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A STUDY ON FUZZY WEAK ENRICHED VECTOR SOFT
TOPOLOGY

BIJAN DAVVAZ® | V. MADHURI® AND B. AMUDHAMBIGAI®)

ABSTRACT. In this paper, the notions of fuzzy enriched soft topology, fuzzy weak
enriched soft topology and fuzzy weak enriched vector soft topology are introduced.
The relation between fuzzy vector soft topology and fuzzy enriched soft topology
is obtained. In this connection, several properties are discussed. This paper also

discusses extensions of ideas of convexity and balance to the fuzzy soft case.

1. INTRODUCTION

The most appropriate theory, for dealing with uncertainties is the theory of fuzzy
sets developed by L.Zadeh [9]. L.Zadeh writes : " The notion of a fuzzy set provides a
convenient point of departure for the construction of a conceptual framework which
parallels in many respects the framework used in the case of ordinary sets but is
more general than the latter and, potentially, may prove to have a much wider scope
of applicability, particularly, in the fields of pattern classification and information
processing. Subsequently, several mathematical structures have been developed using
fuzzy set theory and soft set theory or a combination of these two theories. Maji et al
[4] who worked on some mathematical aspects of soft sets and fuzzy soft sets. Fuzzy
topological vector spaces are introduced by A. K. Katsaras and D. B. Liu [2]. In
1981, Katsaras [3], changed the definition of fuzzy topological vector spaces. In view
of this and also considering the importance of fuzzy topological vector space with
fuzzy soft theory in developing the theory of functional analysis, we have introduced

2000 Mathematics Subject Classification. 54A40, 54E55.
Key words and phrases. Fuzzy vector soft topology, Fuzzy enriched soft topology, Fuzzy weak

enriched soft topology and Fuzzy weak enriched vector soft topology.
Copyright (©) Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.

Received: Oct. 22, 2020 Accepted: Feb. 7,2021 .
275



276 BIJAN DAVVAZ, V. MADHURI AND B. AMUDHAMBIGAI

in this paper a notion of fuzzy vector soft topology which is a combined structure
of a fuzzy soft topological space and a vector space. The notions of fuzzy enriched
soft topology, fuzzy weak enriched soft topology and fuzzy weak enriched vector soft
topology are introduced. The relation between fuzzy vector soft topology and fuzzy
weak enriched vector soft topology is obtained. In this connection, several properties
are discussed. This paper also discusses extensions of the algebraic and geometric

ideas of convexity and balance to the fuzzy soft case.

2. PRELIMINARIES

In this section, some basic concepts of fuzzy soft sets have been recalled. Also related
results and propositions are studied from various research articles. Some definitions

and preliminary results are presented in the context.

Definition 2.1. ([4], Definition 1, p. 2) Let X be an initial universe, E is a set of
parameters, ¥ C E and P(X) is the set of all fuzzy sets of X. A pair (A, Y) is called
a fuzzy soft set over X, where A : ¥ — P(X).

Definition 2.2. ([4], Definition 1, p. 2) For any two fuzzy soft sets (F, A) and (G, B)
over a common universe R, we say that (F, A) is a fuzzy soft subset of (G, B) if

(i) AC B.

(ii) F(a) < G(a) for all a € A.In this case, we write (F, A) C (G, B).

Definition 2.3. ([7], Definition 2.2, p. 73) Let {(F}, A);i € A} be a nonempty family
of fuzzy soft sets over a common universe X. Then their
(i) Intersection, denoted by M;eca, is defined by Miea (F;, A) = (MieaFy, A), where
(MicaFy) (@) = Niea(Fi(a)), Vo € A.
(ii) Union, denoted by Uiena, is defined by U;ea(F;, A) = (UieaF;, A), where
(UieaFy) (@) = Viea(Fi()),Va € A.

Definition 2.4. ([7], Definition 2.3, p. 73) Let X and Y be two nonempty sets and
f: X — Y is a mapping and F'S(X, A) denote the set of all fuzzy soft sets over X.
Then

(i) the image of a fuzzy soft set (F, A) € F'S(X, A) under the mapping f is defined
by £(F, A) = (f(F), A), where [f(F)](a) = f[F(a)], Ya € A.
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(ii) the inverse image of a fuzzy soft set (G, A) € F.S(Y, A) under the mapping f is
defined by f~1(G, A) = (f~1(G), A), where [f71(G)](a) = fHG(a)], Va € A.

Definition 2.5. ([1], Definition 2.8, p. 409) Let fa,gp be any two fuzzy soft sets
over X. The union of f4 and gg, denoted by f4 U gp, is the fuzzy soft set haup
defined by haup(e) = fa(e) A gp(e),Ve € E. That is, haup = fa U gs.

Definition 2.6. ([1], Definition 2.9, p. 409) Let fa, gp be any two fuzzy soft sets
over X. The intersection of f4 and gg, denoted by faMgg, is the fuzzy soft set hanp
defined by hang(e) = fa(e) A gg(e),Ve € E. That is, hang = faMgp.

Definition 2.7. ([8], Definition 2.15, p. 456) Let R be the universe, E be the set of
parameters and A C F, B C E. Let (F, A)and (G, B) be two fuzzy soft sets over a

common universe R. Then,

(i) The product of two fuzzy soft sets (F, A)and (G, B) is defined as the fuzzy soft
set (H,C) = (F, A)®(G, B) over R, where C = Ax B and H(a,b) = F(a)-G(b)
for all (a,b) € A x B.

(ii) The sum of two fuzzy soft sets (F, A)and (G, B) is defined as the fuzzy soft set
(H,C) = (F,A)®&(G, B) over R, where C = A x B and H(a,b) = F(a)+G(b)
for all (a,b) € A x B.

Definition 2.8. ([10], Definition 4.1, p. 939) Let X be the universe and E be the
parameter set. The fuzzy soft topology 7 over X is a collection of fuzzy soft subsets

over X with fixed parameter set E such that:

(i) X,®eT,
(ii) The union of any numbers of fuzzy soft sets in 7 belongs to 7 .

(iii) The intersection of any two fuzzy soft sets in 7 belongs to 7.

The triplet (X, E,7) is called a fuzzy soft topological space over X, say fuzzy soft
topological space, and each element of 7 is called a fuzzy soft open set, say fuzzy soft
open set, in X. The complement of a fuzzy soft open set is called fuzzy soft closed

set, say fuzzy soft closed set.
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Definition 2.9. ([3], Definition 3.3, p. 87) A fuzzy vector topology on a vector space
E over K is a fuzzy topology ¢ on E such that the two mappings

+:EXFE— E, (x,y)— x+y,

i KX E— E, (t,z) — ta.

are continuous when K has the usual fuzzy topology and K x E, E x E the corre-

sponding product fuzzy topologies.

Definition 2.10. ([6], Definition 2.9, p. 648) Let S(X, A) denote the collection soft
set over X. A soft set (F,A) € S(X,A) is said to be pseudo constant soft set if
F(a) = Xor¢,Va € A. Let CS(X, A) denote the set of all pseudo constant soft sets

over X under the parameter set A.

Definition 2.11. ([6], Definition 2.11, p. 648) A sub collection 7 of S(X, A) is said
to be an enriched soft topology on X if

(1) (F,A) e, Y(F,A) € CS(X,A).

(2) the intersection of any two soft sets in 7 belongs to 7;

(3) the union of any number of soft sets in 7 belongs to 7;

Then (X, A, 7) is called an enriched soft topological space over X.

Definition 2.12. ([1], Definition 2.20, p. 412) Let f4 € F(X, E) and gg € F(Y, K).
The fuzzy product fa x gp is defined by (f X g) axp where

(f X g)AxB(ea k) = fA(e) X gB(k) € [X X [Y,V(ﬁ’, k) € Ax Ba

and for all (z,y) € X XY, (fale) x gp(k))(x,y) = fale)(x) A gg(k)(y). According
to this definition the fuzzy soft set f4 X gp is a fuzzy soft set over X x Y and its

parameter universe is £ X K.

Definition 2.13. ([7], Definition 3.9, p. 82) The fuzzy soft topology in X x Y
induced by the open base F' is said to be the product fuzzy soft topology of the
fuzzy topologies 7 and 7. It is denoted by 7x~. The fuzzy soft topological spaces
[X % Y,A,T;zv] is said to be the fuzzy soft topological product of the fuzzy soft
topologies (X, A, 7) and (Y, A, 7).
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Definition 2.14. ([10], Definition 5.5, p. 943) Let X = X; x Xy and E = F; X Ej.
Let 7¥ : X — X, and 7¥ : E — E; be projection maps. Suppose (X, Fy, ;) and
(X, Eo, 79) be F.S topological spaces. The fuzzy soft map

P Xip, @ Xom, — Xip,
is called the fuzzy soft projection map where 7r;-X E( fig,@fop,) = fin,.

Proposition 2.1. ([7], Proposition 3.13, p. 84) Let (X, A, 1) be the product space
of two fuzzy soft topological spaces (X1, A, 1) and (Xo, A, 72) and m; : (X, A, 7) —
(Xi, A, 71;),1 = 1,2 be the projection mappings. If (Y, A,~y) be any fuzzy soft topological
space, then the mapping f : (Y, A,v) — (X, A,7) is fuzzy soft continuous iff the
mapping m f (Y, A, v) = (X;, A, 1),i = 1,2 are fuzzy soft continuous.

Proposition 2.2. ([7], Proposition 3.18, p. 86) Let (X, A, T) be fuzzy soft topological
space. Then the mapping [ : (X, A, 7) = (X, A, 7) defined by f(x) = x,Vx € X is

fuzzy soft continuous.

Proposition 2.3. ([7], Proposition 3.19, p. 86) Let (X, A,7) and (Y, A,v) be any
two fuzzy soft topological spaces. Then the constant mapping f: (X, A, 7) — (Y, A,7)
defined by f(z) = yo, Vo € X where yo is a fived element of Y, is fuzzy soft continuous.

Proposition 2.4. ([7], Proposition 3.12, p. 83) Let (X, A, 7) and (Y, A,7) be any two
fuzzy soft topological spaces. Then the projection mapping Tx : (X x Y, A, 7X7v) —
(X, A, 1) and my : (X XY, A, 7x7) = (Y, A, ) are fuzzy soft continuous and fuzzy soft
open. Also TX~ is the smallest fuzzy soft topology in X x Y for which the projection

mappings are fuzzy soft continuous.

3. Fuzzy SorT CONVEX, Fuzzy SOFT BALANCED, FuZzY SOFT ABSORBING

Throughout this paper, V is a vector space over the field K, the field of real or
complex numbers, E is a set of parameters and ¥ C E. Then (A, X) is fuzzy soft set
in V over the field K under the parameter ¥ and A : ¥ — P(V). From now on we
will use §F(V,X) instead of the family of all fuzzy soft sets over V. In this section,

some definitions related to fuzzy vector soft topology are introduced.



280 BIJAN DAVVAZ, V. MADHURI AND B. AMUDHAMBIGAI

Definition 3.1. Let V be a vector space over the field K, E be a set of parameters
and ¥ C E. Let (A, X), (i, X) € §(V,X) be any two fuzzy soft sets over V. Then

i) N2)D (1, 2) = (A + i, 3) where (A + p) (@) = Ma) + pu(a),Va € 3.
(i) €N, X) = (€N, X) where (X)) (o) = {€o: 0 € Na)},Va € ¥,V € K.
(iii) If (&, %) is any fuzzy soft set over K, then (£,X) ® (A, X) = (£ - A, X) where
(€ M) = (@) - M), Ya € X.

Definition 3.2. Let V be a vector space over the field K, E be a set of parameters
and X C E. Then the fuzzy soft set (A, X) € F(V,X) is said to be

(i) Fuzzy soft convex if [(£(A, X)) ® ((1 —&)(N\, X)) & (A, X), V¢ € [0,1].
(ii) Fuzzy soft balanced if [£(A, X)] T (A, X) for all scalar £ € K with |¢] < 1.

(iii) Fuzzy soft absolutely convex if it is both fuzzy soft convex and fuzzy soft

balanced.

Note 3.1. (i) (N, X) is a fuzzy soft convex (fuzzy soft balanced) set iff for each
a € X, the fuzzy set N «) is fuzzy soft conver (fuzzy soft balanced).
(ii) If (N, 2), (u, X) € F(V, X)) are two fuzzy soft convex (fuzzy soft balanced) sets
in a vector space V' over the field K, then [ O (A, X)] @ [§0 (1, X)] is a fuzzy
soft convex (fuzzy soft balanced) set in V' for all scalars &1,& € K.
(iii) If {( N\, 2) }ies where (N, X) € F(V,X),i € J is a family of fuzzy soft convex
(fuzzy soft balanced) sets in a vector space V' over the field K, then (A, X) =
Mier(Ni, 2) is a fuzzy soft convex (fuzzy soft balanced) set in V.

Definition 3.3. Let V and W be two vector spaces over the field K. A function
T :V — W is called a fuzzy soft linear function if for any =,y € V and £ € K,

(i) T(x+y) =T(x)+T(y),
(i) T(§x) = £T(x).

Proposition 3.1. Let V and W be any two vector spaces over the field K and let
f:V =W be a fuzzy soft linear function. Then

(i) If (N, 2) € F(V, X) is a fuzzy soft convex (fuzzy soft balanced) set in V', then
FIA )] is a fuzzy soft convex (fuzzy soft balanced) set in W.
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(ii) If (u, X) € F(W, %) is a fuzzy soft convex (fuzzy soft balanced) set in W, then
I H(u, X)) is a fuzzy soft convex (fuzzy soft balanced) set in V.

Proof. (i) Let £ € [0,1] and (A, X) € F(V,X) be a fuzzy soft convex set. Then

{&AIN D)@ (1= OFIN D) Ha) = {1 D)Ha) + {1 = OFIA D)} a)
= ({(€f(M(@) + (1 = OF(Ma))}, %)
C (f(M@)), %) E fI(A, E)](a), Ya € 2.
{EAND @ {1 =N D)} E I D)]

(ii) Let (u, %), (0,%) € §F(V, %) be a fuzzy soft convex set in W and let £ € [0, 1].
Let (0,%) = (67 [(1, ) & (1 — € [(1,5)]). Then ¥a € %,

flle,D))(@) = FIES (D)) @ (1= F (1, D)D)
[f(o))(@) = &f ([ (@) + 1 = (1 (W](@)
= &SI (@) + (1= O fIf~ (ula))]
< &u(a) + (1 = u(a) < pla),Va € 2.
Hence o(a) < f~'(p(a)). Therefore (o,3) < f~(u, X)]. Thus (i, X)] is

a fuzzy soft convex set in V.

O

Notation 3.1. For simplicity of notation, we use xy instead of x - y.

4. Fuzzy VECTOR SOFT TOPOLOGY
In this section, fuzzy vector soft topology and fuzzy enriched soft topology are intro-

duced and some properties are discussed.

Proposition 4.1. Let (X, X, 7) be a fuzzy soft topological space. Then the collection
To = {Ma) : (N, ) € 1, A€ IV} for each o € X is a fuzzy topology on X .

Proof. Let 7, = {\(«) : (A, X2) € 7} for each o € ¥. Then

(i) Ox,1x € 7 implies that A(a) = 0 € 74, AM(@) = 1 € 7, for each o € ¥.
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(ii) Let {\i(cx) : i € J} be a collection of fuzzy sets in 7,. Then there exists
(\i,X) € 7, for all i € J. Since 7 is a fuzzy soft topology, U;cs(\;,X) =
(WiesAi, 2) € 7. Thus (Wies ) (@) = Vieshi(@) € Ta.

(iii) Let A(«), u(a) € 7,. Then there exists fuzzy soft sets (A, X), (i, 2) € 7. Since
7 is a fuzzy soft topology, (AMp,X) € 7. Thus (AMp)(a) = AMa) A u(a) € 7,
implies that A A u € 7,.

Therefore 7, is a fuzzy topology on X for each o € 3. O

Definition 4.1. A fuzzy soft set (\,X) € F(X,X) is said to be a fuzzy pseudo
constant soft set if A(a) =1 or AM(a) = 0,Va € X. Let FPC(X,Y) denote the set of

all fuzzy pseudo constant soft sets over X under the parameter set >.

Definition 4.2. A fuzzy enriched soft topology 7 is a family of fuzzy soft sets over
X satisfying the following properties:

(1) (\Y)er, V(\,X) e FPC(X,Y).

(2) If (N, %), (u,X) €7, then (A, X)M (u,X) €7

(3) If (N, X); €7,Vi € A, then Ljea(N, X); €T

Then the triplet (X, X, 7) is called fuzzy enriched soft topological space.

Example 4.1. Let X = {a,b} be a universal set and E = {a, 5,7} be a set of
parameters. Let ¥ = {a, B} C E and (A1, %), (A2, 2), (A3, X) € (X, X) where

M) = (1/a,1/b), Ai(B) = (0/a,0/b),

Aa(@) = (0/a,0/b), X2(B) = (1/a,1/b),

As(a) = (0.2/a,0.3/b), As(B) = (0.4/a,0.4/b),
M(a) = (1/a, 1/b), M(B) = (0.4/a,0.4/b),
As(a) = (0.2/a,0.3/b), As(B) = (0/a,0/b),
Ao(a) = (0.2/a,0.3/b), Ae(B) = (1/a,1/b),
Ar(a) = (0/a,0/b), \(B) = (0.4/a,0.4/b).

Hence 7 = {(N)Xa iXa ()\17 Z)a ()\27 Z)a ()\37 Z)a ()\47 Z)a ()\57 Z)a ()‘67 Z)a ()‘77 Z)} There-
fore (X, %, 7) is fuzzy enriched soft topological space.
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Proposition 4.2. Let (X, %, 7) be a fuzzy soft topological space and T, be a fuzzy
topology on X. If 7 = {(\,2) € F(X,X) : Ma) € 7o,V € X}, then 7* is a fuzzy
enriched soft topology on X .

Proof. (i) Since 0, € 7o, A() = 0,V € ¥ and also since 1, € 7, M) = 1,Va €

5. Thus (A, X) € FPO(X, ). Hence V(A X) € FPC(X, %), (\,5) € .

(ii) Let (A,X), (A2, X) € 7. Then A\ (), () € To,Va € X. Thus A\ (a) A
Xo(@) € 7o,Va € ¥. Hence (A M Ag)(a) € 7o,V € X. Therefore (A, %) M
(A2, 2) = (M MA), X) € 7.

(iii) Let (A\;,X) € 7,Vi € J. Then \(a) € 7,,Vi € J,Va € ¥ which implies
Viesdila) € 7, Va € X So (Vies\i)(a) € 7, Vo € 3. Hence Uie (N, ) =
(Wies A, 2) € 75

Therefore 7* is fuzzy enriched soft topology on X. U

Definition 4.3. Let V be a vector space over the field K, K be a field of real or
complex numbers, ¥ C E be the set of parameter and -, be the usual fuzzy topology
on K, Va € 3. Then the fuzzy enriched soft topology v defined as in Proposition 4.2
is called the usual fuzzy soft topology on K.

Definition 4.4. Let (X, 3, 7) be a fuzzy soft topological space and let (A1, X)), (A2, %) €
F(X,¥). The product of (A;, ¥) and (g, X) is defined as (A, £) X (Aa, 2) = (A XAy, X)
where (A XX2)(a) = Aj(a) x Xy(a),Va € 8. Also (A\;x Ay, X) is a fuzzy soft set over
X x X under the parameter X.

Proposition 4.3. Let (X, X, 7) be a fuzzy soft topological space. Then for each o € ¥,

(TXT)a = Ta X Ta.

Proof. Let a@ € ¥ and let yu € (1X7),. Then there exists (A, X) € (7x7) such that
AMa) = p. Since (), X) € (7x7), it follows that there exist {(o;, %), (8;, %) € 7,i € J}
such that (A, %) = Uics[(0s, 2)X(B;,8)]. So p = AMa) = Vierfoi(a) x Bila)] €
(Ta X Ta). Therefore, (TX7)q C (Ta X Ta).

Next, let p € (74 X 74). Then there exist 0;,n; € 7,1 € J where J is an indexed set,
such that p = Ve s[0; xn;] and there exists (0;, %), (n;, X) € 7 such that o;(a) = 6; and
Bi(a) =m0 € Jya € . Thus Ues[(0s, )% (B, 2)] € (7x7) and p = Vies[oi(a) x

Bi(a)] = Vier[(0:x i) ()] € (TXT)a- S0 (Ta X Ta) C (TXT)a4.
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Therefore, for each a € ¥, (TX7)q = (Ta X Ta). O

Proposition 4.4. Let (X, X, 7) and (Y, X, 7) be any two fuzzy soft topological spaces.

Then for each o € B, (TXY)a = Ta X Ya-
Proof. The Proof is similar to the Proposition 4.3. U

Notation 4.1. Let (X,X,7) and (Y, X,7) be any two fuzzy soft topological spaces.
Then F(X x Y, X)) be the family of fuzzy soft sets over X XY under the parameter 3.

Proposition 4.5. Let (X, X, 7) and (Y, X,7) be any two fuzzy soft topological spaces.
Let T* = {(\,2) € F(X x Y, %) : Ma) € Ta X Yo, Va € X}, Then T* is a fuzzy soft
topology over X xY and T* = 7*x~y* where 7* = {(1, ¥) € F(X, ) : u(a) € 14, Va €
Y} and v ={(0,2) € F(Y,X) : 0(a) € 7o,V € X}

Proof. (i) Oxxy, lxxy € Ta X Ya,Va € 3, then (Oxxy, 3), (Ixxy, ) € T*.
(ii) Let (A, X), (A2, X) € T*. Then Ai(a), Aa(@) € To X Yo, Vo € 3. S0 [(Ag, X) T
(A2, 2)](a) = (M M A) (@), X) = (A1) A da(a)), X). Since Aj(a) A do(r) €
T X Y Vo €3, (A, %) 1 (M, ) € T,
(iii) Let (\;,X) € T*,i € J. So Uies(N\i, X) () = (Wies i, B) (@) = (ViesNi(a), X).

Since Vies\i(@) € To X Yo, Vo € B, Uie s (N, ) € T*.

Therefore T* is a fuzzy soft topology over X x Y.

Now let (A, %) € T* and € 3. Then A «) € 7, X 7, and hence there exist p; €

To, i € Ya,t € J such that A(a) = Vier(p; X ;). For each pair y; € 7, and o; € 7,,

there are fuzzy soft sets (6;,%) and (n;, ) such that 6;(«) = p;, 0;(5) = 0x,Va, 5 € &

and « #  and n;(«) = o4, m;(5) = 0y, Va, f € ¥ and a # f.

So (6;,%) € 7" and (1;,%) € v*. Hence (6;xn;, ) € 7" xv*. Also (0;xn;)(a) =

0;(a) x mi() = p; x 0y and (i x03)(B) = pi(B) x 05(8) = Oxxy, Vo, B € ¥ and a # .

Let (pa, X)) = Uies(0;xm;, %) Then (pa, ) € 75Xy and pa () = Uics (0 xn:) (o) =

\/z'eJei(O‘);ni(a) = Viesti X 0; = M), pa(B) = Oxxy, Vo, 8 € ¥ and a # 3.

Again let (p,Y) = Usex(pa,X). Then (p,¥) € 7" x7* and p(a) = Vaerpa(a) =

VaesA(a),Va € X, Thus (A, %) = (p, X)) € 7*xv*. Therefore T* C 7" x7*.

Conversely, let (A, ) € 7*x~v*. Then there exist {(y;, %) € 7, (04, %) € v*,i € I}

such that (A, ¥) = Uier[(1s, X)x (04, 8)]. Also, Ma) = Vies(pi(a) x oi(a)) € 74 ¥

Yo, Voo € B, Hence (X, X) € T*. Therefore 7#x~* C T*.
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Thus T* = 7% X" U

Proposition 4.6. Let (X,3,7) be a fuzzy soft topological space. Let S* = {(\,X) €
F(X x X, %) : Ma) € 7y X o, Vo € X}, Then S* is a fuzzy soft topology over X x X
and S* = 7% where 7 = {(11,X) € F(X,X) : u(a) € 7,,Va € X},

Definition 4.5. Let V be a vector space over the field K endowed with usual fuzzy
soft topology =, % be the parameter set and 7 be a fuzzy soft topology on V. Then
7 is said to be a fuzzy vector soft topology on V' if

(i) ¢: (V xV,2,7x71) = (V,%,7) defined as ¢(z,y) = = +y and

(ii) o : (K x V, 38, yx7) — (V, %, 7) defined as (&, 7) =

Vr,y € V,VE€ € K, are fuzzy soft continuous functions.

Proposition 4.7. Let 7 be a fuzzy vector soft topology on a vector space V- over the
field K and let v be the usual fuzzy soft topology on K. Then 1, is a fuzzy vector
topology on V', Ya € X.

Proof. Let 1 € 7,. Then there exists (A,X) € 7 such that A\(a) = p. Since 7 is a
fuzzy vector soft topology, then

(i) ¢: (V xV,%,7x71) = (V, %, 7) defined as ¢(z,y) = = +y and

(ii) ¢ : (K x V, 8, yx7) = (V, 3, 7) defined as ¢(k,z) = kx
Va,y € V,Vk € K, are fuzzy soft continuous functions.
Let (\,X) € 7. Then Aa) € 7,,Va € X. Hence, ¢~ [\, 2)] = (¢71(\), %) € (7x7)
and (A, 2)] = (7' (\), %) € (yx7). So ¢~ ' (A(a)) € (7X7)s. By Proposition
4.3, 0" YA a)) € T X Ty, Vo € ¥ and ¥ [(\,X)] € (yXT)o. By Proposition 4.4,
P7H(N, X)) € Yo X Ta, Vo € 2. Therefore

(i) ¢ : (V X V,74 X 7o) = (V,74) defined as ¢(z,y) = x + y and
(ii) ¢ : (K X V)74 X 7o) = (V,74) defined as (&, x) = €x
Va,y € V,VE€ € K, are fuzzy continuous functions, Vo € 3. Hence 7, is a fuzzy vector

topology on V', Va € 3. O

Proposition 4.8. Let 7 be a fuzzy vector soft topology on a vector space V' over the

field K and let v be the usual fuzzy soft topology on K. Also Va € ¥, 1, is a fuzzy
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vector topology on V. Then 7* is a fuzzy vector soft topology on V', where 7* is defined

as in Proposition 4.2.

Proof. Let (A, %) € 7*. Then A(«a) € 7,,Va € 3. Since Vo € ¥, 7, is a fuzzy vector
topology on V whereas 7, is a usual fuzzy topology on K. Then the mapping ¢ :
(VXV,ToxTy) = (V. 7,) defined by ¢(z,y) = x+yand ¢ : (K XV, 7, x7) = (V, Ta)
defined as ¥(&, z) = &x are fuzzy continuous, Vz,y € V,V¢ € K and Va € .

So, ¢ (M) € Tq X To,Va € ¥ and Y1 (A(a)) € Y4 X Ta,Va € ¥. Hence by
Proposition 4.5 and Proposition 4.6, ¢~ *(\,X) € §* = 7*x7* and ¢~ '(\,X) € T* =
VEXTE

Thus the mappings ¢ : (V x V, ¥, 7*x7*) — (V, £, 7*) defined as ¢(z,y) = = +y and
V(K x V8, y*x7*) = (V, 2, 7%) defined as (¢, x) = £z are fuzzy soft continuous,
Ve,y € V and V€ € K. Therefore, 7" is a fuzzy vector soft topology on V. O

Example 4.2. Let us consider the vector space R over the field K = R where the
scalar field R s equipped with the usual fuzzy soft topology and R be a universal
set. Let E = {a,B,7,d0} be a set of parameters. If ¥ = {«a,5} C E, then 7,
= Indiscrete fuzzy vector topology on R, 754 = Discrete fuzzy vector topology on R.
Then ™ = {(\,X) : M) € To,Va € E}. Therefore 7% is a fuzzy vector soft topology

on the vector space R.

Proposition 4.9. Let (X, A, 1) and (Y, A,~) be any two fuzzy soft topological spaces.
Then the constant mapping f : (X, A, 7) = (Y, A,~) defined by f(x) = yo,Vr € X
where yy 1s a fized element of Y, is fuzzy soft continuous, if T contains all those fuzzy

pseudo constant soft sets.

Proof. The proof is similar to the Proposition 2.3 U

Remark 4.1. Let (X, A, 7) and (Y, A,v) be any two fuzzy soft topological spaces. If
(X, %, 7T) is fuzzy enriched soft topological space, from Proposition 4.9, the constant
mapping f: (X, A, 7) = (Y, A, ) is fuzzy soft continuous.

But the converse is not true (i.e.,) If the constant mapping f : (X, A, 1) — (Y, A,7) is
fuzzy soft continuous, then (X, %, T) need not be fuzzy enriched soft topological space.

It 1s shown in the following Example 4.3
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Example 4.3. Let X = {a,b,c},Y = {x,y} be a universal set and E = {a, B,n}
be the set of parameters. Let ¥ = {a,} C E and (A1, X), (A2, X), (1, X) € F(X, %)
where A () = (0.2/a,0.2/b,0/c), \(B) = (1/a,1/b,1/c), Aa(a) = (0/a,0/b,0/¢), Xo(5) =
(1/a,1/b,1/c). Then 7 = {0x, 1x, (A, %), (Mo, X)} is a fuzzy soft topology on X.
Clearly (X, %, 1) is fuzzy soft topological space. Also let p(a) = (0/x,0.2/y), u(5) =
(1/2,0/y). Therefore v = {0y, 1y, (1, 2)} is a fuzzy soft topology on Y. Clearly
(Y,X,7v) s fuzzy soft topological space. Let f : (X, A, 1) — (Y, A,~) be defined by
f(a) = f(b) = f(c) = x where f is a constant mapping. For (1, 2) € v, [f 1 (w)](a) =
(0/a,0/b,0/c) and [f~*(w)](B) = (1/a,1/b,1/c). Thus f~ (11, X) = (Mo, X) € 7.
Hence f is fuzzy soft continuous but (X, %, T) is not fuzzy enriched soft topological

space.

Definition 4.6. Let (X, X, 7) and (Y, 3, 7) be any two fuzzy soft topological spaces.
Then 7 is said to be fuzzy weak enriched soft topology iff any constant mapping

w: (X, 2, 7) — (Y, 3, 7) is fuzzy soft continuous.

Proposition 4.10. Let (X, %, 7) be the product space of two fuzzy soft topological
spaces (X1, %, 1) and (Xo, X, 79) respectively, where 7o (or 1) is a fuzzy weak enriched
soft topology. Let a € Xy (or X3). Then the mapping ¢ : (X2, 2, 7) — (X, %, 7) (or
v (X1,8,m) = (X,X,7)) defined by p(xa) = (a,z2) (or p(z1) = (x1,a)) is fuzzy
soft continuous Vo € Xy (or Vi, € X3 ).

Proof. Let m; : (X, %, 7) = (X;, X, 1) for i = 1,2, be the projection mapping defined
by m;(z1, x2) = x; for i = 1,2, where Va; € X; and Vo, € Xy, Let mp 1 (X, 3, 10) —
(X1,%,71) be such that m¢(xs) = m(a,z2) = a,Vry € Xs and @ € X;. By Propo-
sition 2.2, m ¢ is fuzzy soft continuous. Similarly, mep : (Xo, X, 7)) — (Xo, X, 70)
be such that mep(zy) = me(a, z3) = x2,Vry € Xy and @ € X;. Thus by Proposi-
tion 2.3, mo is fuzzy soft continuous. Therefore by Proposition 2.1, ¢ is fuzzy soft

continuous. O

Proposition 4.11. Let 7 be a fuzzy vector soft topology on a vector space V' over
the field K and let v be the usual fuzzy soft topology on K. Also if T is a fuzzy
weak enriched soft topology, then the mapping wy, : (V,3,7) — (V, 3, T) be defined by

wi(x) = kx is a fuzzy soft continuous function Vk € K.
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Proof. Since T is a fuzzy vector soft topology on a vector space V', the map ¢ : (K X
V.3, yx71) = (V, 2, 7) defined as ¢(k, x) = kx is fuzzy soft continuous. Also since 7 is
a fuzzy weak enriched topology, by Proposition 4.10, ¢ : (V,%,7) — (K x V, %, yxT)
defined by ¢(z) = (k, z) for a fixed k € K, is fuzzy soft continuous. Hence wy = o

is also fuzzy soft continuous. O

Proposition 4.12. Let 7 be a fuzzy vector soft topology on a vector space V' over
the field K and let v be the usual fuzzy soft topology on K. Also if T is a fuzzy
weak enriched soft topology, then the mapping ¥, : (V,3,7) — (V, X, 1) be defined by

Yo() = a+ x is a fuzzy soft continuous function for any a € K.

Proof. The proof is similar as in Proposition 4.11. O

Proposition 4.13. Let 7 be a fuzzy vector soft topology on a vector space V' over the
field K and ~ be the usual fuzzy soft topology on K. Also if T is a fuzzy weak enriched
soft topology, then the mapping ¢ : (V x V,L,7x71) = (V x V.2, 7x7) defined by

o(z,y) = (K1, Koy) is fuzzy soft continuous for all scalars ky,ky € K and x,y € V.

Proof. The projection mappings 7m; : (V x V, %, 7x7) — (V,%,7),i = 1,2 defined
as m(x,y) = x and me(z,y) = y,Va,y € V are fuzzy soft continuous. Also w, :
(V,X,7) — (V,%,7) be defined by w,(x) = kx is a fuzzy soft continuous function
Vk € K.

Now, mp : (V x V.3, 7x7) — (V,%,7) defined by (mp)(z,y) = mi(p(z,y)) =
m1 (K12, Koy) = K1z = wg,m1(x,y). Therefore, mp = w,,m. Since wy,m is fuzzy
soft continuous, m ¢ is also fuzzy soft continuous. Similarly, mep = wy,m is fuzzy
soft continuous. Then from Proposition 2.1, the mapping ¢ : (V x V,X,7x7) —
(V xV, %, 7x7) defined by o(z,y) = (k12, key) is fuzzy soft continuous for all scalars
Ki,ke € K and z,y € V. O

Notation 4.2. Let vector space V owver the field K. Since 0 € V, 0 is the zero
element of V.

Proposition 4.14. Let 7 be a fuzzy weak enriched soft topology on a vector space V'

over the field K, where K 1is endowed with the usual fuzzy soft topology ~v. Then T s
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fuzzy vector soft topology iff the mapping V., xy) : (V XV, X, <71) = (V,%,7) defined
by 0y o) (T, Y) = K12 + Koy, is fuzzy soft continuous Vi1, ke € K and Yo,y € V.

Proof. Let T be a fuzzy vector soft topology. Therefore ¢ : (V x V, %, 7,x7,) —
(V, 3, 7,) defined as ¢(x,y) = z + y,Vo,y € V is fuzzy soft continuous. Also, from
Proposition 4.13, the mapping ¢ : (V x V,2,7x7) = (V x V,%,7x7) defined by
o(x,y) = (K1, koy) is fuzzy soft continuous for all scalars k1, ke € K and Va,y € V.
Therefore ¥, up) = b0 @ : (V x V, X, 7x7) = (V, 5, 7) is defined by Js, w0 (2,y) =
(pop)(z,y) = d(p(x,y)) = ¢(K1T, Koy) = K1T + K2y, is fuzzy soft continuous function
VK1, ko € K and Yo,y € V (i.e.)0 € V.

Conversely, let the mapping 9., xp) : (V XV, %, 7x7) = (V, 5, 7) defined by s, ) (7, y) =
k1T + Ky, is fuzzy soft continuous function Vi, ko € K and Vx,y € V.

It is known that m; : (V x V,%,7x7) — (V,%,7) defined as m(z,y) = = and
7y (K x V, 2, yx7) — (V,%,7) defined as my(k,y) = y,Vz,y € V and Vk € K, are
fuzzy soft continuous functions. Also, since 7 is a fuzzy weak enriched soft topology,
by Proposition 4.10, g : (V,X,7) — (V x V, 3, 7x7) defined by ¢o(x) = (x,0) where
6 is the zero element of V.

Therefore, ¢ = 1 0 Yy 4p) © P00 T2 : (K X V, X, yx7) — (V, X, 7) defined as

(k) = (10D y,5) © 0 © T2) (5, T)

T (Vs1,m) (00 (2K, 7))))
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is fuzzy soft continuous, Vk € K and Vz € V.

Since, V(uyn) @ (V X V.5, 7x7) — (V,5,7) defined by V(s u)(2,y) = K17 + Koy,
is fuzzy soft continuous Vkq,ky € K and Va,y € V. If ks = 1 and ko = 1, then
¢ =Va : (VxV.S,7x7) = (V,3,7) defined by ¢(z,y) = da1)(2z,y) = z +y.
Then ¢ is fuzzy soft continuous.

Then 7 is fuzzy vector soft topology on V. O
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5. CONCLUSION

In this paper, the properties of fuzzy vector soft topology and fuzzy weak enriched
soft topology are introduced. Several properties of fuzzy weak enriched soft topology
on a vector space are also discussed. This is just a beginning of studying fuzzy vector
soft topological spaces. There is a huge scope of further study in extending the results

of fuzzy topological vector spaces in fuzzy soft setting.
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