < t. The degree
splitting graph of G is denoted by DS(G).

Given two graphs G and H, the Cartesian product GUH is the simple graph with
vertex set Vi X Vs so that two vertices (u,v) and (u/,v") are adjacent in GOH if and
only if either u = v/ and v, v’ are adjacent in H or u,u’ are adjacent in G and v = v/,

10].

2. OBSERVATIONS

The following are easy results and their proofs are omitted:

(1) If G = C,, then DS (G) = W,,4;.
(2) For any graph G, x(G) < xs(DS(G)).

3. MAIN RESULTS

We now obtain the star chromatic number of degree splitting of Cartesian product
of two graphs G and H, where G and H are either path or cyclic graphs giving the
grid graph G, ,, toroidal graph T'G,, ,, or prism graph Y, .

3.1. Star coloring of the degree splitting of the grid graph.

Theorem 3.1. Let m > 3 andn > 4. Let P,, and P, be path graphs. Then the star

chromatic number of degree splitting of the Cartesian product of two path graphs is 6.

Proof. Let P,, and P, be two path graphs of order m and n, respectively. Let P,,0F,
be the Cartesian product of these graphs which is also called as grid graph and
denoted by G, n. Let the vertex set of P, be {uy,us, ..., u,} and the vertex set of
P, be {vi,vs,...,v,}. Then the graph G,,, is of order

V(Gn)| = mn

and size

|E(Gn)| = 2mn — (m +n).
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We have
( )
(ug,v1)  (ug,v2) ... (u1,v,)
V(Gon) = (“2’_”1) (”2i”2) (”2’.””) 5, US,US,s
L (Um,'Ul) (umaUQ) (umavn) )
where

Sl = {(Ul, Ul)) (Ul, Un)7 (Um, Ul)) (Um, Un)} )
So={(us,vj): i=1orm; 2<j<n—-1}U{(w,v;): 2<i<m—1;5=10rn}
and
To construct DS(P,,0F,) from P,,0P,, we additionally include three vertices wy, ws
and ws corresponding to the sets Sy, Sy and S3, respectively. Hence V(DS(G,p)) =
V(P,,OP,)U{w;,ws,ws}. The proof of this theorem is demonstrated in the following

cases:

For i =1 (mod 4),
Lif g

c(ui,vj) =9 2if j=2 (mod 3)-

1 (mod 3)

3if j=0(mod 3)
For i = 2 (mod 4),
24f J

c(ui,vj) =S 4if

1 (mod 3)

2 (mod 3) -

5if j7=0 (mod 3)

For i = 3 (mod 4),

3if j=1(mod 3)
c(ui,v)) = 1if j=2 (mod 3)-
2if j=0(mod 3)
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For i = 0 (mod 4),

5if j=1(mod 3)
c(ujv) =9 3if j=2 (mod 3)

4if j =0 (mod 3)

and also assign c(wy) = c(wy) = c(ws) = 6. Therefore, the star chromatic number of
degree splitting graph of G, is 6. So we conclude that the star chromatic number
of the degree splitting of P,,0PF, is 6, when m > 3 and n > 4. This completes the

proof. O

As a special case, for n = 2, the graph P,,0P, is known as the ladder graph L,,. We

have the following immediate result:

Corollary 3.1. We have

4, when m = 2
Xs(DS (L)) =

5, otherwise.

Proof. Case (i) Let m = n = 2. The graph is the cycle Cy. By observation (1), we
get DS(Cy) = 4. Thus the star chromatic number of DS(Ly) = 4.

Case (ii) Let n = 2 and m > 3 be arbitrary. Since the star coloring of G 5 requires at
least 4 colors and also G35 is a subgraph of Gy, » for any m > 3, we have x;(Gp,2) > 4
for any m > 3. Clearly xs(DS(Gpmz2)) is 5. Hence the star chromatic number of the
degree splitting of the ladder graph is 5 when n = 2 and for any m. U

3.2. Star coloring of the degree splitting of the toroidal graphs.

Theorem 3.2. For m > 3 and n > 3, let C,, and C,, be the cycle graphs. Let the

Cartesian product C,, O C,, be named as toroidal (or torus grid) graph denoted by
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TGy, pn. Then

Xs(DS(TGm,n)) =

\

8, if

247

Proof. Let TG,,,, = C,,0C,, be the torus grid graph with m and n vertices, respec-

tively. Let the vertices of T'G,,,, be V(T),n) = {(w;,v;) :

1<i<m; 1<j<n}.

The graph TG,,,, is of order |V(T'G,,,)| = mn and of size |E(TG,,)| = 2mn.

Hence we have

V(TGpmn) =

where 51 = {(w;, v;) :

(

\

(u1,v1)

(ug, v1)

(U, V1)

(u1,v2)

(u2,v2)

(U, Vo)

1<i<m;l<j<n}

(uh Un)

(u27 Un)

3\

(t, 0n) |

S

To construct V(DS(TG,,)) from V(TG,,,), include one additional vertex w; cor-
responding to S;. Therefore V(DS(TG,)) = V(T Gr,n) U{w1}. The proof of this

theorem is demonstrated in the following cases:

Case (i) Let m =3k, n =3k for k > 1. For 1 <i <m, if i =1 (mod 3), then

c(uv;) =

If i =2 (mod 3), then

if 7=1 (mod 3)

if 7 =2 (mod 3)

if 7=0 (mod 3)

if j=1 (mod 3)

if 7 =2 (mod 3)

if 7=0 (mod 3)
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If i =0 (mod 3), then

3, if j =1 (mod 3)

c(uv;) =<5, if j =2 (mod 3)

6, if j =0 (mod 3)
and therefore c(w,) = 7.
Case (ii) Let m =3k + 1, n=3kfor k> 1. For 1 <i<m—1,if i =1 (mod 3),
then
1, if =1 (mod 3)
c(uvy) =92, if j =2 (mod 3)
3, if 7 =0 (mod 3).
If i =2 (mod 3),
2, if j=1 (mod 3)

c(uvy) =4, if j =2 (mod 3)

5, if =0 (mod 3).
If i =0 (mod 3), then
5, if j=1 (mod 3)

c(uwj) =13, if j =2 (mod 3)

6, if =0 (mod 3).

Similarly
4, if j=1 (mod 3)
c(unvj) = 6, if j=2 (mod 3)
1, if =0 (mod 3)
and hence c(w;) =T7.
Case (iii) Let m =3k +2,n=3kfork>1. Let 1 <i<m—1. Ifi =1 (mod 3),

then
1, if j=1 (mod 3)

c(uvy) =92, if j =2 (mod 3)

3, if 7 =0 (mod 3).
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If i =2 (mod 3), then

c(uv;) = < 4,

If i =0 (mod 3), then

c(uv;) = 3,

Also

6, if j=1 (mod 3)
c(unv;) =15, if j =2 (mod 3)

4, if 7=0 (mod 3)

and therefore c(w,) = 7.

if j=1 (mod 3)

if 7=2 (mod 3)

if 7=0 (mod 3).

if j=1 (mod 3)

if j =2 (mod 3)

if =0 (mod 3).
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Case (iv) Let m =3k+1,n=3k+1fork>1. Let 1 <i<m—land1<j<n-1.

If i =1 (mod 3), then

1, if j =1 (mod 3)
c(uwy) =92, if j =2 (mod 3)

3, if j =0 (mod 3)

and

c(uvy,) = 4.

If i =2 (mod 3), then

3, if j=1 (mod 3)
c(uwj) = q 4, if j =2 (mod 3)

5, if j =0 (mod 3)

and

c(uv,) = 2.
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If i =0 (mod 3), then
6, if j =1 (mod 3)
c(uv;) =<5, if j =2 (mod 3)

1, if =0 (mod 3)

and
c(uvy,) = 3.
Also
4, if j=1 (mod 3)
c(Umvi) =93, if j =2 (mod 3)
6, if 7 =0 (mod 3)
and
c(umvy,) = 5.
Hence

clw) =7
as no path on four vertices are bi-colored. Therefore it is a proper star coloring. We
get the star chromatic number of the degree splitting of the torus grid graph is 7.
Case (v) Let m =3k+2,n=3k+1fork>1. Let1 <i<m—-land1<j<n-—1.
If i =1 (mod 3), then
1, if j =1 (mod 3)
c(uwj) =92, if j =2 (mod 3)
3, if 7=0 (mod 3)
and
c(uv,) = 2.
If i =2 (mod 3), then
3, if =1 (mod 3)
c(uvy) = 4, if j =2 (mod 3)

5, if =0 (mod 3),
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and
c(uv,) = 4.
If i =3 (mod 3), then
5, if =1 (mod 3)
c(uwj) =96, if j =2 (mod 3)

7,if j =0 (mod 3)

and
c(uvy,) = 6.
Also
4, if j=1 (mod 3)
c(umv;) =<5, if j=2 (mod 3)
6, if 7 =0 (mod 3)
and

c(umvn) =5

and hence c(w;) = 8.
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Case (vi) Let m =3k+2,n=3k+2fork# 1. For1 <i<m-—land1<j <n-—1,

if i = 1(mod 3), then

1, if 7=1 (mod 3)
c(uiv;) =92, if j=2 (mod 3)
3, if j =0 (mod 3)
and
c(uvy,) = 4.
If i =2 (mod 3), then
3, if j =1 (mod 3)
c(u;) =<4, if j =2 (mod 3)

5, if j =0 (mod 3)
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and
c(uvy,) = 6.
If i =3 (mod 3), then
7,if j =1 (mod 3)

c(uwj) =95, if j =2 (mod 3)

6, if j =0 (mod 3)

and
c(uvy,) = 2
5, if j=1 (mod 3)
c(umvj) = 16, if j =2 (mod 3)
4, if 7=0 (mod 3)
and

c(umvn) =3

and also assign ¢(w;) = 8 where no path on four vertices are bi-colored. Therefore it
is a proper star coloring. Hence, the star chromatic number of the degree splitting of

the torus grid graph is 8. Thus, the proof is completed. U

3.3. Star coloring of the degree splitting of the prism graph. Let m > 3,
n > 4 and let C), be the cycle graph of order m and P, be the path graph of order
n. Then the Cartesian product C,,0P, is known as the prism graph and is denoted
by Yo -

Theorem 3.3. We have

Xs(DS(Ym,n)) = 6.

Proof. Let Y, ,, be the prism graph and let its set of vertices be
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Then the order and the size of the prism graph are |V (Y,,.,)| = mn and |E(Y,,,)| =

2mn — n, respectively. We have

( (ug,v1)  (ug,v2) ... (ug,vp) \
V(Yorn) = (Uz,.Ul) (UQ,.'UQ) . (uz,.vn) _sus,
\ (U, 1) (Umy Vo) oo (U, Vp) )
where
S1={(u,v1): 1<t <m}PU{(u;v,): 1<i<m}
and

Sy ={(us,vj): 1<i<m; 2<j<n-—1}.

To obtain the DS(Y,,,) from Y,,,, we introduce two additional vertices w; and ws
corresponding to the sets S; and Sy, respectively.

Now, the star coloring of DS(Y,,.) is as follows: Assign the colors 1, 2, 3, 4 alterna-
tively to the vertices of the innermost cycle of the graph Y, ,, and next assign colors 1,
2, 3, 4, 5 to all the vertices of the remaining copies of Y, ,. Finally, color the leftover
vertices as ¢(w;) = c¢(wy) = 6, in which no path on four vertices are bi-colored. Thus

it is a proper star coloring. Hence x5(DS(Y;,,)) = 6 which completes the proof. [

Corollary 3.2. For m > 3, n = 1, the graph C,,0P; is the cycle graph C,,. Then,
by observation (1), the degree splitting of the cycle graph is a wheel graph. Therefore

5, when m =5
Xs(DS(Cr0OP)) =

4, otherwise.

4. CONCLUSION

In this work, we obtained exact results for the star chromatic number of degree
splitting of the Cartesian product of any two simple graphs G and H. Also we
illustrate the exact results for the star chromatic number of the degree splitting of

the Cartesian product of prism graphs, toroidal graphs and grid graphs.
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