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CONSTRUCTION OF A RIESZ WAVELET BASIS ON LOCALLY
COMPACT ABELIAN GROUPS

SATYAPRIYA ) AND RAJ KUMAR @

ABSTRACT. We have explored the concept of Riesz multiresolution analysis on a
locally compact Abelian group G, and have extensively studied the methods of
construction of a Riesz wavelet from the given Riesz MRA. We have proved that, if
0« is the order of dilation, then precisely d, — 1 functions are required to construct a
Riesz wavelet basis for L2(G). An example, supporting our theory and illustrating

the methods developed, has also been discussed in detail.

1. INTRODUCTION

An orthonormal basis B = {3} of a Hilbert space #H is one of its most important
subsets. In terms of its basis elements, any element y € H has a unique representation

of the form

Yy = Z Cgxpa.

The advantage of working with orthonormal bases is that the coefficients appearing

in the above equation are easy to derive and the above equation has the exact form:

(1.1) y=> (y,2p)7s.

The orthonormal bases which consist of scaled and integer-translated versions of
a single element are called wavelet bases. A central tool dedicated to the study,
construction and analysis of wavelet bases is multiresolution analysis (henceforth

abbreviated as MRA). The concept of MRA was first introduced by Mallat and
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Meyer in their paper [9]. The Hilbert space they worked in, was the space L*(R),
where R is the usual Euclidean space.

Due to S. Dahlke, [4], in the year 1994, this concept of MRA was generalized to
the separable space L?*(G), where G stands for an arbitrary locally compact Abelian
(henceforth abbreviated as LCA) group. Another generalization, not with respect
to the space under consideration but with respect to the structure of MRA, was
proposed in [15, 10]. Both these papers used Riesz basis instead of an orthonormal
basis in the definition of MRA.

In the paper [12], the concept of Riesz MRA has been extended to the space L?*(G)
using some methods as developed in [4]. Our aim in this paper is to contruct a
Riesz basis from the given Riesz MRA on an LCA group . This paper has been
structured as follows. Some preliminaries and notations have been listed in section
two. A detailed method for the construction of Riesz basis via Riesz MRA has been
presented in section three. To support our theory, we have also given an elaborated

example there.

2. PRELIMINARIES AND NOTATIONS

2.1. LCA Groups. A topological group G is called an LCA group if

e it is locally compact, Hausdorff and metrizable in its topology; and,

e it can be written as a countable union of compact sets.

The symbols '+’ and 0" have been used to denote the group composition and the
identity element of GG, respectively. The groups of real numbers R, the circle group
T and the group of integers Z are some of the frequently used LCA groups.

The dual group of G, denoted by G, is the set of all continuous homomorphisms from
the group G to the circle group T. The elements of this group G are called characters.
Moreover, with a suitable topology and a suitable group operation, the dual group
G is also an LCA group. We refer [5, Chapter 3] for more details.

The double dual of G (or the dual of G), denoted by é’, can be identified with the
group G itself and thus we can write é’ = (. This identification of an LCA group
and its double dual is presented in the Pontryagin duality theorem, proof of which

may be found in [5, Chapter 3]. Due to this identification, the notation (v, z) will be
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used by us in this paper which can be interpreted as either the action of v € G on
z € G;oraction of 2 € G =G on v € G.
The group G is now given a translation invariant Radon measure p¢, i.e. a measure

for which the following equality holds for all compactly supported functions f on G:

/7x+ywc /f Vpa(x), ¥y e G.

This measure is unique up to a constant and is called the Haar measure. We refer [6,
Chapter 2| for the existence and uniqueness of Haar measure. Throughout this paper,
the Haar measure ¢ has been kept fixed. Further, based on this Haar measure, the
spaces L'(G), L*(G) and L*(G) have been defined in the usual way. Moreover, due
to our assumptions of G being metrizable and being a countable union of compact
sets, L*(G) becomes a separable Hilbert space. See [8] for a detailed proof.

We now define the operator of Fourier transform on L'(G) by:
(2.1) FL(G) = Co(@), /f ) dpo(x).

Here, Cy(G) is the space of all continuous functions on G vanishing at infinite.
The Haar measure pps on G can be appropriately normalized so that for a specific

class of functions, the following inversion formula holds, (see[11, Chapter 1]);
(22) @) = [ Fo)aa)ingt).a e €

In this paper, we shall always choose a normalized Haar measure pz for G so that the
inversion formula holds. Once this is done, the Fourier transform can be extended to
a surjective isometry F : L?(G) — Lz(é) exactly as in the classical case of G = R.
To simplify notations, from now onwards, in all integrals when the context is clear,
we will write dug(x) = dz and dps(y) = dy.

Apart from the operator of Fourier transform as defined above, the operators of
traslation, modulation and dilation will also be used frequently throughout this paper.
The first two operators, i.e. the translation operator and the modulation operator
can be extended to L?*(G) without much difficulty. For instance, for any y € G, the
operator T, and &, given by

Tyf(z) = f(x—y) and &EF(y)=(v,y)F(7)



258 SATYAPRIYA AND RAJ KUMAR

define the generalized versions of translation and modulation operators on L?(G)
and L2(G) respectively. Similarly, for any & € G, the operators Te and E¢ define
generalized translation and modulation operators on L*(G) and L2(G) respectively.
To define a generalized dilation operator, we proceed via a method used by Dahlke in
[4], for which we first need to define dilative automorphisms. An automorphism « on
G (algebraic automorphism and topological homeomorphism) is said to be dilative
if, for any compact set K and any open neighborhood U of 0 € G, there exists a
positive integer ng such that £ C o™(U), Y n > ng. Now, let a : G — G be a

dilative automorphism on G, then there exists a d,>0 such that

| 1@ie =, [ fat)aa

for any appropriate function f on G. This means that « induces a unitary operator

D on L?*(G) given by
D:L*G) = L}(G), Df(x)=46."f(al(z))

for any appropriately chosen function f on GG. This D works as the dilation operator
on the space L?(G) and the constant ¢, is called the order of dilation for the operator
D. Further, using this dilation operator D, we can construct a dilation operator D
for the space L2(G). The following lemma sums up the required information for the

operator D. We omit the striaghtforward proof.

Lemma 2.1. Let G be an LCA group and G be its dual group. Suppose o : G — G

1s a dilative automorphism on G. Then the following hold:

(1) The map, & : G — G given by

(a(7),7) = (7,a(x)); » € G,

15 a dilative automorphism on G.

(17) / F(y)dy = 5a/ F(&(7))dy for any appropriat function F on G.

(i14) T?ze operator D :GLz(G') — L*(Q) given by DF(v) = 6°F(&()) is a unitary
operator on L2(G). This operator D works as dilation operator on L2(G). Order

of this dilation operator D is also d,.
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It is easy to note that all these generalized operators satisfy all the commutative
relations amongst them and behave similarly under Fourier transform and inverse
Fourier transform, as in the case of G = R.

We now introduce lattices, an important class of subgroups of LCA groups. A lattice
A, (sometimes called a uniform lattice), in an LCA group G, is a countable, closed
and discrete subgroup A of G for which the quotient group G/A is compact in the
quotient topology. The annihilator A+ of a lattice A is defined by

AM={yeG:(1,\)=1, Vrxe Al

It follows from the definition of topology on G that AL is also a lattice in G. Further,
a lattice in GG can be used to obtain a splitting of groups G and G into disjoint cosets

(see [3], Chapter 21):

Lemma 2.2. Let G be an LCA group and A a lattice in G. Then the following hold:

(1) There exists a Borel measurable relatively compact set @ C G such that

(2.3) G=JOA+9, A +Qn(N+Q) =0for x#£XN; AN €A

A€A

(i) There exists a Borel measurable relatively compact set S C G such that

G = U(w+8), (W+S)NW +8) =0 forw#u; ww et

weAL

Moreover, the sets Q@ and S are respectively in one to one correspondance with the

quotient groups G /A and CAJ/AL.

Remark 1. In this paper, the uniform lattice A and the dilative automorphism «
are chosen such that a(A) C A. Moreover, any pair (A, &) satisfying this relation is

called a scaling system on G.

The set Q@ C G which appears in equation (2.3) is called a fundamental domain
associated with the lattice A. Also note that the sets of the form of Q, which satisfies
the two conditions of the equation (2.3), have been called tiles in [7]. In this paper
we will use the term fundamental domain for such sets. We now further refine the

fundamental domain © and thus give the definition of a self-similar fundamental
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domain. The fundamental domain Q is said to be self-similar if for some finite

subset Ay of A, we have the following representation (see [7]):

(24) Q= J @' +a Q)

AEAo
Throughout this paper, we will assume that the fundamental domain Q associated
with the lattice A is self-similar. Thus for Q, we have a representation of the form
(2.4). Naturally, the immediate problem we face now is to find a precise representation
of the set Ag which appears in (2.4). The following lemma, proved in [13], gives us
the required insight to this problem.

Lemma 2.3. Let G be an LCA group with a uniform lattice A and an automorphism

a. If Q is a self-similar fundamental domain associated to the lattice A, then the

following hold:

(1) The set Ay, which appears in (2.4), is a complete set of coset representatives for
a(A) in A.
(i7) |A/a(N)] = dq.

Throughout this paper we shall also assume that S is a self-similar fundamental
domain of G associated to the lattice A. All the results, which we have stated for Q,

hold analogously for S. Thus S has a representation of the form:

(2.5) S=J (@' w+a'(8));

AeAF

where Ag C A™ is finite.
Now, all the above information presented above and the fact |A/a(A)] = |[AL/a(AL)]

can be used to write
(2.6) Aa(N)={ o+ a(A), N +a(A), -+ A1+ a(A)}
and

(2.7) A /a(AF) = {wo + &(AY),wy + &(A), - ws, 1 + &(AD)}.
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Further, we will use a result proved by K. Grochenig and W. R. Madych to make the

choice (see [7, Lemma 4])
M=0€G and wy=0€G.

To simplify the calculations in section three, we make one last assumption here. From
here onwards, we assume that the group At /a(A1) is cyclic. Moreover, let w;+a(At)

be the generator of this group. From here onwards
wj + &(AT) = jw; +a(AY), Y0 <5 <4, — 1.

The following lemma and the subsequent corollary gives us a relation between \.s
and w}s which appear in (2.6) and (2.7) respectively. We refer [14] for a direction of

their proofs.

Lemma 2.4. Let G be an LCA group and let (A, «) be a scaling system defined on
G. if, for each j € {0,1,--- 0, — 1}, we write v; = & (w;), then we have

da—1

(2.8) > (M) =0; VEe{1,2,3,+ 6, — 1}

J=0

Corollary 2.1. Let G be an LCA group and let (A, a) be a scaling system defined
on G. If all the notations are same as used in Lemma 2.4, then for any k,l € A, we

have

So—
(2.9) (Vi e —N) = 0; YV k1€ {1,238, 60— 1}k#L

j=0

[y

Remark 2. Due to the assumption of At/&(AL) being a cyclic group, we get the

following relation:

Vi + Ao = jn + Ao

We will now list some more notations corresponding to the group G, which shall also

be applicable to the group G in a similar way.
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e For any f,g € L*(G), the term fg, a member of L'(G), is used to denote the
point-wise product of f and g.
o If H C G, then the function Xy is given by:

1 ,xe H
Xy (z) =

0 ,x¢ H
is called the indicator function of H or the characteristic function of H.

e For any H C (G, we say that a function f : G — C is H-periodic, if
flx+h)=f(x); VeeGandV h e H.

Now, since, the quotient GG/A is in one to one correspondence with the fundamental
domain Q@ C G associated to the lattice A C G, therefore we are here tempted to
assert a relation between the spaces LP(G/A) and LP(Q) (p=1 or 2 or o). But before
that, we define the spaces LP(Q):

LP(Q)={f e L’(G): f=0ae G/Q}; p=l,2or cc.

Further, for the fundamental domain S associated with the lattice A+ C G, we define
the space LP(S) (p=1,2 or oo) in a similar fashion. In both the above cases, the
fundamental domains can be chosen as self similar. The following remark provides

us an orthonormal family in L?(8) which is also its basis. For more details, we refer

2].

Remark 3. Let, for each A € A, ny : G — C be defined by nx(7) = (7, \)Xs(7).

Then the famaly,
=
ne(S) )y

forms an orthonormal basis for L*(S).

Using the above-given notation of the periodic functions, we note that there is a one
to one correspondence between L?(G/A) and the set of all A—periodic functions f
such that fXg € L?(Q). So, with a slight abuse of notation, we write f € L*(G/A)
whenever f is a A—periodic function on G satisfying fXg € L?(Q). Analogously, we
give the definition for the space L2(G/AL).
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We end our discussion about LCA groups by giving a lemma which helps us in
explicitly representating the elements of the space L2(G/AL). Proof of this lemma

uses the information provided in Remark 3 and it follows without much complications.

Lemma 2.5. If, for each A € A, the functions 1, are defined as in Remark 3, then
the following are equivalent :
(i) F e L2(G/AL).
(ii) There exists a sequence {cytren € I2(A) such that
F=> cex
AEA

where € : G — C is given by, ex(7) = (7, A).

2.2. Riesz Bases. We will now have a brief discussion on Riesz bases in an arbitrary
separable Hilbert space. For a detailed study on Riesz bases and their properties, we

refer [3].

Definition 2.1. Let H be a separable Hilbert space and I be a countable index set.
A sequence of elements {fs}ser is called a Riesz basis for H if there exist a bounded
bijective operator U : H — H and an orthonormal basis {eg}ger of H such that, for
each g €1, fz = Uep.

In the lemma below, we give one of the most used implications of the Riesz bases.

For more details, we refer [3].

Lemma 2.6. If {fs}ser is a Riesz basis for H, then there exist constants A, B > 0
such that

(2.10) AILFIP < DI fa) P < BIIFIP

Bel

The numbers A and B are called the Riesz bounds. Precisely, A is the lower Riesz
bound and B is the upper Riesz bound. Moreover, the largest possible value of A is
called the optimal lower Riesz bound and the smallest possible value of B is called
the optimal upper Riesz bound.

The following lemma gives us one of the main characterizations of the Riesz bases in
a separable Hilbert space. It does not involve any knowledge of the Riesz bounds.

Proof of this lemma may be deduced using various results given in [3].
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Lemma 2.7. Let H be a separable Hilbert space and 1 be a countable index set. Then,
a sequence { fz}per in H is a Riesz basis for H if and only if the map T : I*(I) — H,
given by

T({cs}) = cafs,
Bel
1s well defined and bijective.

When we are studying the wavelet theory, more often than not, we encounter a family
of the type {Th¢}rca where ¢ € L*(G). We wish to see the condtions under which
such a family is Riesz basis. For that, we first introduce a function ® corresponding

to this given function ¢.

Definition 2.2. Let G be an LCA group with dual group G and let (A, @) be the
scaling system defined on G. If ¢ € L?(@) is given then corresponding to this function
¢, the function ® is given by

(2.11) o(7) = S Iy + W), v €.

weAL

It is easy to note that according to the notations used previously in this paper,
® e L*(G/AL). We now give an equivalent condition for the family {Th¢}rea to be
a Riesz sequence, i.e. a Riesz basis for its closed linear span. A detailed proof of the

following lemma for the case of G = R has already been proved in [3].

Lemma 2.8. Let ¢ € L*(G) be given. Then the family {T\¢}ren is a Riesz sequence
with bounds A and B if and only if

A< ®(y) < B,

for all v € G.

We shall use above lemma to verify whether a family of the form {T\¢}cx is a Riesz
sequence or not.
Now we wish to generalize the above given Lemma, i.e. we wish to seek an alternate

characterization for the family of the type

(Tfi:AeA1<i<n)
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to be a Riesz sequence; f/s being appropriately chosen function. The following lemma

gives us the required result. Its detailed and extensive proof may be found in [15].

Lemma 2.9. Let f1, fa, - fn € L*(G) and let L(v) , v € G, denote the n x n matriz

L(y) = | Y h(v+w) fily+w)

weA L 1<ij<n
If 6 and © respectively denote the smallest and the largest eigenvalue of L(vy), then
the family

(Tofi: ANEA1<i<n)

1s a Riesz basis if and only if there exist some constants C', D > 0 such that

0<(C<Hh<OLD.

2.3. Riesz Multiresolution Analysis. The concept of MRA with the structure of
Riesz bases for the space L?(R) has been given [10] and the concept of classical MRA
for L?(G) has been presented in [4]. We combine the definitions in these two papers
to give the definition of Riesz MRA on the space L?(G). Note that we have already

given this definition in our paper [12].

Definition 2.3. A Riesz multiresolution analysis for L?(G) consists of a sequence of

closed subspaces {V;};ea of L?(G) and a function ¢ € V; such that

(i) the subspaces V; are nested, i.e.
e CVL VOV T

(77) the subspaces V; have a dense union and a trivial intersection, i.e.

OV, =IXG) and 0 V;={0};
JEZ

jEZ
(¢ii) they are related by the dilation property: V; = D?Vg;

(iv) the subspaces V; are translation invariant, i.e.
feV, = NfeV;,VieAandV jecZ;

(v) {T\@}ren is a Riesz basis for V.
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The subspaces V; are called the approzimation subspaces or the multiresolution sub-
spaces and the function ¢ is called the scaling function.

In the theorem below, we sum up all the conditions which need to be imposed on the
scaling function ¢ to generate a Riesz MRA for the space L?(G). All these conditions

have been extensively investigated in our paper [12].

Theorem 2.1. Let G be an LCA group with the dual group G and let (A, ) be a
scaling system defined on G. A function ¢ € L*(G) is said to generate a Riesz MRA

if and only if the following conditions are satisfied:

(1) The family {T¢}ren is a Riesz sequence.
(17) The subspaces V; are defined by

(2.12) V; = D’ (span{Ty.¢}ren) = span{ D’ T.¢}ren, j € Z.

(1i1) The function QAS s monzero on a neighbourhood of 0 € G.

(iv) There exists a function my € L®(G/AL) such that

(2.13) $(a(7)) = mo(1)9(7)

holds for all ~v € G.

Equation (2.13) is called the refinement equation and if a function ¢ satisfies this
equation, then it is called refinable. Further, the function mg appearing in (2.13) is

called the refinement mask. Also note that this function mg is unique.

3. CoNSTRUCTING RIESZ WAVELET FrROM GIVEN RIiEsz MRA

Throughout this section, we will assume that we have a function ¢ which generates
a Riesz MRA, i.e. all the conditions of Theorem 2.1 are satisfied for this function.

Here, using Lemma 2.8, we also get existence of positive numbers A, B > 0 such that
0<A<P(y)<B; Vyedq.

We begin the construction of Riesz wavelet by writing an orthogonal decomposition
of the space L*(G). For each j € Z, let W; denote the orthogonal complement of V;

in Vj41. Then it is easy to see that

Vin =V ©W;
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and hence
L*(G) = w;.
JEL
Next, we show that the spaces W; are related to each other by the same dilation
property as the subspaces Vj. This property of the subspaces Ws reduces our work
and now we only need to find some functions whose family of A-translates form a
Riesz basis for Wj. All this information is presented in the following lemma. We

refer [3] for its detailed proof.

Lemma 3.1. Assume that ¢ € L*(G) generates an Riesz MRA. Then the following
holds:
(1) W; = DIW,, Vj € Z.
(13) If the functions 1,1y - -1, € Wy are such that the family of its A-translates,
{Ty; - A € A1 < i < n}, is a Riesz for Wy, then for all j € Z, the family
{DIT\ip; : X € A, 1 < i <n} is a Riesz basis for W;, and the family

{(DIT\p; A €N 1<i<n,jeZ}

is a Riesz basis for L*(G). Moreover, all these bases have exactly the same Riesz

bounds.

From the above lemma, we see that the space Wy is of utmost importance to us and

thus we give its characterization in the following lemma.

Lemma 3.2. Assume that ¢ € L*(G) generates a Riesz MRA with order of dilation
8o and two-scale symbol Hy € L®(G/ALY). Let F e L2(G/AY) and define f € V; by:

~

(3.1) f(a() = F()d().
Then the following hold:
(i) If we write &' = &=4(8), then
601

(3.2) (f, Tx¢) = da (Zﬂj(Fq)Fo)(v)) (), A)dy

J=0
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(i) A function f € Vi belongs to Wy if and only if

da—1

(3.3) > T, (FOH,) =0

J=0

a.e. on G.

The proof of this lemma is on similar lines as given in [1]. Further, we mention it
here that the LCA group which has been considered in [1] is the Euclidean group R.
As pointed out before, we now only need to find some functions in Wj, such that the
family consisting of their translated versions forms a Riesz basis for W,. From the
previous works on MRA and Riesz MRA on the Euclidean group R, we get a hint
that d, — 1 functions should suffice. So our focus now shifts to find the existance of

0o — 1 functions ¥y, s, - - - , s, 1 such that the family
(3.4) {Tap; : A e N1 <i<d,—1}

forms a Riesz basis for W,. We intend to achieve this in two steps:

e We find ¢, — 1 functions 9,1, -+ ,1s,-1 such that A-transalates of these

functions generate the space Wy, i.e.
(3.5) Wy =span{T\¢; : A€ A, 1 <i<6,—1}.

e We will then show that these functions, as obtained in above step, are such

that the family (3.4) forms a Riesz basis for the space W.

In the lemma below, we give a sufficient condition, in terms of solvability of a system
of linear equation, for the family {Th\v¢; : A € A, 1 <i < d, — 1} to generate the space

Wy. This alternate characterization will be of much use to us.

Lemma 3.3. Let G be an LCA group and let ¢ € L*(G) generates a Riesz MRA
of 8. order of dilations and with two scale symbol Hy € L*(G/AL). Suppose there
exist functions my, ma, - -+ ,ms, € LOO(CA;/AL) and the functions 1, s, -+ s, 1 are

defined via

~

(3.6) Di(@(7)) = mi(7)o(7)-



RIESZ WAVELET VIA RIESZ MRA ON LCA GROUPS 269

Further assume that there exist functions Go, Gy, - -+ ,Gs,_1 € L®(G/AY) such that

the following system of equations

da—1

(3.7) > T medmi) () =0; i€ {1,2,--+ 0, —1};
7=0
Oa—1

(3.8) T, @)Y Tm;(1)G5(7) =6:,0(N®(7); i € {0,1,--+ 6, — 1}

i=0

is satisfied for all v € G, then
Wo =span{Thp; : A € A, 1 <i <9, — 1}

Using some earlier known results, Lemma 2.4, Corollary 2.1 and some of their easy
manipulations, we see that the above Lemma is easy to prove. Therefore, we skip its

proof here.

Making use of the above lemma, we now explicitly construct d,—1 functions ¢y, 19, - -+ ;s 1
which generate W, in the sense of (3.5). Again, we will not give a detailed proof of

the following theorem, but will briefly give the directions for the same.

Theorem 3.1. Let G be an LCA group and let ¢ € L*(G) generate a Riesz MRA
with order of dilations 6, and two scale symbol my € L™(G/AL). Then there always

exist 0o, — 1 functions iy, 1q, -+ s, 1 in Wy generating Wy.

Proof. 1t is only required to prove that the equation sets given by (3.7) and (3.8) hold
true on S, the self-similar fundamental domain associated to the lattice A+ C G.

Next we define the set Sy by:

(3.9) So={reS:Imo(y)| = [(Trmo)(W)|,¥ 0 <i <00 — 1}
and then for each j € {1,2,---,d, — 1} further define

(3.10) 8 =2+

These sets S; satisfy the following equality:

da—1

Us =s
§=0

We note that, on any set S;, the set of equations given by (3.7) gives us essentially

the same information and that is
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) Sa—1
m; on Sy = o > (m; on §; x (my®) on S;)
j=1
In the following table, we list one of the many possible choices for the values of these
functions m}s. We have also used Remark 2 to obtain these entries and to ensure the

consistency between them.

TABLE 1. Table for the functions m;s

So S1 So Sso—1
_Ho(v—71)®(v=—m1)

m Ho()® () ! 0 0

_Ho(v—72)®(v—72) 0 1 0
mz Ho()®(7)

Ho(v—v3)®2(v=73)

— 0 0 0

ms Ho(®(7)
Ho(v =754 —1) (V=754 —1))

_ — 0 0 1

Ma—1 Ho(®(7)

Further note that finding the functions Gy, Gy, - - - , G, -1, which satisfy equation set
(3.8), is a routine exercise and it can be done quite easily once we use the function

m.s as given in Table 1. O

This completes our quest for 9, — 1 functions which generate the space W,. We now
show that the family of the type (3.4), constructed using the functions obtained in

above theorem, is indeed a Riesz basis for Wj,.

Theorem 3.2. Assume that ¢ € L*(G) generates a Riesz MRA with order of dila-
tions 6, and two scale symbol my € L>(G/AY). Further assume that the functions
1,0, -+ s, —1 are defined by (3.6) and the functions Fy, Fy, -+ | Fs, 1 are assumed
to be as they appear in Theorem 3.1. Then the family (3.4) generates a Riesz basis
for the space L*(Q).

Proof. We intend to use Lemma 2.9 to prove our assertion. Moreover, here we will
consider the functions mgq,ma,---,ms,—1 as obtained in Table 1. Instead of the

matrix L(7), we will use the matrix L(&(7y)). Now, 8 and © will respectively denote
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the smallest and largest eigenvalues of the matrix L(&(7y)). We now proceed to show

that there exist some constants C, D > 0 such that
0<C<08<O<D.

It is enough to prove the above relation for v € &’ = &71(S) only. First note that,

just like the previous case, we devide the set S’ into d,, disjoint parts. We let
So={r €8 : Imo(y)| = [(T5mo)(N|,V 0 < i < b0 — 1}
and then for each j € {1,2,---,d, — 1} further define
S; =+ Sp.

It is easy to note that, for any j € {0,1,---,d, — 1}, §; C S;.
As noted earlier, L(&(7v)) is (6q — 1) X (do — 1) matrix. Below, we write a general

expression for the matrix L(&(7)).

L(a(v)) = [aij]lgi,jgéa—l?

where a;;, the entry at the intersection of i'" row and j** column, has the explicit

expression:
Sa—1

Qij = Z (mi(v — Y)my (v — ) P(y — %)) .
k=0
The proof after this is a routine exercise to verify that the eigenvalues of this matrix

L(&(7)) are bounded below away from zero, as well as bounded above. This step has

to be repeated for 7 in each S. O

We conclude our paper with an illustrative example as given below.

Example 3.1. Let G = R denote the Fuclidean group of real numbers under multi-

plication. For any Borel set B in G, a Haar measure g on G is given by:

pe(B) = /BdMG(t); where duc(t) = dt.

The set A = Z works as a uniform lattice in G, and the map o : x — 3x works as a
dilative automorphism of G. One representation for the quotient group A/a(A) is

A Z
——=—={3%Z,1+3%Z,2 + 3Z}.
alh) ~ 3z {3Z,1+3Z,2 + 32}
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Now, if we let Q@ =[0,1), then it is easy to note that

o=[3)U[35) U5

=" (QU (o' (1) +a™H(Q) U (a'(2) + a7}(Q))

Thus Q s a self-similar fundamental domain associated with A and o. Further note
that for the chosen measure pg, we have pg(Q) = 1.
For any x,& € G, the map x — €2™*¢ is a continuous homomorphism from G to T.
Defining the characters of G in this way, i.e. by writing (§,z) = ¢¢(x), we get that
the Pontryagin dual group of R is R i.e., G = G. The measure fe s normalized
appropriately so that the inversion formula and the Parseval formula hold. Further,
the annihilator A+ of A and the automorphism & of Gf(corresponding to the automor-
phism o of G) can be derived accordingly. We choose the following epresentation for
the quotient group A+/&(A+)
AL z
a(At) 32

={3Z,1+3Z,2 + 3Z}.

A self-similar fundamental domain S ofGAY is given by S = [0,1). It is easy to see
that pa(S) = 1.

We now define a function ¢ on G via its Fourier transform by:

O(7) = X, () + 2X4,(7), v € G,

where
Ar=[3F3) ad A= [F.3)U[53)-

It is easy to see that if the we define the subspaces V; by V; = ~span{T\¢ : A € A}
and chose the two-scale symbol my such that its restriction on the set S = [0,1) is

gien by:
XAS (7) + 2‘)C‘Az; (7);

where
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then the function ¢ generates a Riesz MRA for the space L*(R).

Now, with the notations taken from last two theorems, we note that
So=[0.5)U3 1), Si=1[53) ad S=[33).
Applying a procedure as mentioned in Theorem 3.1, we get that

my(y) = Xa,(v)  and  ma(y) = Xag(7);

where
As=[53) and As=[3.3).

Now we define the functions 1y and e as mentioned in (3.6). We finally obtain

U1(7) =Xa.(7) + 2X4,(7)

~

Pa(7) =Xag (V) + 2Xa,0(7);

where

(3.11) Ar=1[11), As=[13), Ay=[-1,3) and A= [ -1).

2

At last, we note that the smallest eigenvalue of the matriz L() is 1 and the largest
eigenvalue is 2. So using Lemma 2.9, it is now easy to conclude for us that the family

{DiTyp; - k € Z and i = 1,2} is a Riesz basis for the space L*(R).
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