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WEAK SOLUTIONS OF COUPLED CAPUTO TYPE
MODIFICATION OF THE ERDELYI-KOBER IMPLICIT
FRACTIONAL DIFFERENTIAL SYSTEMS WITH RETARDED
AND ADVANCED ARGUMENTS

MOKHTAR BOUMAAZA (V' | MOUFFAK BENCHOHRA() AND JUAN J. TRUJILLO®

ABSTRACT. In this paper, we investigate the existence of weak solutions for some
coupled systems of fractional Caputo-type modification of the Erdélyi-Kober dif-
ferential equations with retardation and anticipation. Our approach is based on
Mbonch’s fixed point theorem associated with the technique of measure of weak

noncompactness. Finally, an example of our results is provided.

1. INTRODUCTION

The significance of fractional differential equations in expressing various phenom-
ena in a number of scientific domains cannot be overstated. They have use in vis-
coelasticity, electrochemistry, control, porous media, electromagnetism, and other
domains. For more information, we recommend that the reader consult the mono-
graphs [1, 2, 3, 20], the most recent research papers [23, 24| and the sources within.
Coupled systems of fractional differential equations, on the other hand, appear in a
variety of problems. Several researchers have studied the coupled system of nonlinear
fractional differential equations in recent years. We direct the reader to the article [7]
for a short example of such work. Details on the Erdélyi-Kober fractional operators

and their properties may be found in [19, 17, 18].
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Numerical approaches for Riemann-Liouville and Caputo fractional derivative oper-
ators are studied in [9, 10]. Implicit differential equations have been considered by
many authors [4, 11]. Our investigation relies upon Monch’s fixed point theorem
combined with the technique of measures of weak noncompactness. This technique
was introduced by De Blasi [12].

In [8, 16|, the authors studied the existence and uniqueness of weak solutions for
boundary value problem for Caputo and Hadamard-type fractional differential equa-
tions and Pettis-Hadamard with retardation and anticipation. In [6], the authors
investigated a coupled Pettis-Hadamard fractional differential system with retarded

and advanced argument given by

(p(?), q(?)) = (01(9),02(9)), ¥ € [L = Ap, 1], A >0

H N _

("' Di'p)(0) = W1 (0, p(V), q(V)) dco—Ld
(D5 q)(1) = o (9, p(¥), q(0))

(p(9), q(9)) = (5:(9),02(9)), ¥ € e, e+ Ao], Ao >0,

where A, A2 > 0,¢; € (1,2], (£, - ||) is a real Banach space and
U, : O x CO([—A1, Ao, E)? = E is a given function, 6 € C([1 — Ay, 1], Z) with §;(1) =0
and §; € C([e, e + o], Z) with d;(e) =0, j=1,2.

In [5], Abbas et al. considered the following fractional differential systems:

“D{Hp(9) = Va0, p(9), a(9), “DYp(9), TDPa@) .
1D q(0) = Wa(0, p(9), q(0), "D p(9), " Diq(0))

with the initial conditions

(FTp)(9) |g=1= 61

(T 79) (V) Jo=1= 02,
where K > ]-719 €0 = [LR]agl € (Oa]-))CQ S [Oa]-]a Y= Cl +C2 _€1€2a \Ijj 1O X = —
=: j = 1,2 are given continuous functions, (Z, || - ||z) is a Banach space, #D$"® is
the Hilfer-Hadamard fractional derivative of order ¢; and type (», and # 7177 is the

Hadamard fractional operator of order 1 — 7.
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Motivated by the works mentioned above, in this paper, we consider the problem:

é)Dfﬁp(ﬁ) =0, (9, p”, ¢°, é)D,ier(ﬁ)a ch,iJrq(ﬁ)))

(1.1) v € O := [k, R,
5D2+q(79) = \112(797 pﬂa qﬁa /C’Dier(f})’ gD,iJrq(l(’l))
(1 2) (p(ﬁ)aq(ﬁ)) = (61(19)752(19))7 (NS [ﬁ_)‘lali]a /\1 >0a
(]J(Q?), q(ﬁ)) = (51(19%52(19))7 v e [Ra K+ )‘2]7 )‘2 > 07
where Q)Df€+ is the Caputo-type fractional derivative defined in the sequel and (Z, ||-||=)

*

is a Banach space with dual =*, such that = is the dual of a weakly compactly

generated Banach space X, ¥, : © x C([=A1, A2], E)? x 22 — Z is a given function,
8; € C([k—\1, K], Z) with §;(k) = 0 and §; € C([R, F+Ag), Z) with §;(R) = 0, j = 1,2.
By p? we denote the element of C([—\1, \]) given by:

p’(0) =p(V+0) : 0 € [-A1, Ao
2. PRELIMINARIES

We present here the definitions of Erdélyi-Kober fractional integral and Erdélyi-Kober
fractional derivative and then some auxiliary results that will be used to prove our
main results.

Consider the Banach spaces of continuous functions C'([—A1, 2], Z) with the norm

||p||[*/\1,/\2] = Sup{Hp(ﬁ)HE : _)‘1 < v < )\2}a

and C([k, k], Z) with the norm

Pl = supflp()z - & <0 <R}

Also, let By = C([k — M\, K], 2), By = C([R,k + X2, E),

and
ACHO):={p: 0 — Z:p € AC(0)},
where

19y = 9L
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AC(0O,E) is the space of absolutely continuous functions on ©.
Consider the space @ = {p : [k = A, R+ Ao] = Z 1P |je-n 0] € C([F = A1, K]), P |71 €
ACY([k, R])

and p [z z4200€ C([R, F + Xo])}

with the norms

1Pllis—rim) = sup{[[p(D)llz : & = Ay <V <k},

=R <O <R+ M},

1P 7420) = sup{||p(?)]
[plle = sup{[[p(V)[|z : &k — A1 <V <K+ Ao}

Let @ := ® x ® be the product space with the norm

It D)z = llplle + llalle-

Let(Z,w) = (E,0(Z,Z2%)) be the Banach space = with weak topology.
Consider the space X?(k,R) ,(c € R,1 < p < 00) of those complex-valued Lebesgue

measurable functions p on [k, &| for which [|p||x» < co , where the norm is defined by

g do\ ¥
Iole = ([ 10vr %)L @ <p<ooce)

In particular, where ¢ = % the space XP(k, k) coincides with LP(k, k), i.e.

XV (K, k) = LP(K, R).

Denote by L>°(0,R), the Banach space of essentially bounded measurable functions

p: © — R equipped with the norm

Ip|lz = inf{c > 0; |p(z)| < ca.e. on O}

Definition 2.1. A Banach space X is said to be weakly compactly generated (W CGQ)

if it contains a weakly compact set whose linear span is dense in X.

Definition 2.2. A function ¥ : = — = is said to be weakly sequentially continuous
if W takes each weakly convergent sequence in = to weakly convergent sequence in =

(i.e. for any (z,), in = with z, — x in (Z,w), ¥(z,) — ¥(x) in (Z,w)).
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Definition 2.3. ([21]) The function x : J — = is said to be Pettis integrable on
J if and only if there is an element pg € = corresponding to each © C J such that
v(pe) = f@ o(p(0))do for all ¢ € =*, where the integral on the right is supposed to
exist in the sense of Lebesque. We have po = [g v(p(0))do. Let P(J,Z) be the space
of all Z-valued Pettis integrable functions in the interval J, and let L1(©,Z) be the
Banach space of Bochner-integrable measurable functions p : © — =. Define the
class

P(J,2)={pe P(J,Z): p(p) € L1(6,R) for every ¢ € ="}.

The space Py(J,E) is normed by

Ipllp = sup o (p(2))|dvz,

PEES Jlell<1 ke

where v is the Lebesque measure on J.

Proposition 2.1. ([21]) If p € Pi(0,Z) and V is a measurable and essentially
bounded real-valued function, then p¥ € P(©,Z). In what follows, the symbol” [
denotes the Pettis integral.

Definition 2.4. ([19]) Let ( € R,c € R and g € XP(k,R), the Erdélyi-Kober frac-

tional integral of order ( is given by :

, L (=)
@) T =g [ (PSF) dode 0k

where I is the Euler gamma function defined by: T'(¢) = / 9 te %Ay, ¢ > 0.
0
Let g € P1(O,Z). For every ¢ € =Z*, we have

e(PTSg(0) = TSp(g(¥)) for ae. ¥ €O,

Definition 2.5. ([19]) The generalized fractional derivative is given for 0 < k <9 ,
by:

- B pl—n-i-C l—pi nord Qp—l
2 o) =g (05) [ rycsloe

Definition 2.6. ([19]) The Caputo-type generalized fractional derivative é’Dng s

gien by

n—1 (k) K .
(2.3 D%, g() = <ng+ [g@ o DA L P D ().

k=0
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Lemma 2.1. ([19]) Let ¢,p € RY, and g € AC" (O, E), then

n—1

(2.0 CTED ) = 90) - 3 (W‘“p) ,

k=0 P

for some ¢, € R, n =[] + 1.

Definition 2.7. ([12]) Let = be a Banach space and ®= the bounded subsets of =,
and By the unit ball of Z. The De Blasi measure of weak noncompactness is the map

w: Pz — [0,00) defined by
w(B) =inf{e > 0: there exists a weakly compact subset & of=: X C eBy + ®}.
The next result follows directly from the Hahn-Banach theorem.

Proposition 2.2. If = is a normed space and xo € Z\{0}, then there exists p € =*

with ||ol] =1 and (zo) = [[]|-
The Blasi measure of weak noncompactness satisfies the following properties.

Lemma 2.2. ([12]) Let A and B bounded sets. Then we have

1) u(B) =0« B is compact (B is weakly relatively compact)
2) p(cov(B)) = p(B)
3) w(B) = C(B”), (B* denote the weak closure of B)

u(A+ B) < p(A) + u(B), where A+ B={z+y:x€ A, y€ B}
6) u(vB) = |v|u(B); v € R, where vB = {vx : © € B}
7) p(AU B) = maz{u(A), p(B)}
8) u(B+ zg) = pu(B) for any xy € =.

Lemma 2.3. ([13]) Let V C C(©,E) is a bounded and equicontinuous set, then

(i) the function ¥ — p(V(¥9)) is continuous on ©, and

pe(V) = max u(V(9)),

[ (/;y(g)dg Yy € V) = /;M(V(Q))d&

(i)
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where
V() ={y@):yeV} Je€0,

and po 1s the De Blasi measure of weak noncompactness defined on the bounded

sets of C(O).

Theorem 2.1. ([14]) Let D be a nonempty, closed, convex and equicontinuous subset
of a metrizable locally convex vector space C(©) such that 0 € D. Suppose N : D —

D s weakly-sequentially continuous. If the implication
(2.5) V =2(N(V)U{(0,0)}) =V is relatively weakly compact,
holds for every subset V- C D, then the operator N has a fized point.

3. MAIN RESULTS

Lemma 3.1. Let 1 < ( < 2,6 € C([k— A1, k], E) with 6(k) =0, 6 € C([R, &+ Ao], Z)

with 0(R) =0 and ¥ : © — = be a continuous function. Then, the problem

(3.1) PDS p(9) = U(Y), for aed €O := [k A, 1<(<2,
(3.2) p(0) =6(9), ¥ €[k — A, K], A >0
(3.3) p(0) = 0(9), ¥ € [R, R+ o], Ay >0,

has the following unique solution

(

(), if U €lr— Al

(3.4) p(0) = { — / G, 0)T(o)do, if €O

\5(19), if V€ [R, R+ A\,
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where
(3.5)
( (197 — kP (RP — oP)S 1Pt 3 B B
( zép_fj)) T W - ), k<e<U<R
1-¢
G, 0) =2

(07 — W) — ) !
\ (7P — r?)

; k<U<o<RK.

Here G(0, 0) is called the Green function of (3.1)-(5.3).
Proof. From (2.4), we have

9P — kP _
(3.6) mm:%+q( “)+m¢w@% co,c1 € R,
therefore
p(/{/):CO_Oa
~ RP — kP pl—C /'f I
R)=c + kP — 0") Lo 1 (p)dp,
o = (o) 2 [ e
and

_ p27< " =P P\¢—1 p—1],
cl_——r(o/a (7 — &)L 1T (o)do.

Substitute the value of co and ¢y into equation (3.6), we get equation (5.4).

(

6(0), if 0 €[k — M, Al

P =1~ [ G0 0Wedo i De©

ﬁw%ﬁ V€ [R, R+ A
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Lemma 3.2. Let U, : © X C[—A1, Ao] x C[=\1, \o| XxZ? — E, j = 1,2, be continuous
functions. (p,q) € ®% is solution of (1.1) — (1.2) if and only if (p,q) verifies the

following coupled system:

;

(51(19), Zf ¥ e [/‘i—)\l,/i],
P =1~ [ G ot(eldo, i De©

51(19)’ Zf v e [R’R+)‘2]>

\

.

(52(19), Zf 9 € [/‘i— )\1,5],
T —
a0) =~ [ Glo.0%(o)de, i vee

0(9), if 0 € [R E+ N\,

\

where W; € C(O) verifies the system:

Uy (9) = 019,97, g7, U1 (9), Ua(¥)),
¢’2(19> = \112(197 pﬁa qﬂa \I]l(ﬁ)v ‘I]Q(ﬁ))

The hypotheses:
(H1): The functions (p,q,p,q) — V;(J,p,q,p,q), j = 1,2, are weakly sequen-

tially continuous for a.e. ¥ € ©.

(Hz): Forallp,q € C([—A1, \2]), b, § € E the functions ¥ — U;(J,p,q,p,q), j =
1,2, are Pettis integrable.

(Hs): There exist p;,q; € C([k,&],R4), j = 1,2, such that, for all p € Z*,

< i @) [[plli-a,2) + @5 (D)lall-xi0)
= L el lpllianme + lallan + lpllz + llall=

|90(\Ilj(19a P, q, ﬁa q))

for a.e. ¥ € ©, and each p,q € C([—A1,\2]) and p,q € =.
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(H4): For each bounded measurable sets B; C C[—A,A],j = 1,2, and each
¥ € O, we have
(U1 (9, By, By, DS, (By), £D%, (Ba)), 0) < p1(9) sup  u(Bi(0)+a1(¥) sup  u(Ba(o))
0€[—A1,A2] 0€[—A1,A2]
and
(0, W2 (9, By, By, £D%, (B1), 2DS, (B2))) < p2(9) sup  pu(Bi(0))+a2(9) sup  u(Ba(o)),
0€[—A1,A2] 0€[—A1,A2]
where
¢D;.(Bj) = {¢Dy.(p) :p € Bj},j = 1,2

Set

*

Dj

supp;(¥), ¢ =supg;(v), j=1,2
veO JeO

G = sup {/ |G (Y, 0)|do, V¥ € @} .

Theorem 3.1. Suppose that (Hy) - (Hy) hold. If

(3.7) Gpi +ai +p5+43) < 1,
then (1.1)-(1.2) has at least one weak solution defined on ©.

Proof. Let © : & x & —— & x & be the operator given by

(3.8)
((51(79),(52(19)), if € [Ii — )\1,,%],

S(p,q)(¥) = (S1(p,a),S2(p,q)) = ¢ — </ G(ﬁ,g)%(g)d@,/ G(ﬁ,@)%(@)d@), veo
(01(9), 62(19)), if I € [R, R + Aa].

First, notice that the hypotheses imply that, for each ¥; € C(©), j = 1,2, the function
¥ — G(J, 0)¥,; (V) are Pettis integrable over ©. Define

;

1t @)z < =@,

D= (pa) €2xP:  |p(Wa) —p(01)]z < (0 +qf) [T |G(¥2,0) — G(Y1, 0)do,

and [|q(92) — q(01)||lz < (5 + a3) [T |G (92, 0) — G(¥1, 0)|do,
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where
(3.9) @ > max {Ll + Lo, 100 e n) + 1620 pemng s 101l e ra] + H<§2H[r@,a+xg]} :

Clearly, the subset D is closed, convex end equicontinuous. We shall show that the operator

G satisfies all the assumptions of Theorem 2.1. The proof will be given in several steps.
Step 1. & maps D into itself.

Let (p,q) € D, ¥ € © and assume that (S(p,q))(9) # (0,0). Then there exists ¢ € E* such
that ||6;(p,q)(¥)|z = ¢ (6;(p,q)(¥)). Thus, for any j € {1,2} we have

IS0z = o ([ G000 0e).

where ¥; € C(0), with
U;(9) = W;(9, 97,97, Uy (9), Ua(0)).
If 9 € [k — A1, K], then

1S, @) (D= < 161 lxrr.n) + 02/l jx—r1,n) < =,
and if 0 € [R, & + Ao, then

1S, ) (@)lz < 1161 l,5400) + 102/l 5,5100] < -
For each ¥ € ©, we obtain

I Gz < [ 166, lleW(@)lde.s = 1.2

By (Hs), we get

lp(¥5(9)| < pj + -

Therefore

(&P a)(@)llz < (p}‘-+q;f)/n!G(1970)\d0

< 0 +4)G =Lj.

Thus, for each ¥ € [k — A1, & + A2], we have

1S5(pa)@)llz= < Ly,
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which implies that
16;(p,a)lle < Lj.

Then we have

16, a)llg < Li+ Lo

Next, Let ¥1,02 € © = [k, k], Y1 < Y2, and (p,q) € D be such that
(6;(p,2))(02) = (&;(p, a))(0h) # 0.
Then there exists ¢ € Z* such that
1(&;(p,9))(P2) — (&;(p, 1) ()= = ¢((S;(p,9))(P2) — (&;(p, 0)(h)),
and ||¢|| = 1. Then, for any j € {1,2}, we get

(&b, a))(V2) = (&;(p,a))(1)llz = i (0, @) (F2) = (6;(p, a)) (V1))

< (/ Gl02.0) = G2, 0% (0) )

where ¥; € C(0), with

Thus, we have

1(S;(p; a))(P2) = (&;(p,a))(W1)ll= < /IG (¥2,0) — G(91, )l (¥;(0))lde

< @) / G2, 0) — (91, 0)\de.

Consequently,
&(D) c D.

Step 2. G is weakly sequentially continuous.

Let {(pn,qn)}n be a sequence in D x D, and let (p,(9),q,(9)) — (p(¥),q(?)) in (E,w) x
(E,w) for each ¥ € [k — A1,k + Ao]. Fix 9 € [k — A1,k + A2]. Since for any j € 1,2,
the function ¥, (¥, p2, q2,7 Di+pn(19),é’ Di+ qn (1)) satisfies assumption (H7), we have that it
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converges weakly uniformly to ¥, (9, p”, q”,0 D<+p(19),cp Di+q(19)). Hence the Lebesgue dom-
inated convergence theorem for Pettis integral implies that (S(p,,, q,))(Y) converges weakly
uniformly to (&(p, q))(9) in (E,w). We do it for each ¥ € O, so S(pn, qn) — S(p,q). Then

G : D — D is weakly sequentially continuous.

Step 3. Now let V' be a subset of D such that V = conv(&(V) U {(0,0)}). Obviously
V(9) C conv(&(V)(9) U{(0,0)}).

Since V' is bounded and equicontinuous, the function ¥ — q(9) = p(V(¥9)) is continuous
on [k — A1,k + Ag]. By (Hy) — (Hs), Lemma 2.3, and the properties of measure p, for each
¥ € O, we have

() < w(S&(V)(W)U{(0,0)})
< u((&V)(©))
< 1({((&1p)(9), (G20)(0)) = (p.a) € V)
< / G, 0)|u({(T1(9,9°, 9”2 DS, p(9).2 DS q(9)), 0)})do

IG (0, ) ({0, W2 (9,97, 4" £ Dy p(9).£ Dy a(9)))})do

_|_
\

IN

/ 1G(9, 0)l(p1 () (p(0),0); (p,0) € V)
({(a(e),0); (4,0) € V})do

/ 1G9, 0)l(p2 ()10, 8(0)); (0,9) € V)
)u(1(0,9(0)); (0,4) € V1)do

/ G, 0)](p1(0) + 41 (0) + p2(@) + a2(@))u(V (0))do

N+

IN

G0} +di +p5 + a3)all..
Thus

lalle < G + i +p3 +a3)lalle.
From (3.7 ), we get ||q||c = 0, that is (V' (9)) = 0 for each ¥ € ©.

For ¥ € [k — A1, k], we have

a(@) = u((61(0),62(9)))
= 0.
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Also for ¥ € [k, & + A\2] we have

q() = w(61(9),02(9))

then V' (¥9) is relatively compact in Z. In view of Ascoli-Arzela theorem V' is weakly relatively
compact in ®. Applying Theorem 2.1, we conclude that & has a fixed point which is a
solution of the problem (1.1) — (1.2).

4. AN EXAMPLE

Let

(1]

:ll = {p:(p17p27"'7pn7"')72’pn’ <OO},
k=1

be the Banach space with the norm

Ioll= = [pal-
k=1

Consider the following fractional differential equation:

(p(¥),a(¥) = (39,9° +0), 9 €[-1,0],

3 3 3
(1:D§+pn(19) = \Il(ﬂ’ pg’ qg’ (1:D02+pn(’l9)’ iDngpn(ﬂ)), VeO = [0’ 1]

(4.1)
3 3 3
¢DEan(9) = g(0, Py, ap, D& pn(V), D& pa(9), ¥ €O =10,1]
(p(9),9(9)) = (9 — 1,9 =0), Jell,2]
_ 3
here k =1, k=0, C:E, p=1
Set
p:(p17p27---7pn7---)7 \I]:(\Ijlv\lIQV"v\I/nv-")
9 01 1 s
\Ij(ﬁv p »q c D(;Lp(ﬁ)’c D§+q(ﬁ))
_ sin(9)([[p” o =117 + 9° le=1,1)
3 3 :
8(¥ +1) (1 + e lleq-1,1) + la’lleq-1) + 12Dgpllz + \\§D§+QHE>
and

3
2

3 3
g(ﬁ’pﬁ’ qﬂa}: DO-‘rp(,ﬂ)’i D§+q(19))
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cos(9)(IP” loq=1.1p) + l9°lle1.1))
3 3
2 2

8(9% + 1) (1 I e + I8 loora + 12D, pll= + HéDomHa)

For each y € Z and ¢ € [0, 1], we have

3 3 ' 19)
() 9 09 Lp2 )l p2 M= < ﬂ
H ( P97 0+p( )’C O+q( ))H“ - 8(’[9—|—1)
and
3 3 cos(19)

4"t D 'D =<
Hg(ﬁvp »q c 0+p(19)7c 0+q(19))H~ — 8(192 +1)

Hence (Ha) is satisfied with Pf = ¢} = %,j =1,2.

For each ¥ € © we have

K 1 WP — kP Rl (RP — 0P -t
[levoe < 5 (=) [|(57) ¢
1 [P0 =\

" F(C)/a < p > ?

e (50)

do

do

IN

Therefore

~ 2 7P — P\
G < .
“rern (5)
Condition (3.7) holds, indeed,

~ 1
(Pl +4f + 15+ q3) @+ 1)

~ 0.7522527778

L

< L

as all the assumptions of Theorem 3.1 are met. Then, problem (4.1) has at least one

solution.

CONCLUSION

We have provided some sufficient conditions guaranteeing the existence of weak solutions
for some coupled systems of fractional differential equations. Moénch’s fixed point theorem

associated with the technique of measure of weak noncompactness were used. An example
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is included to show the applicability of our outcomes. It is interesting, in a forthcoming

paper, to consider the set-valued analogue problem.
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