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ON MAXIMAL IDEAL SPACE OF THE FUNCTIONALLY
COUNTABLE SUBRING OF C(F)

AMIR VEISI

ABSTRACT. Let X be a Tychonoff space and F, a filter base of dense subsets of
X (i.e., it is closed under finite intersection) and let C(F) = limger C(S), where
C(S) is the ring of all real-valued continuous functions on S. It is known that
C(F) = U{C(S) : S € F}. By C.(F) (C:(F)), we mean a subring of C(F)
consisting of (bounded) functions with countable range. In this paper, we study
M. (M%), the maximal ideal space of C.(F) (C¥(F)) with the hull-kernel topology.
Equivalent topology for each of them provided. It is shown that both M. and M
are Ty-spaces. More generally, they are homeomorphic. Particularly, we prove that
the maximal ideal space of Q.(X) (¢.(X)) and the maximal ideal space of Q*(X)
(X (X)) are homeomorphic, where Q.(X) (g.(X)) is the maximal (classical) ring
of quotients of C.(X), and Q%(X) (¢}(X)) is the subring consisting of bounded

functions.

1. INTRODUCTION

Throughout this paper, X denotes a zero-dimensional Hausdorff space, that is, a
Hausdorff space with a base of clopen (closed-open) sets. By C(X) (resp. C*(X)),
we mean the ring of all real-valued continuous (resp. bounded) functions on X. The
subring of C'(X) consisting of those functions with countable (resp. finite) image,
which is denoted by C.(X) (resp., C¥ (X)) is an R-subalgebra of C'(X). The subring
C*(X) of C.(X) consists of bounded elements of C.(X), in fact, we have C¥(X) =
C.(X) N C*(X). The rings C.(X) and C¥(X) are introduced and studied in [6, 7).

We may concentrate on the class of zero-dimensional spaces because it is shown
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in [6, Theorem 4.6] that for any topological space X (not necessarily completely
regular), there exists a zero-dimensional space Y which is a continuous image of X
with C.(X) = C.(Y) and CF(X) = CF(Y). Also, in [6, Remark 7.5], there is a
topological space X, such that there is no space Y with C.(X) = C(Y). If S C X,
then S is also a zero-dimensional Hausdorff space. For f € C.(5), the sets Z(f) =
{z € S: f(x) = 0}, and its set-theoretic complement coz(f) = {x € S : f(z) # 0},
are the zeroset and cozeroset of f, respectively.

From now on, F is a base for a filter on X consisting of dense subsets of X. Note

that F is closed under finite intersection, i.e., S; N Sy € F whenever Sy, S, € F. Let

Co(F) = lim C.(5), and CJ(F) = gingC:(S).

SeF
In the above notions, the use of the limit is to describe that the rings are direct
limits of rings of continuous functions. Here, the direct limit can be described as the
union of the rings C.(S) modulo the equivalence that f; € C.(S1); fo € C.(S2) are

considered equivalent if they agree on S; N Sy. Therefore,
Co(F) = J{Cu(S) : S € F}, and Ci(F) = J{C:(S) : S € F},

see [5, 2.4]. If F = {X}, then C.(X) = C.(F). In this section, some definitions,
preliminaries and concepts are stated. In Section 2, we study the hull-kernel topology
on M, and M}, the set of maximal ideals of C.(F) and C!(F) respectively. It is
proved that each of them is compact and Hausdorff (and hence a Tj-space). In
Section 3, we introduce the real-valued functions f € C(M?) (resp. f € C(M.,))
for obtaining the equivalent topologies with the hull-kernel topology on MZ (resp.
M.). These are in fact the weak topologies induced by @ = {f : f € C*(F)} (resp.
@i= {F: € C2(F)}), where F(M) = M(f), | ]| = ||, also, for M & M,, (M) is
the unique real number such that [M(f)— f(M)] is infinitely small or zero. In the final
section, we prove that the T)-spaces M, and M are homeomorphic. In particular,
we show that max(Q.(X)) = max(Q*(X)) and max(q.(X)) = max(q: (X)), where
Q:(X) (resp. ¢.(X)) is the maximal (resp. classical) ring of quotients of C.(X), and
Q%(X) (resp. ¢ (X)) is the subring consisting of bounded functions.

Let F' be a totally ordered field. Then F' is said to be archimedean if Z, the set of

integers is cofinal, i.e., for every x € I, there exists n € Z such that n > x.
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Theorem 1.1. ([8, Theorem 0.21]) An ordered field is archimedean if and only if it
is isomorphic to a subfield of the ordered field R.

An element a € F, is called an infinitely large element (resp. infinitely small
element) whenever a > n (resp. 0 < a < ), for each n € N (the set of natural
numbers). Obviously, a is infinitely large if and only if % is infinitely small. Therefore,
F' is non-archimedean if and only if it contains infinitely large elements. So in this
case, I’ contains infinitely small elements (see also [8, 5.6, and 5.7]). In a partially
ordered set A, the symbol a V b denotes sup{a, b}, i.e., the smallest element ¢, if one
exists, such that ¢ > a and ¢ > b. Likewise, a A b stands for inf{a,b}. When both
aVband aAbexist, for all a,b € A, then A is called a lattice.

In a similar way of [8, 1.12], we obtain the following corollaries.
Corollary 1.1. f € C.(F) is a unit if and only if Z(f) = 0.

Corollary 1.2. f € C¥(F) is a unit if and only if it is bounded away from zero, i.e.,

|f| > 7 for some r > 0.
We also need the next results.
Theorem 1.2. ([17, Theorem 17.10]) A compact Hausdorff space X is a T-space.

Theorem 1.3. ([17, Theorem 17.14]) A one-to-one continuous map from a compact

space X onto a Hausdorff space Y is a homeomorphism.

2. THE HULL-KERNEL TOPOLOGY ON M. AND M}

We denote by M, and M, the set of maximal ideals of C.(F) and C*(F) re-
spectively, i.e., M, = {M : M is a maximal ideal in C.(F)} and M} = {M :
M is a maximal ideal in C(F)}.

Definition 2.1. For f,g € C.(F) (resp. C*(F)), we call f < g if and only if
f(x) < g(z) for allx € SyNS, whenever Sy and S, are the domain of f and g. Also,
for M(f),M(g) € % (resp. %), we call M(f) < M(g) if and only if f < g
whenever f,g € C.(F) (resp. CX(F)) and M € M, (resp. M)
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By the above definition, C.(F) (resp. C!(F)) is a partially ordered set. To see
the transitivity of <, let f < g and ¢ < h. Then f(z) < g(z) for all z € SN S,,
and g(z) < h(z) for all z € S, NS, So f(x) < h(x) for all x € SpN S, NSy
Notice that if Z CY C X and Z is dense in X, then Z is dense in Y. So the density
of Sy NSy NSy, in X gives its density in Sy N S,. Now, for z € Sy NSy, there
is a net (xx)xea € Sy NS, NSy such that zy — =z, and f(xy) < h(zy). It gives
f(z) < h(x), ie., f < hon SyN S, Moreover, since C.(F) (resp. C¥(F)) contains
fvg=1/2(f+g+|f—g|) and fAg=—(—fV —g), it is a lattice-ordered ring, see
8, 0.5, and 0.19].

Corollary 2.1. The above definition plus letting M(f)V M(g) = M(f V g) and

M(f)ANM(g) = M(f Ag), turns % (resp. %} into a lattice-ordered ring. In

particular, [M(f)| = M(f)V M(=f) = M(f v =f) = M([f]).

Corollary 2.2. The canonical (ring) homomorphisms
i C(F) = P (M eM), ¢ : CiF) = S (M eMy),

given by o(f) = M(f), and *(f) = M(f) are lattice homomorphisms. Moreover,

each of the fields % and % contains a copy of R (the set of real numbers).

Proof. By Corollary 2.1, ¢ and ¢* are lattice-homomorphism. For the second part,
we note that R = {M(r) : r € R} C % Also, R= {M(r) :r € R} C CC}\(JF)' 0

, : : o, Ci(F) ~v
Corollary 2.3. If M is a mazimal ideal in C*(F), then % =R.

Proof. Let f € C*(F). Then there exists a natural number n and S € F such that

Il = supseslf(x)] < n. Since |f| < n, it gives |[M(f)] = M(|f]) < M(n) =

. . . C:(F)
n. Hence, |M(f)| is not an infinitely large element. In other words, =4~

archimedean field, i.e., % C R. By Corollary 2.2, the proof is complete. U

1S an

Theorem 2.1. If f € C}(F), then || f]| = supprepm: [M(f)].

Proof. Take S € F such that f € C*(S). Then |f(z)| < ||f||, for all z € S. From
Definition 2.1, [f| < [[f[| gives M([f]) < M(|[f]])- Hence, [M(f)| = M([f]) <
M(|[f][) = [[f]l. Since M is arbitrary, sup e [M(f)| < [[f]|. Conversely, if € > 0,
then || f||—€ is not an upper bound for the set {|f(z)|: = € S}. So |f(x)| > || f||—¢, for
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some x € S. Let f' = |f|—||f]|+¢€. Consequently, f’is positive on a neighborhood of
x. Hence, f'A0isnot a unit in C*(F). Thus, f'A0 € (f'A0) C M, for some M € M,
where (f A 0) is the generated ideal by f’ A 0. This implies that M(f") A M = M.
So M(f") > M, and hence |M(f)| = M(|f]) > ||f]| —e. Since € > 0 is arbitrary, it
follows that [M(f)| = || f[|. Thus, supyre g [M ()] =[] O

Let R be a commutative ring with identity and M, the set of all maximal ideals

of R. For a € R, we let
Fn={MeM:ae M} ={M e M:M(a) =0}, and I'(a) = M\ I,.

SoT(a)={MeM:a¢ M} ={Me M: M(a)#0}.
It is easy to see that the sets I', form a base for the closed sets in M, equivalently,
the sets I'(a) form a base for the hull-kernel topology on M.

We state the next lemma without proof since it is straightforward.

Lemma 2.1. Let I be an ideal in R,a € R and (a), the generated ideal by a, and let
Ly={M e M :1C M}. Then the following statements hold.

(1) Ta = Ty

(2) Ty =0 if and only if a is a unit.

(3) Ty =0 if and only if [ =

(4) ﬂFIa =TIy, =y 1., where I, is an ideal in R.

Theorem 2.2. The space M is compact.

Proof. Suppose that A is a subset of R such that {I'(a) : @ € A} is an open cover for
M. So M = J,c,I'(a) and hence (,., s = 0. By Lemma 2.1(4), I's: _,0) = 0.

Hence, ) .4(a) = R. Thus, for some finite elements of A, say a;,as, ..., a,, we
have Y " | a; = 1. This yields that >°"  (a;) = R and thus T'sn oy = (i, Ty, =
Therefore, M = |J;_, I'(a;), and we are through. O

The following is an immediate consequence of Theorem 2.2.
Corollary 2.4. The space M, (resp. M) is compact.

Let I be a proper ideal in C.(F) (resp. C¥(F)) and let Z.[I] = {Z(f) : f € I}.
We observe that Z.[I] is a z.-filter, i.e., 0 ¢ Z.[1I], if Z(f),Z(g9) € Z.[I] (we can
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suppose that f,g € I), then Z(f) N Z(g9) = Z(f* + ¢*) € Z.[I], and further if
Z(f) € Z(h) where f € I and h € C.(F) (resp. h € C*(F), then fh € I and Z(h) =
Z(fYU Z(h) = Z(fh) € Z.[I]. We observe that Z[Z[I]|:={f: Z(f) € Z[I|} DI
(note, Z71[Z.[I]] is a proper ideal). If the equality holds we call I a z.-ideal. This
is equivalent to say that if Z(f) C Z(g) and f € I, then g € I. Therefore, each
maximal ideal in C,(F) (resp. C¥(F)) as same as an arbitrary intersection of them
is a z.-ideal.

In the same way of [8, Theorem 2.9], we obtain the next theorem.

Theorem 2.3. Let I be a z.-ideal in C.(F) (resp. C¥(F)). Then the following

statements are equivalent.

1) I is prime.

(1)
(2) I contains a prime ideal.

(3) For all g,h € C.(F) (resp. CX(F)), if gh =0, then g€ I or h € I.

(4) For every f € C.(F) (resp. C¥(F)), there is a zero set in Z.[I] on which f

does not change sign.

Theorem 2.4. C.(F) (resp. C:(F)) is a Gelfand ring (a pm-ring, i.e., every prime

ideal is contained in a unique maximal ideal).

Proof. Suppose that P is a prime ideal, and, M; and M, are distinct maximal ideals
of C.(F) (resp. C*(F)) which contains P. Hence, M; N M, is a z.-ideal containing
P. By Theorem 2.3, M; N M, is prime, which is a contradiction. U

Remark 1. It is known that the structure space (mazimal ideals with the hull-kernel

topology) of a pm-ring is Hausdorff. For more details, see [3, Theorem 1.2].
By combining Corollary 2.4, Remark 1 and Theorem 1.2, we get the following.
Corollary 2.5. The spaces M. and M are T,-spaces.

An ideal I in a partially ordered ring is called convezr if 0 < z <y and y € I, then
x € I, or equivalently, if a < b < c and a,c € I, then b € I. By definition, an ideal
in a lattice-ordered ring is said to be absolutely conver, whenever |z| < |y| and y € [

imply that x € I. So every absolutely convex ideal is convex, see [8, 5.1].
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Lemma 2.2. If I is a z.-ideal in C.(F) (resp. C¥(F)), then I is absolutely convex.

Proof. Suppose that f,g € C.(F) (resp. Ci(F)) and |f| < |g|, where g € I. So
there are Sy, S, € F such that f € C.(Sy) and g € C.(5,). Let S =S, NS,. Then
Z(g) CZ(f),on S. Now, since g € I and [ is a z.-ideal, f € I, and we are done. [

Corollary 2.6. Fvery mazimal ideal of C.(F) (resp. CX(F)) is absolutely conver.

Proposition 2.1. Let M € M, (resp. M?) and the topology on M, (resp. M) be
the hull-kernel topology. Then each of the sets {M : M(f) # r}, {M : M(f) > r}
and {M : M(f) < r} is open, where r € R and f € C.(F) (resp. f € C:(F)). So
each of the sets {M : M(f)=r}, {M : M(f) <r}, and {M : M(f) > r} is closed.

Proof. The results are obtained by the facts that {M : M(f) #r} =T(f —r),{M :
M(f)y>r}={M:M(fvr)#r},and {M: M(f)<r}={M:M(—f)>-r}. O

Corollary 2.7. Let M € M, (resp. M?). Then each of the sets {M : |M(f)| # r},
{M |M(f)| >r} and {M : |M(f)| <r} is open, where r € R and f € C.(F) (resp.
f € Ci(F)). Hence, each of the sets {M : |M(f)| = r}, {M : |M(f)] < r} and
{M :|M(f)| >r} is closed.

Proof. Using the following facts and Proposition 2.1, we get the results.
{M [ M(f)] <rp={M:M(f) <rjn{M:—r <M(f)},
{M :IM(f)|>r}={M:M(f)>r}U{M: M(f) < —r}, and

{M = [M(f)[#r} =AM [M(f)] >ry U{M : [M(f)] <r}.

3. THE FUNCTIONS f ON M (RESP. f ON M,.) AND THEIR APPLICATIONS

By Corollary 2.3, CZ]\S[]’) = R for each M € M?. So this permits us to define
fiM: =R with f(M) = M(f) for each f € C*(F).

Proposition 3.1. Let f,g € CH(F), r € R and M € MZ. Then the following

statements hold.



316 AMIR VEISI

(1) f+g=F+3 fg=Fg, andrf=r]f.
@) IF1l = 1]l

(3) J?is continuous.

(4)

4) Let @ := {f : f € C(F)} and 73 be the weak topology on M? induced by
w. Then {f_l((a, b)) : a,b € R} is a base for 5.

~

Proof. (1). Evident. (2). Note that if n is an upper bound for f, then |f(M)]
[M(f)| = M(|f]) < M(n) =n. So f is bounded, and thus || f]| = supyc e [M(f)].
By Theorem 2.1, || f|| = || f]l. (3). Observe that

FH((a,b) = {M € M::a< M(f) < b}
={MeM . :a<M(f)}n{M e M. : M(f) < b}.

By Proposition 2.1, the result holds. (4). It follows from the definition of the weak

topology. U

Proposition 3.2. The family {g ~'((—r,7)) : g € C*(F), r > 0} is a base for 75 on
M.

[

Proof. 1t is sufficient to show the following equality,
{f (a,b) : f € Ci(F), and a,b € R} = {§ ~'((—n,7)) : g € C}(F),r > 0}. To
see this, let M € f ~'((a,b)). Then a < f(M) = M(f) < b. Hence,

oot < M(f) - o <

Now, if we put s = “TH’,T b;—“, and g = f — s, then —r < M(g) < r. So M €

~ 1

g ~'((=r,7)). The reverse inclusion is obvious. O
Lemma 3.1. The hull-kernel topology on M (denoted by Tg) coincides with Tg.

Proof. Consider V = f ~Y((—r, 7)), where r > 0 and f € C*(F), as a basic open set
in 75. Hence, V = {M € M? : |f(M)| = [M(f)| < r}. By Corollary 2.7, V is an
open set in M, i.e., 75 C 7g. Also, the equality

T(f) ={M € M;: M(f) # 0} = f "{(R\ {0}),

gives I'(f) € 73, i.e., 75 C 7. O
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Remind that a subset S of a ring R is called dense in R if AnngS ={r € R:rs=
0, for alls € S} = 0.

Theorem 3.1. C!(F) is a dense R-subalgebra of C(ME).

Proof. Let ¢ : C3(F) — C(M?) be defined by ¥(f) = . By Proposition 3.1, ¢ is an
algebra homomorphism. Also, if we let 0 % f € C*(F), then 0 # || f|| = ||f]. This
yields that f # 0 and hence 1 is a one-to-one mapping. Thus, C*(F) is a subring (in
fact, an R-subalgebra) of C'(M?). Briefly, we can state

CHF) 2 p(CH(F)) = {f: f € C:(F)} C O(M).

Now, suppose that g € C(M:) such that ¢.C*(F) = 0. So the function g1 is zero,

[

~

e, g(M)L(M) = g(M)M(1) = g(M) = 0, for each M € M?. Hence, g = 0 which
gives C¥(F) is dense in C'(M}), and we are done. O

Recall that % = R, for each M € M} (see Corollary 2.3). But whenever
M e M., the field % may contain R properly, in other words, it contains infinitely

large elements. In the rest of this section, our discussion is on the space M..

Lemma 3.2. Let M € M, and M(f) € % If [M(f)] is not infinitely large, then

there exists a unique real number s such that |M(f) — s| is infinitely small or zero.

Proof. Recall that |M(f)| = sup{M(f), M(—f)} = M(f)Vv M(—f) = M(|f|). Since
|M(f)] is not infinitely large, there exists a natural number n; such that |[M(f)| < n;.
Let A={reR:r < M(f)}. Observe that —n; € A and n; is an upper bound for A.
So A has a supremum in R. Let sup A = s. If M(f) € R, then M(f) = s and hence
|M(f)—s| =0 clearly. In the case M(f) ¢ R, we see that s — % < s < M(f) < s—+1.
So |[M(f)—s| < %, for all n. Hence, |M(f)— s| is infinitely small. For the uniqueness
of s, suppose that s’ € R also satisfies the conditions of the lemma. Therefore,

1 1 1
4 < — — 4 —_— _— = — .
s =8| <[s — M(f)|+ |M(f) S‘<2n+2n nforalln

So s = ', and we are done. O

Corollary 3.1. If M € M. and f € CI(F), then there exists a unique real number
s such that |M(f) — s| is infinitely small or zero.
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Proof. Note that M(f) € €<% and || f|| < n, for some n € N. So [M(f)| = M(|f]) <

| fll < n, and thus |M(f )| is not infinitely large. Lemma 3.2 now gives the result. [

The uniqueness of s in the previous results will enable us to define the real-valued

functions J?on M. with several interesting properties.
Definition 3.1. For f € C3(F) and M € M., we define f: M. — R with f(M) =

Lemma 3.3. Let M € M., M(f),M(qg),|M(f)| and |M(g)| are infinitely small
elements of C°(F). Then each of the elements |[M(f) — M(g)|, |M(f) + M(g)|, and
IM(f)| +|M(g )| is also infinitely small. Furthermore, if |M(h)| is not an infinitely
|M(fh)| is an infinitely small element.

Proof. First, we note that 0 < [M(f)| + |M(g)| < 5= + 55 = + for each n € N.
Therefore, 0 < [M(f) — M(g)| < 1. Also, we have 0 < |M( )+ M(g)| < L. Since
|M(h)| is not infinitely large, there exists no € N such that |[M(h)| < ng, and further

|IM(f)] < n—ylmfor all n. So 0 < [M(f)M(h)| < -, i.e., [M(fh)|is infinitely small. [

Proposition 3.3. If f,g € CX(F) and r € R, then the following statements hold.
(1) (f+9)=F+7.
(2) fg=rfg.
(3) rf =FF =rF.

Proof. (1). Let M € M,. By Corollary 3.1 and Definition 3.1, |M(f) — f(M)| and
|M(g) — g(M)| are infinitely small or zero. According to Lemma 3.3, |M(f + g) —
(f + §)(M)| is infinitely small or zero. Also, since f + g is bounded, |M(f + g) —
(?:L/g)(M )| is infinitely small or zero. By the uniqueness of s in Lemma 3.2, the
result holds. (2). Note that |[M(fg) — E(M )| is infinitely small or zero. Now, let

= [M(fg) — f(M)g(M)|. Then

(3.1) A=|M(fg) = F(M)G(M) + F(M)M(g) — f(M)M(g)|

(3.2) = |F(M)(M(g) = G(M)) + M(g)(M(f) = F(M))|
(3.3) < |F(M)]|M(g) = G| + [M(g)||M(f) = FM)].
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Since |M(g)| is bounded and |f(M)] is real, the phrase in relation (3.3) is infinitely
small or zero. By Lemmas 3.2 and 3.3, the result is obtained. (3). It follows from

(2), by replacing g with 7. O

The next result is immediate. Compare it with Theorem 3.1.

Corollary 3.2. The mapping ¢ : C¥(F) — C(M.,) given by o(f) = f is an algebra

homomorphism.

The weak topology induced by the family @ := {f : f € C*(F)} on M. is denoted

by 75. In the same way of Proposition 3.2, we have the next result.

Proposition 3.4. The family {g ~'((—=r,r)) : g € C*(F), r > 0} is a base for 74 on
M..

Recall that the two ideals of a commutative ring are called coprime, whenever the
sum of them is the whole of the ring. So every two distinct maximal ideals of a ring,

are coprime.

Lemma 3.4. If M, and My are distinct mazimal ideals of C.(F). Then the ideals
M = M, N CHF) and M5 := My N CIH(F) are coprime.

Proof. Since My + My = C.(F), there exist f € M; and g € M, such that 1 = f 4 g.
We note that %\fl € M{\ M} and g € M\ M. Since maximal ideals are absolutely
convex (Corollary 2.6), we have |f| € M; and |g| € M,. Notice that f+ ¢ = 1 implies

that |f| + |g| # 0. Now, let

/] r_ _ldl
= , and ¢ = .
1+ 19l 1+ 1]
Then f' € Mj, ¢’ € M, and, f'+ ¢' = 1. Thus M| + M; = C}(F). O

Theorem 3.2. Let w and 75 be as defined previously. Then (M, 75) is Hausdorff.

Proof. Let M; and M, be distinct maximal ideals of C.(F), and let M| and M} be
their intersections with C*(F), respectively. By Lemma 3.4, f + g = 1, for some

f € Mj and g € Mj. Notice that |My(f) = f(M:)] = | f(My)] and [Ma(g) — §(Ms)| =

|g(Ms)| are infinitely small or zero. Since the real numbers |f(M;)| and |g(Ms)l
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~ —~—

cannot be infinitely small, they are zero. Hence, f(Ms) = (1 — g)(Ms) = 1(M,) —
G(Ms) = 1. Now, if we put Uy = f ~*((—o0, 1)) and Us = f‘l((%, 00)), then U; and

U, are disjoint open sets containing M; and M, respectively. So M. is Hausdorff. [
Corollary 3.3. Let 75 be the hull-kernel topology on M.. Then 75 = 75.

Proof. Let X = (M., 15), Y = (M., 75) and let i : X — Y be the identity function.
Recall that X is compact (Corollary 2.4) and Y is Hausdorff (Theorem 3.2). More-
over, notice that g ~'((=r,7)) = Uge o, {M : |[M(g)| < 1}, see Proposition 3.4 and

Corollary 2.7. So ¢ is continuous. Now, Theorem 1.3 completes the proof. U

4. A HOMEOMORPHISM BETWEEN T;-SPACES M. AND M*

In this section, we show that the topological spaces M. and M} are homeomorphic.

Lemma 4.1. Let M € M, and 7 (M) = {f € C*(F) : f(M) = 0}. Then 7*(M) is

a mazimal ideal in C}(F).

Proof. By Proposition 3.3, 7*(M) is an ideal of C¥(F). We claim that 1 ¢ 7%(M).
Otherwise, 1(M) = 0. Consequently, 1 = |M(1)| = |M(1) — 1(M)| is infinitely small
or zero, a contradiction. Hence, 7*(M) is a proper ideal. Recall that if f € MNC*(F),
then M(f) = 0 and thus f(M) = 0. So 7*(M) D M N C*(F). Suppose that f €
Cx(F)\ 7"(M). Thus, f ¢ M and therefore C.(F) = (M, f) (note, M € M,). So
1 =m+ fg, for some m € M and some g € C.(F). Therefore, 1 = M(1) = M(m) +
M(f)(M(g) = M(f)M(g). Since f & 7*(M), we have 0 # f(M) and thus |M(f)]
is not infinitely small. Otherwise, by Lemma 3.3, | f(M)| = |M(f) — f(M) — M(f)]
is infinitely small, a contradiction. Hence, |M(g)| is not infinitely large. There is a
unique real number s such that |M(g) — s| is infinitely small or zero (Lemma 3.2).

Evidently, s — 1 < M(g) < s+ 1. Let
g =(s=1)Vvg)A(s+1).

Clearly ¢ € C*(F) and M(g) = M(g'). Therefore, M(f)M(g") = 1. So fg' —1 €
MNOCHF) C75(M). Since 1 = (1 — f¢') + f¢', we have (7%(M), f) = C¥(F). This

gives 7F(M) is a maximal ideal in C¥(F), and we are trough. O



ON MAXIMAL IDEAL SPACE OF THE FUNCTIONALLY COUNTABLE ... 321

Remark 2. If M € M., 0 # s € R and 7:(M) = {f € C*(F) : f(M) = s}, then

(M) contains the unit s. So it is not a proper ideal, i.e., 7. (M) = C¥(F). Hence,

s

the assumption f(M) = 0 is necessary in the definition of 7*(M) in Lemma 4.1.

Lemma 4.2. Let M* € M} and F = {(|f|—r)VO0:fe M* andr >0}. Then I,
the generated ideal by F in C.(F), is a proper ideal (and hence it is contained in a

mazimal ideal of C.(F)).

Proof. Suppose f; € M*,1 <i <mn, and r; > 0. Since f = > 1" | f# € M*, neither f
nor f; is a unit, hence it is not bounded away from zero (Corollary 1.2). Therefore,
Imf; N (=ry,7) # 0, also, Imf N (=72, r?) # @, where r = min{r; : 1 <i < n}. Let
A={z: f(x) <r?}. Then A # 0 and f? < f <r? on A. Thus, |f;| —r < 0, and
ACL, Z((Ifil =)V 0). Now, we claim that 1 ¢ I = (F'), otherwise,

1= a1 =) VO,

where g; € C.(F). Therefore, 0 = Z(1) 2 -, Z((|fi| =) V0) D A, a contradiction.
So I is a proper ideal of C.(F). O

Theorem 4.1. Let 7" (M) be as defined in Lemma 4.1. Then the following statements
hold.

(1) The mapping 7" : M. — M?, which M — 7%(M) is a one-to-one correspon-
dence.
(2) for* = f, for every f € C*(F).

(3) 7 is continuous.

Proof. (1). Let My, My € M. be distinct, and let f be the function in the proof of
Theorem 3.2. We saw there that f(M;) = 0 # f(Ms) = 1. So f € 7*(M;) \ 7 (Ms).
Hence, 7* is one-to-one. Next, suppose that M* € M?. In Lemma 4.2, the existence
of a maximal ideal M of C.(F) corresponding to M* has been proved. We now
claim that 7*(M) = M*. Let f € M* and r > 0. Using Lemma 4.2, we get
(|If] =r)VO0e M. So |M(f)|=M(|f]) <r. Since r is an arbitrary positive number,

|0 — M(f)| = M(|f]) is infinitely small or zero. Remind that |f(M) — M(f)| is

infinitely small or zero. So f(M) = 0 and hence M* C 7%(M). Since M* is maximal,
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M* = 7*(M), which gives 7* is onto. The proof of (1) is now complete. (2). Assume
that M € M, and f o 7*(M) = r, for some r € R. So 7*(M)(f) = r = 7*(M)(r)
and thus f —r € 7%(M). Consequently, (?:/r)(M) =0 = (f — 7)(M). Therefore,
F(M) =F(M) =r. (3). Let f € C*(F). Consider I'y = {M € M*: M(f) =0} and
I'p={M e M,: M(f)=0} as basic closed sets in M} and M, respectively. Then

f(M) =0, for each M € I'y. Hence,

~

PNy = {M € M, s (M)(f) = 0 = T (M))}.

By (2), f(M) = 0. Recall that |[M(f) — f(M)| = |M(f)| is infinitely small or zero.
Since f is bounded, |M(f)| is not infinitely small. So it is zero, i.e., f € M and thus

M € Tp. Consequently, 7*~*(T'f) = 'y, i.e., 7% is continuous. O

We are now in a position to say that the T,-spaces M, and M7 are homeomorphic.
Theorem 4.2. The T)-spaces M. and M’ are homeomorphic.

Proof. By Theorem 4.1, 7* is one-to-one, onto, and continuous. Since M, is compact

and M is Hausdorft, the result holds by Theorems 1.3. O

We conclude the article with the following result. But before that, a summary of
rings Q.(X) and ¢.(X) is mentioned. The maximal (resp. classical) ring of quotients
of C.(X) will be denoted by Q.(X) (resp. ¢.(X)). These rings have been characterized
in [12] and [2], respectively. By Q%(X) (resp. ¢}(X)), we mean the subring of Q.(X)
(resp. q.(X)) consisting of bounded functions. Also, max(Q.(X)) (resp. max(q.(X)))
denotes the maximal ideal space of Q.(X) (resp. ¢.(X)).

Corollary 4.1. Let X be a zero-dimensional space. Then

max(Q.(X)) = max(Q4(X)), and max(q.(X)) = max(q:(X))

Proof. Recall that a subset of X is a o-clopen set in X if it is a countable union of

clopen (closed-open) sets in X. Let
F1 ={V C X : Vis a dense open subset of X}, and

Fo={V C X : Vis a dense o-clopen subset of X}.
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Then both F; and F; are filter base on X. In view of [12, Theorem 2.12| and [2,
Theorem 2.2], we have Q.(X) = limycx, C.(V) and ¢.(X) = limycz, C.(V). Hence,
Q:(X) = C.(F1) and ¢.(X) = C.(F3). Theorem 4.2 now yields the result. O
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