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PRIME AND SEMIPRIME RINGS INVOLVING MULTIPLICATIVE
(GENERALIZED)-SKEW DERIVATIONS

A. BOUA () M. ASHRAF 2 AND A. Y. ABDELWANIS )

ABSTRACT. In this article, we will cover a concept called multiplicative (general-
ized) skew derivation on rings, and we will generalize some of the important results
in the literature. After, we enrich this paper with examples which show that our

used assumptions are essential.

1. INTRODUCTION

Throughout the present paper, R denotes an associative ring with center Z(R).
Recall that R is semiprime if for a € R, aRa = {0} implies a = 0 and is prime
if for a,b € R, aRb = 0 implies either a = 0 or b = 0. In a prime ring R, Q.(R)
(Qs(R)) denote the right (symmetric) Martindale ring of quotients, respectively. The
center of @,(R) is denoted by C' and is called the extended centroid of R. It is clear
that C is also the center of Q4(R). The ring R = RC is a prime ring and is
called the central closure of R. Hence, one can construct the ring @, (RC). For more
details see [6]. An additive mapping d : R — R is said to be a derivation on R if
d(zy) = d(x)y + zd(y) for all z,y € R. Derivations appeared in many papers as in
[7] and [13]. Also, an additive mapping F : R — R is called a generalized derivation
with associated derivation d if F'(zy) = F(x)y+xd(y) for all z,y € R. Recalling that
generalized derivation was initially introduced by Bresar in [11]. It is straightforward
to see that every derivation is a generalized derivation, but there exist generalized

derivations which are not derivations. There has been a great deal of work concerning
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the commutativity of rings admitting derivations or generalized derivations satisfying
certain polynomial conditions (see for references [1, 3, 4, 5, 8] where more references
can be found).

The notion of derivation were extended to the notion of skew derivation as follows: An
additive map D : R — R is called skew derivations if D(zy) = D(z)y+ a(x)D(y) for
all z;y € R, where a : R — R is an automorphism. The concept of skew derivations
appeared in many papers as in [2]. Also the concepts of derivation, generalized
derivation and skew derivation were extended to the concept of a generalized skew
derivation as follows : An additive map F' : R — R is called a generalized skew
derivation if F(zy) = F(z)y + a(x)D(y) holds for all z,y € R, where D is a skew
derivation and « : R — R is an automorphism.

A multiplicative derivation of R is a mapping D : R — R (not necessary additive)
which satisfies D(zy) = D(z)y+aD(y) for all ,y € R. Then a multiplicative deriva-
tion will be a derivation when it is an additive map. The notion of multiplicative
derivation was extended to the notion of multiplicative generalized derivation as fol-
lows: a mapping F': R — R is called a multiplicative generalized derivation if there
exists a derivation d of R such that F(zy) = F(x)y + zd(y) for all z,y € R. Now if
we take d as any map (not necessarily additive), then it is more sensible to call F' a
multiplicative (generalized) derivation.

In [12], the concept of multiplicative (generalized)-derivation was extended to the con-
cept of multiplicative (generalized)-skew derivations over rings as follows: A mapping
F : R — R (not necessarily additive) is called a multiplicative (generalized)-skew
derivation of R if it satisfies F'(zy) = F(z)y + a(z)h(y) = F(z)a(y) + zh(y) for all
x,y € R, where h : R — R is any map (not necessarily additive) and o : R — R
is an automorphism of R. Every multiplicative (generalized) derivation is a multi-
plicative (generalized) skew derivation but converse may not be true in general (see
[[15], Example 1.1]. Hence, in this more general setting, the results obtained for mul-
tiplicative (generalized) skew derivation cover the results proved for multiplicative

(generalized)derivation.
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For any x,y € R, the symbol [z,y] will denote the commutator xy — yz and the
symbol x oy will represent the anti commutator xy + yr. Now we denote for all
7,y € R, [7,9]a = valy) — yx and (7 o y)q = za(y) + yz. In particular, if o = idg
(the identity map on R), then [z, ylis, = [z,y] and (z0y)i4, = zoy for all z,y € R.
In [9], Dhara and Pradhan studied the cases a(F(zy) + zy) = 0, a(F(xy) £ yx) =
0, a(F(x)F(y) £ 2y) = 0, a(F(2)F(y) £ yz) = 0, a(d(@)F(y) + zy) € Z(R),
a(d(x)F(y) £ yz) € Z(R) and a(F(zy) £ F(z)F(y)) = 0 for all z,y € I, where
0 # a € R, I is a nonzero ideal of R and F' is a multiplicative (generalized) deriva-

tion on the prime ring R associated with the map d : R — R.

In the present paper, we consider the above identities for multiplicative (generalized)
skew derivation of R and obtain results which generalize Theorems 3.1, 3.2, 3.3, 3.4,

3.5, 3.6 and 3.7 of [9].

2. SOME PRELIMINARIES

We begin with the following known lemma. We shall use basic commutator identities
without any specific mention.

For all z,y,t € R,
[xy,t] = [y, t] + [z, tly and [z, yt] = ylo, t] + [z, y]t.

Lemma 2.1. ([7], Lemma 2) If R is prime with a nonzero central ideal, then R is

commutative.

Lemma 2.2. Let R be a prime ring, a : R — R be an automorphism and I be
a nonzero ideal of R. If ala(x),al, = 0 for all x € I, where a € R ~ {0}, then
a€ Z(R).

Proof.  Assume that ala(z),a], = 0 for all z € I, where a € R ~ {0}. Then
ac(r)a(a) = aaa(x) for all x € I. Replacing x by zr, where r € R, in the last
expression and use it to get aa(x)a(a)a(r) = aa(z)a(r)ala) for all x € I, r € R.
Thus aa(z)[a(a),a(r)] =0 for all z € I, r € R. Taking rary where r1,7 € R and
using the fact that « is an automorphism, we obtain aRa(x)R[a(a), a(r)] = {0} for

all z € I, r € R. Since R is prime, I # {0} and a # 0, [a(a),a(r)] = 0 for all
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r € R. But « is an automorphism, and hence we have [a,7] = 0 for all » € R, i.e.,

a€ Z(R). 0

Lemma 2.3. Let R be a prime ring, o : R — R be an automorphism and I be a

nonzero ideal of R. If [a(x),ul, =0 for all x € I,u € R, then R is commutative.

Proof.  Suppose that [a(z),ul, =0 for all z € I, u € R. Then a(z)a(u) = ua(z)
for all x € I, u € R. Substituting zr for x, where r € R, we get a(z)a(r)a(u) =
a(x)a(u)a(r) for all z € I, r,u € R. Hence we have a(z)[a(u),a(r)] = 0 for all
x €1, r,u € R. Since R is prime, [a(u), a(r)] = 0 for all r,u € R. But since « is an

automorphism, we obtain [u,r] =0 for all r,u € R, i.e., R is commutative. O

Lemma 2.4. Let R be a prime ring and I be a nonzero ideal of R. If d : R -+ R
1s a skew derivation of R associated with the automorphism o : R — R such that

[d(x),x2] =0 for all z € I, then d =0 or R is commutative.

Proof.  Suppose that [d(x),x] = 0 for all x € I. Linearizing the above relation, we

obtain

(2.1) [d(z),y] + [d(y),z] =0 forall z,y € I.
Substituting yx for y in (2.1), we obtain

(2.2) [d(z),yz] + [d(y)x + a(y)d(z), 2] =0 for all z,y € I.
By (2.2), we obtain

(2.3) [d(z),y]z + [d(y), x]x + [a(y)d(x),z] =0 for all =,y € I.

By hypothesis, (2.3) becomes [a(y)d(z), z] = 0 for all z,y € I which can be rewritten
as a(y)d(z)r = za(y)d(z) for all z,y € I. Replacing y by a~*(t)y, where t € I, in
the last relation and using it to get txa(y)d(z) = xta(y)d(x) for all z,y,t € I. Hence
[z, tla(y)d(z) = 0 for all z,y,t € I. Since R is prime, we find that

(2.4) [z,t] =0 or d(xz)=0 forall z,tel.

Suppose there exists xo € I such that [zg,t] = 0 for all ¢ € I. Replace t by rt, where
r € R, to obtain [zg,r|t = 0 for all t € I, r € R which implies that [zq, r|RI = {0} for
all 7 € R. Since R is prime, zg € Z(R). In this case, (2.3) becomes [d(xg),y]zo =0
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for all y € I, and hence [d(zo), y]Rxo = {0} for all y € I. Using the primeness of R
again, we arrive at d(zo)y = yd(z) for all y € I. Thus (2.4) forces that d(z)y = yd(z)
for z,y € I. Replacing x by xt, we get

d(z)ty + a(z)d(t)y = yd(z)t + ya(z)d(t) for all x,y,t e I.

This implies
[d(x),y]t = [a(z),y]d(t) forall x,y,t e l.

Taking ¢r in place of ¢, where r € R, we obtain [a(x), y]a(t)d(r) = 0 for all z,y,t € I,
r € R. By primeness of R, we arrive at d = 0 or [a(z),y] =0 for all z,y € I. But «

is an automorphism, we conclude that either d = 0 or 'R is commutative. 0

Lemma 2.5. Let R be a prime ring, I be a nonzero ideal of R and a € R ~ {0}.
Suppose that d : R — R s a skew derivation of R with associated automorphism
a: R — R such that o # idgw). If [ad(z),x] =0 for all x € I, then d =0 or R is

commutative.

Proof.  Assume that [ad(x),x] = 0 for all z € I. Linearizing the above relation, we

get
(2.5) l[ad(x),y] + [ad(y),x] =0 for all z,y € I.
Substituting yx for y in (2.5), we obtain
lad(x),yx] + [ad(y)z + aa(y)d(x),z] =0 for all z,y € I.
By hypothesis, we get
[ad(x), y]x + [ad(y), z]z + [aa(y)d(x),z] =0 for all x,y € I.

By (2.5), we obtain [aa(y)d(x),x] = 0 for all z,y € I. Replacing y with a~!(a)y, we
get

0 = [aaa(y)d(x),z]

= alaa(y)d(x), 2] + [a, zlaa(y)d(x)

la, z]aa(y)d(z) for all z,y € I.
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Since R is prime and « is an automorphism, we get
(2.6) l[a,z]a =0or d(z) =0 forall x € l.

Suppose there exists xy € I such that d(z¢) = 0. Replacing y by yz, in (2.5) and

using it again, we arrive at
(2.7) ylad(x), xo] + ad(y)[zo,z] =0 for all x,y € I.

Taking yz in place of y, where z € Z(R), in (2.7) and using it again, we obtain
aa(y)d(z)[xo,x] = 0 for all z,y € I. Since R is prime, a € Z(R) \ {0} and « is
an automorphism, we find that d(z)[zg,x] = 0 for all z € I, z € Z(R). Putting «xt
in place of x in the last expression and developing it, we arrive at d(z)z[xo,t] = 0
forall z € I, t € R, z € Z(R) which implies that d(Z(R))I[zo,t] = {0} for all
t € R. Since R is prime, either d(Z(R)) = {0} or o € Z(R). For z € Z(R), we
have zt = tz for all ¢ € R which implies that a(z)d(t) = d(t)z for all ¢ € R, and
hence (a(z) — 2)d(t) = 0 for all £ € R. Using the primeness of R and the fact that
a is an automorphism, we arrive at a(z) = z for all z € Z(R). In all cases, we get
o =idgmr) or x9p € Z(R). In this case, (2.6) becomes o = idy ) or [a,z]a = 0 for all
x € 1. Replacing x by rz in the second case, we arrive at [a,7][a = {0} for all r € R
and using the primeness of R, we find that a € Z(R). In this case our hypothesis
together with primeness of R force that a = 0 or [d(x),z] = 0 for all x € I. Since
a # 0, by Lemma 2.4, we conclude that d = 0 or R is commutative. U

3. MULTIPLICATIVE (GENERALIZED)-SKEW DERIVATIONS IN SEMIPRIME RINGS

The following theorem is a generalization of Therorem 3.1 in [9].

Theorem 3.1. Let R be a prime ring, I be a nonzero ideal of R and a € R~ {0}. If
R admits a multiplicative (generalized)-skew derivation F : R — R associated with
amap d: R — R and an automorphism o« : R — R such that a(F(zy) £ zy) = 0
for all xz,y € I, then aF = +idg.

Proof.  Assume that

(3.1) a(F(zy) £ zy) =0 forall z,y € I.
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Replacing y by yz, where z € I, in (3.1), we get
0 = a(F(xyz) £ ayz)
= a(F(zy)z + a(zy)d(z) + zyz)
= a((F(zy) £ zy)z + alzy)d(2))
= a(F(zy) £ zy)z + aa(zy)d(2)
= aa(zy)d(z) forall z,y,z € I.

But « is an automorphism, a # 0 and R is prime so we have d(z) = 0 for all z € I.

Hence from (3.1), we get
0 = a(F(zy) £zy)
= a(F(z)y £ zy)
= a(F(x)£z)y forall z,y€l.

By primeness of R, we arrive at a(F(z) &£ x) = 0 for all « € I. Therefore, it gives
0 =a(F(uzr) £ uzr) = a(F(u) £ u)z for all u € R and = € I. Thus, we conclude that
a(F(u) £u) =0 for all u € R. O

Note that if we put o = idg in Theorem 3.1, we obtain [[9], Theorem 3.1].

The next theorem is a generalization of Theorem 3.2 of [9].

Theorem 3.2. Let R be a prime ring, I be a nonzero ideal of R and a € R~ {0}. If
R admits a multiplicative (generalized)-skew derivation F : R — R associated with
amap d: R — R and an automorphism o : R — R such that a(F(zy) £ yx) = 0
for all xz,y € I, then R is commutative and F = +idg.

Proof.  Suppose that
(3.2) a(F(zy) £yxr) =0 forall z,y € l.
Substitute yz for y, where z € I, we get
0 = a(F(xyz) £yzx)
= a(F(zy)z + a(xy)d(z) £ yzx)

= a(F(y) £yx)z Fylz, 2] + a(zy)d(z)) forall z,y,z e I.
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Using (3.2), we obtain

(3.3) ala(zy)d(z) Fylz,z]) =0 forall z,y,z € I.
Replacing y by ay in (3.3), we find that

(3.4) a(a(zay)d(z) F aylz,z]) =0 forall x,y,z € I.
Left-multiplying (3.3) by a, we have

(3.5) a(aa(zy)d(z) F aylz,z]) =0 forall x,y,z € I.
Subtracting (3.5) from (3.4), we get

(3.6) ala(x),alaa(y)d(z) =0 for all x,y,z € 1.

Since « is an automorphism and R is prime, a[a(z),al, =0 for all x € [ or d(z) =0

for all z € I. Using the first case together with Lemma 2.3, we have a € Z(R). But

).
the center of the prime ring does not contain a zero divisor, and hence from (3.3), we

obtain

(3.7) a(zy)d(z) Fylr,z] =0 forall z,y,z € I.
Putting uy in place of y, where u € R, in (3.7), we get

(3.8) a(zuy)d(z) Fuylr,z] =0 forall z,y,z € I.
Left-multiplying (3.7) by u, we obtain

(3.9) ua(xy)d(z) Fuylr,z] =0 forall x,y,z € I.
Subtracting (3.9) from (3.8), we get

(3.10) [a(x), ulaa(y)d(z) =0 forall x,y,z € I.

Again since « is an automorphism and R is prime, we get |[a(z),u], = 0 for all
re€l,uceRord(z)=0forall z € I. If [a(z),ul, =0forallz € I,u € R, then R is
commutative by Lemma 2.4. In this case, the fact that a # 0 with Theorem 3.1 force
that F' = +idg. If d(I) = {0}, then by (3.3), we have ay[z, z] = 0 for all z,y,z € I.
Using the primeness of R with a # 0, we get [z, z] = 0 for all x, z € I which forces

that R is commutative. O
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Notice that if we put @ = idg in the previous theorem, we obtain [[9], Theorem 3.2].
The following theorem is a generalization of Theorem 3.3 of [9].
Theorem 3.3. Let R be a prime ring, I be a nonzero ideal of R and a € R~ {0}. If
R admits a multiplicative (generalized)-skew derivation F : R — R associated with

amap d: R — R and an automorphism o : R — R such that a(F(x)F(y) £zy) =0
for all x,y € I, then F(xy) = F(x)y for all z,y € R and [F(y),y] =0 for ally € I.

Proof.  Suppose that
(3.11) a(F(z)F(y) £ay) =0 forall z,y€ 1.
Substitute yt for y, where t € R, in (3.11) and use it to get
0 = a(F(x)F(yt) £ xyt)
= a(F(2)(F(y)t +a(y)d(t)) £ zyt)
= a((F(2)F(y) £zy)z + F(z)a(y)d(t))
— aF(z)a(y)d(t) forall z,yel,teR.

But since « is an automorphism on R and R is prime, we get either aF'(I) = {0} or
d(R) = {0}. Using the first case with (3.11), we obtain axy = 0 for all x,y € I. This
implies that a = 0 which is a contradiction and thus d(R) = {0}. Hence, we have
F(zy) = F(x)y for all x,y € R. Again substitute zy for x in (3.11), to get

(3.12) a(F(xy)F(y) £ xy*) =0 forall z,y € 1.
Equivalently,
(3.13) a(F(x)yF(y) £ xy*) =0 forall z,y € I.

Right-Multiplying (3.11) by y and subtracting from (3.13), we get aF'(z)[F(y),y] = 0
for all z,y € I. Again replace x with zr in the last relation to get aF'(z)r[F(y),y] = 0
for all z,y € I,r € R. By primeness of R, we have either aF'(x) = 0 for all z € I, or
[F(y),y] =0 for all y € I. But as above aF'(I) = {0} leads to a contradiction, a = 0,
and hence we obtain that [F(y),y] =0 for all y € I. O

If we put @ = idg in the previous theorem, we obtain [[9], Theorem 3.3].
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The next theorem is a generalization of Theorem 3.4 of [9].

Theorem 3.4. Let R be a prime ring, I be a nonzero ideal of R and a € R~{0}. If
R admits a multiplicative (generalized)-skew derivation F : R — R associated with
amap d: R — R and an automorphism o : R — R such that a(F(x)F(y) £yz) =0
for all x,y € I, then R is commutative and F(zy) = F(x)y for all x,y € R.

Proof.  Assume that

(3.14) a(F(x)F(y) £yz) =0 forall x,y € I.

Substituting yx for y in (3.14) and using it, we obtain

0 = a(F(2)F(yz) £ yz?)
= a(F(2)(F(y)z + aly)d(z)) £ya?)
= a((F(z)F(y) £yz)z + F(z)a(y)d(r))

= aF(x)a(y)d(x) forall xz,y € I.

Using the primeness of R with the fact that « is an automorphism, we find that
aF'(I) = {0} or d(z) = 0 for all x € I. But as above aF(I) = {0} leads to a
contradiction, and hence d(z) = 0 for all x € I. By definition of F, we have F(zy) =
F(z)a(y) + zd(y) for all z,y € R. If we put z = y = 0, then F(0) = 0. Also for
y = 0 we get FI(0) = 0 = xd(0) for all x € I. Using the primeness of R, we arrive
at d(0) = 0. In all cases, we have d(I) = {0} and F(zy) = F(x)y for all z,y € I.
Replacing y by yt, where t € I, in (3.14), we get

(3.15) a(F(x)F(y)t £ytx) =0 forall z,y,t € 1.
Right-multiplying (3.14) by ¢ and then subtracting from (3.15), we get that ay|x,t] =

0 for all x,y,t € I. But since R is prime and a # 0, we have [z,t| = 0 for all z,t € I,
and hence R is commutative. Since a € R\ {0}, (3.14) becomes F(z)F(y) £ xy =0
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for all x,y € I. Substitute yr for y where r € R in the last relation, we obtain
0 = F(z)F(yr)£yrx

= F(@)(F(y)r+aly)d(r)) £ zyr)

= (F(2)F(y) £ yz)r + F(z)a(y)d(r)

= F(z)a(y)d(r) forall z,yel,r €R.
Since « is an automorphism and R is prime, F'(z) = 0 for all x € I or d(r) = 0 for
all r € R. If F(I) = {0}, and hence from (3.14), we get axy = 0 for all z,y € I. This

implies that a = 0 which is a contradiction. Hence d(R) = {0}, and F(zy) = F(x)y
for all z,y € R. O

Notice that if we put o = idg in Theorem 3.4, we obtain [[9], Theorem 3.4].

The following theorem is a generalization of Theorem 3.5 of [9], just take o = idx.

Theorem 3.5. Let R be a semiprime ring, I be a nonzero ideal of R and a € R~{0}.
If R admits a multiplicative (generalized)-skew derivation F: R — R associated with
amap d: R — R and an automorphism « : R — R such that a(d(x)F(y) + zy) €
Z(R) for all z,y € I, then [ad(z),z] = 0 for all x € I. Moreover, if R is a prime

ring, d is a skew derivation of R and o # idz ), then R is commutative.

Proof.  Suppose that

(3.16) a(d(x)F(y) £ zy) € Z(R) forall z,y € I.

Substitute yx in place of y in (3.16), we obtain

(3.17) a(d(z)(F(y)x + a(y)d(x)) £ zyz) € Z(R) for all x,y € I.
This yields that

(3.18) a(d(z)F(y) £ zy)r + ad(x)a(y)d(x) € Z(R) for all z,y € 1.

But since a(d(z)F(y) + zy) € Z(R) for all z,y € I, we have ad(z)a(y)d(x) € Z(R)
for all z,y € I. Thus, [ad(z)a(y)d(z),z] = 0 for all x,y € I which implies that

(3.19) ad(x)a(y)d(x)r = zad(x)a(y)d(x) for all z,y € 1.
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Substituting ya~!(ad(z))z for y, where z € I, in (3.19), we get
(3.20) ad(z)a(y)ad(z)a(z)d(z)r = zad(z)a(y)ad(z)a(z)d(x) for all x,y,z € I.
Again by using (3.19), we get
ad(z)a(y)rad(x)a(z)d(x) = ad(z)a(y)ad(x)za(z)d(x) for all z,y,z € I,
and hence
ad(x)a(y)[ad(x), z]a(z)d(z) =0 for all z,y,z € I.
This implies that
lad(z), z]a(y)[ad(z), z]a(z)[ad(x), x] =0 for all z,y,z € I.

Hence, we find that ([ad(x),z]a(I))® = {0}. Since R is semiprime, [ad(x), z]a(I) =
{0}. Moreover, if R is prime, then d = 0 or R is commutative by Lemma 2.5. If
d = 0 then our hypothesis become azy = 0 for all x,y € I. Hence [axy,t] = 0 for
all z,y € I and t € R. Thus, 0 = [axyr,t] = azxy[r,t] for all x,y € I and r,t € R.
But since R is prime and a # 0, we find that [r,t] = 0 for all r;t € R, and R is
commutative. O

The next theorem is a generalization of Theorem 3.6 of [9].

Theorem 3.6. Let R be a semiprime ring, I be a nonzero ideal of R and a € R~{0}.
If R admits a multiplicative (generalized)-skew derivation F' : R — R associated with
amap d: R — R and an automorphism o : R — R such that a(d(x)F(y) £ yx) €
Z(R) for all z,y € I, then [ad(z),z] = 0 for all x € I. Moreover, if R is a prime

ring and d is a skew deriwation of R, then R is commutative.

Proof.  Let

(3.21) a(d(x)F(y) £ yx) € Z(R) forall z,y € I.
Substituting yx in place of y in (3.21), we get

(3.22) a(d(z)(F(y)r + a(y)d(z)) £ya?) € Z(R) forall z,y € 1.
This is equivalent to

(3.23) a(d(z)(F(y) £ y)x + ad(x)a(y)d(x) € Z(R) for all z,y € I.
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But since a(d(z) F(y)+£yx) € Z(R) for all 2,y € I, the above yields that ad(z)a(y)d(z) €
Z(R) for all z,y € I. Thus [ad(x)a(y)d(x),x] = 0 for all z,y € I, which is the same
as above. Hence, using the similar arguments as used in the proof of Theorem 3.5,
we can get that [ad(z),z] = 0 for all x € I. Moreover, if R is prime and d is a
skew derivation of R, then by Lemma 2.5, we conclude that d = 0 or R is commuta-
tive. Again using the same arguments as used in the proof of Theorem 3.5, we can
show that d = 0 implies that R is commutative. Hence the proof of this theorem is

complete. 0
If we put o = idg in Theorem 3.6, we obtain [[9], Theorem 3.6].

The following theorem is a generalization of Theorem 3.7 of [9].

Theorem 3.7. Let R be a prime ring, I be a nonzero ideal of R and a € R~ {0}. If
R admits a multiplicative (generalized)-skew derivation F' : R — R associated with a
map d : R — R and an automorphism o : R — R such that a(F(xy)+F(z)F(y)) =0
for all xz,y € I, then one of the following holds

(i) d(R) = {0} and aF(R) = {0},
(ii) d(R) = {0} and F(r) = Fr for allr € R.

Proof.  Assume that

(3.24) a(F(zy) £ F(x)F(y)) =0 forall z,y € I.

Replacing y by yz, where z € I, in (3.24), we get

(3.25)  a(F(zy)z + a(xy)d(z) £ F(z)(F(y)z + a(y)d(z))) =0 for all x,y,z € I.

Then
(3.26)
a(F(zy) + £F(x)F(y))z + a(a(zy)d(z) £ F(z)a(y)d(z)) =0 for all x,y,z € I.

By (3.25) and (3.26), we obtain
(3.27) ala(x) £ F(z))a(y)d(z)) =0 forall x,y,z € I.
Substitute zu for x, where u € I, in (3.27), we get

(3.28) a(a(zu) £ (F(x)a(u) + zd(u)))a(y)d(z) =0 for all z,y,z € I.
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Replacing y by uy in (3.27), we obtain

(3.29) a(a(z) £ F(z))a(uy)d(z) =0 for all z,y,z € 1.
From (3.28) and (3.29), we get

(3.30) axd(u)a(y)d(z) =0 forall z,y,z € I.

Hence we find that ald(I)a(I)d(I) = {0}. Now since R is prime, we get either @ = 0 or
d(I) ={0}. But a # 0, it is clear that d(I) = {0}. Then F(xy) = F(x)y+a(x)d(y) =
F(z)y for all z,y € I. Hence, by (3.24) we have aF(z)(y + F(y)) = 0 for all z,y € I.
Now for x = zz where z € I in the last relation, we obtain aF(z)z(y + F(y)) =0
for all z,y,z € I. Again by the primeness of R, we get aF(z) = 0 for all x € I or
F(y) = Fyforally € I. First, if aF'(I) = {0}, then we get {0} = aF'(RI) = aF(R)I,
since d(I) = {0}. This implies that aF'(R) = {0}, and hence
{0} = aF(R?)

= a(F(R) R+ a(R)d(R))

= aa(R)d(R)

= aRdA(R).
But R is prime and a # 0, we find that d(R) = {0} and hence we get assertion (i).
Second, if F'(y) = Fy for all y € I, then for all r € R, y € I, we have

Flry)+ry = F(r)y+=+ry
= (F(r) £y
= 0.
Again since R is a prime ring, we get F(r) = Fr for all » € R. Then we have
Frs = F(rs)
= F(r)s+ a(r)d(s)
= Frs+a(r)d(s) forall r,seR.

Hence a(r)d(s) = 0 for all 7, s € R, but since R is prime and « is an automorphism,

we arrive at d(R) = {0}. O
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Now we introduce an example which shows that the hypothesis of primeness in the

hypotheses of various theorems can not be omitted.

Example 3.1. Let us define R, I and d, o, F': R — R by:

0 00 0 00
R = z 0 y |z,yeZy, I= z 0 y | v,y €Z p,
z 00 0 00
0 00 0 0 O 0 00 0 00
dl z 0y |=]220 |, F|l 20wy |[=]000]| and
z 00 0 0 z 00 z 00

a = idg.

It is clear that R is not prime and I is a nonzero ideal of R. Moreover, F 1is a
multiplicative (generalized)-skew derivation of R associated with the map d and the
automorphism «. Let q be a non zero matriz in R, we can easily see that q(F(r) £
r) # 0 for some r € R and R is not commutative. Also, one may notice that
F(zy) # F(x)y for some z,y € R, d(R) # {0}, [F(z),z] # 0 for some x € I and
F(x) # Fx for some x € R. Hence the primeness hypotheses in Theorems 3.1, 3.2,
3.3, 3.4 and 3.7 can not be omitted.
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