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APPROXIMATION OF GENERALIZED SZASZ-MIRAKJAN
OPERATORS DEPENDING ON CERTAIN PARAMETERS

M. QASIM (), M. MURSALEEN ®)| A. KHAN (®) AND Z. ABBAS

ABSTRACT. Motivated by certain generalizations, in this paper we consider a new
analogue of generalized Szasz-Mirakjan operators whose construction depends on
T, with extra parameters g and A\. Depending on the selection of p and A, these
operators are more flexible than the generalized Szasz-Mirakjan operators. We in-
vestigate approximation properties. Also, we study local and global approximation,
Voronovskaya type theorem. Finally, quantitative estimates for the local approxi-

mation are discussed.

1. INTRODUCTION

The well-known Weierstrass Approximation Theorem, proved by Karl Weierstrass in
1885, states that for any continuous function g defined in interval [a,b] and € > 0,
there exists a polynomial P such that |g(y) — P(y)| < e. Since the proof of the
theorem is lengthy and complicated, many researchers studied to find simple and
effective proof. In 1912, S.N. Bernstein [4] proposed the famous polynomial, which is
constructed by probabilistic method to give the simple, short and most elegant proof

of Weierstrass theorem [22] as follows:

(1.1) Bin(g:y) = f;bm,j(y)g (%)

where y € [0,1],m = 1,2,3, ...., and the basis of Bernstein functions b,, ; are defined

as follows:
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m ) —i
(12) bost) = (7 )=
In order to obtain more flexibility, Stancu [20] applied another technique for choosing
nodes. He observed that the distance between two successive nodes and between 0

and first node and similarly between last and 1 goes to zero when m — oco. After

these observation Stancu introduced the following positive linear operators

= /m _ k4 p

1.3 St gsy) = P —y)m T ——
(1.3) 1 (9 y) ;(k)y( i e
converge to continuous function g(y) uniformly in [0,1] for each real u, A such that
0 < p < A For various generalization of stancu type operators one can see [3, 10,
12, 13, 14, 15, 16, 17, 18, 19].
To presents a better degree of approximation, a new generalization of Bernstein type
operators was given by Cardenas et al. [5] which depends on 7.
For m > 1, y > 0, and suitable functions g defined on [0, 00). A similar modification
of Szdsz-Mirakyan type operators was introduced by Aral et al. [2] which depends
on 7 as follows:

) — e S TN ()
(1.4) Sulgy)=e Z b (e ) ()
Where, 7 having following properties
(11) 7 be a continuously differentiable function on [0, c0),
(r2) 7(0) =0 and irolf )T/(y) > 1.

Yy ,O0
If we put 7(y) = y then (1.4) reduces to the Szasz-Mirakyan operators defined in [21]

as

(1.5) &Amw=%ﬂwiiwﬁmg(%),

J!
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Motivated by various Stancu type generalizations and by the above mentioned work,
we introduce Stancu variant of operators (1.4) which depend on a suitable function

7 as follows:

Definition 1.1. For m > 1, y > 0, and suitable functions g defined on [0, 00) with
0 < p < A We define Stancu variant of generalized Szasz-Mirakjan operators as

. ) NS T(@) (Gt R
(16)  SEA(gy) = <w§ji—%ﬁ—@m-w(———),yzo

= J! m+ A

The new constructed operators (1.6) are positive and linear. For p = A = 0, the
operators (1.6) turn out to be generalized Szasz-Mirakyan operators defined in (1.4).
Next, we prove some Lemma’s for (1.6) which play an important role to prove our

main results.

Lemma 1.1. For the operators 8*“m’\7 be given by (1.6), we have

(i) S (Ly) =1,

(ii) S*2 (1) = 257 (y) + 4.

(i) S™A (%) = e (v) + AR T(Y) + e

(iv) SA (T y) = ST (y) + 2 (y) + T 1 (y) + s,

(v) S0 (rhy) = Gl (4) + ST ) + T (y)

+ BT (y) + Gy
Proof.
(i) N
S (1;y) = e ™) Z (mz('y))] (gor™') =1
J=0 '

el m+
_ emr(y)g (mz(!y))j (gor) (mi)\)
i e—mr(y);io (mTj('y))] (gm' 1) (ﬁ)
h mn—il—)\ (v) + mLH
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(iii)

(v) Finally,
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ST )

S )

m + 6um + 3u? u?
(m+A)3

S (thy)
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+ ) i (m7(y)) (gOTfl) H !
J! m+ A

o0 y .2 2
—m7(y) (mT(y))] -1 6] K
+ el Z BT (gor™") 7(7” Ve

=, (m7(y))? N 4 243
+ ) Z (m7(y)) (gm‘f ) (ml:_j/\)4

1y AP

1

i (oo (m + )

Tm? + 6u>m? + S8um?
(m+ X\)*

6m? + 4pum?
_ 4
ERCESV () + (m+ )4
m + 6p’m + dum + 4m2p

i (m+ A’ T+

> (y) + m(y)

U

Corollary 1.1. By using the linearity of operators S*** and by Lemma 1.1,we can

m,T

acquire the central moments as

(i) S (T(E) = 7(W)iy) = (i — 1) 7(y) + 45,

() S(€) = 70)sw) = (s = 2 + 1) ) + (258 — %) )
+ G

(iii) ST (T(E) = T w) = (i — o + 25— 1) ()

+ (P — S+ ) ) + (e - (nfﬁi>2) )+ G

2

() S ((7(&) = 7(W)hy) = <(m"l§)4 — Tt by et 1) ‘W)

6m3 +6m 24m?2 p+12m?2 12mpu+6m 4 3
+< s VL e v e e e vl (mj:/\) T (y)
Tm24+6m?2 p248m?2 24mpm~+4m4+12
T < e M(m—:-)\); e >T2(y>
+ m+6mu?+4m?p+dmp 4 7—( ) + ot
mr N7t <m+A> Y) T T

2. WEIGHTED APPROXIMATION

In this section, by using weighted space we discuss some convergence properties of
new constructed operators S*‘T‘,L’\T

Let U(y) = 1+ 7%(y) be a weight function and By|0,00) be the weighted spaces
defined as:

By[0,00) = {g: [0,00) = R||g(y)] < M, ¥(y),y > 0},
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where M, is a constant. By[0, 00) is a normed linear space equipped with the norm

l9(v)]
| glle= sup =%
y€[0,00) \Ij(y)

Also, the subspaces Cy[0, 00), Ug[0, 00) and Uy [0, 00) of By [0, 00) are defined as

Cy[0,00) = {g € By[0,00) : g is continuous on [0,00)},
. B o 90
Cy[0,00) =< g € Cy[0,00) : lim == = M, = Constant ¢ ,

9(y)
Y(y)
It is Obvious that C} [0, 00) C Uyg0,00) C Cy0,00) C By[0, 00).

Uyg0,00) = {g € Cy[0, 00) : is uniformly continuous on [0, c0)}.

In [7], the weighted Korovkin type theorems are proved by Gadjiev.

Lemma 2.1. [7] Form > 1, Q,, : By[0,00) — By[0,00) if and only if the inequality
19 (T3 y)| < M U(y), y >0,
holds, where M., > 0 is a constant.
Theorem 2.1. [7] Form > 1, Q,, : By|0,00) — By[0,00) and satisfying
lim || Qnr' — 7' |l¢=0, i=0,1,2.
m—o0

Then for any function g € C}]0,00) we have

lim [| Qp(g) — g [lv=0.
m—r0o0
Therefore, we can prove the following results.
Theorem 2.2. For each function g € C3[0,00) with 0 < u < X\. We have
lim || $75.%(9) = g = 0.
m—0o0

Proof. 1t is clear from Lemma 1.1 that

I8 (Liy) = 1]lv=0.
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m 7(y) [t = A
S (ry) =7 lo= [ —— —1) su + < )
IS mn) =7 = (5= 1) s T S s

Again by Lemma 1.1 (iii), we have

2 2
S*"mﬁ % y) — 12 = (77” — 1) sup TN W)
H , ( ) ||‘If (m_'_)\)z ye[0.00) 1 +7—2(y)
2pm + 2m 7(y) I
(m+ N? oo L+ 72(y)  (m+ A2

= X2 —2mA + 2mp +m
(m + A)?

+

(2.1) <

Then from Lemma 1.1 and (2.1) we get lim || S** (7)) — 7% [|g=0, i =0,1,2. O
m—00 ’

3. RATE OF CONVERGENCE

In this section, by using weighted modulus of continuity w.(f;d) we determine the

A

" which was recently considered by Holhos [9] as follows:

rate of convergence for S*/»

19(€) — 9(y)|
3.1 wr(g;0) = sup == 2 A >0,
= (5:9) yelo,00)lr©)—ri<r V() + ¥ (y)

where g € Cyl0, 00), having following properties:
(i) wr(g;0) =0,
(i) wr(g;A) >0, A >0 for g € Cy[0,0),

(ii) limyow;(g; A) = 0, for each g € Uyg[0, 00).
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Theorem 3.1. [9] Let Q,, : Cy[0,00) — By[0,00) be a sequence of positive linear

operators with

(3.2) | Q™) = 7% w0 = am,
(3.3) 1Qn(T) =7 llys = bm,
(3.4) | Qn(t®) =72 v = cm,
(3.5) Q) =72 s = dm,

where the sequences a,,, by, ¢, and d,, converge to zero as m — oo. Then
(3.6) 1 Qm(9) =9 ll,3< (T+4am + 2¢m)w-(g; Am)+ || 9 llw am,

for all g € Cy|0,00), where

A = 24/ (g + 26y + ) (1 4 @) + Gy + 3by + 3¢ + .

Theorem 3.2. Let for each g € Cy[0,00) with 0 < u < \. Then we have

21 — 2% — Am\ + dmp + 2m
* LUy A H 1% )
IS0 ~a s < (7+ T )tz

where

5 - 2\/2M—2A w2 — A2 =2mA+2mu +2m

m+ A + (m+ )2
3u—3A+3u2—3A2—6mA+6mu+3m
m—+ A (m+ )2
3m? + 6um? + m + 6um + 3pPm + p> — A3 — 3m?\ — 3mA?
(m+A)3 '

Proof. If we calculate the sequences (a,,), (bn), (¢n) and (d,,), then by using Lemma

1.1, clearly we have

187 (7°) = 7° lloo= 0 = am,

A
| S* i (T) =7 ||

and
2N —2mA +2mpu+m
= Cp.-
(m+ )2

| 82 (r%) = 72 o< B



STANCU VARIANT OF GENERALIZED SZASZ-MIRAKJAN OPERATORS 147

Finally,

1S53 =7 1l
3m? 4+ 6pum? + m + 6pum + 3’ m + p — X3 — 3m2\ — 3m\?
- (m+ )3

= dp.

Thus the conditions (3.1)-(3.5) are satisfied. Now by Theorem 3.1, the proof is
competed. O

Remark 1. For lim w,(g; A\) = 0 in Theorem 3.2, we get

A—0

lim | S52(9) = 9|3 =0, for g € Ug[0, 00),

m— o0

4. VORONOVSKAYA TYPE THEOREM

. . . * 1
In this section, we establish Voronovskaya-type result for S*/." .

Theorem 4.1. Let g € Cy[0,00), y € [0,00) with 0 < u < \. and suppose that
(gor™1) and (gor™")" exist at 7(y). If (gor—")" is bounded on [0,00), then we have

lim m | S%2(959) = 9)| = 7(0) (9077) 11+ 7(y) (g077)" 7 (1)

m—0o0

Proof. Let g € Cy[0,00) and 7(y) € [0,00). By Taylor expansion of (gor™!) we may

write

(4406) = (907 ") (r(©)) = (gor ") (r(1) + (907" (7(y)) (7(€) = ()

o D O =)y ) ey iy,

where

(42) /\y(é,) _ (907'*1)// (T(f)) ; (g07_71>// (T(y)) |

Therefore, %im A\, (€) = 0. Applying S*** to (4.1), we obtain
—y ’

S gy~ 9)| = (gor) (F)S N (7€) = 7(w)iw)

(gor™)" (7(y)S"5% ((1() — ()% w)
2

+ S (VO (7€) — (1) 39)-

(4.3)
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From Lemma 1.1 and Corollary 1.1, we obtain

(4.4) lim mSh ((1(&) = 7(v));y) < s
and
(4.5) lim mS ((r(€) — ()% ) < 2r(y)

Since from (4.2), for every € > 0, %im Ay(§) = 0. Let 6 > 0 such that |A\,(£)] < € for
—y

every £ > 0. From Cauchy-Schwartz inequality, we get immediately

lim mS* 2 (IO (7(€) = ()" 1y) < e lim mS7 ((7(€) = (1) y)

m—r 00 m—o0

=R i SEA (7€) = 7(y)5v) -

02 m—rc0
Since
(4.6) Tim mS* 7 ((r(€) = 7(y)"y) =0,
we obtain
(4.7) Tim mS* ([0 (9] (7(€) = 7(1))*5) = 0.

Thus, by taking into account the equations (4.4),(4.5) and (4.7) to equation (4.3) the
proof is completed. ]

5. LOCAL APPROXIMATION

Let Cp[0,00), be the space of real-valued continuous and bounded functions g with
the norm || - || is given by
lgll= sup [g(y)].
0<y<oo

We begin by considering the K-functional as:

Kalg,8) = it {llg—s 1 +511g" I}

where § > 0 and W2 = {s € Cp[0,00) : 5,5 € Cp[0,00)}.

Then, in view of known result [6], there exists an absolute constant C > 0 such that

(5'1) K(ga(s) SCUJQ(Q, \/S),
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where

wo(g,V8) = sup sup | g(y+2h) —29(y+h)+g(y) |
0<h< /5 uel0,00)

is second order modulus of smoothness of g € Cp[0, 00).

Also,

w(g,0) = sup sup |gy+h)—gy) |
0<h<6 y€[0,00)

is the usual modulus of continuity of g € Cg|0, o0)
Theorem 5.1. There exists an absolute constant C > 0 such that

705 959) = 9| < CK (9, 5m(v).

where g € Cgl0,00), 0 < < X and

o= (- 2 ) o (G 25) o)

Proof. By using Taylor’s formula and for s € W? also y, £ € [0,00). We have

(€)
(5:2) (&) = s(y) + (sor") (7(1))(7(&) — 7(v)) +/( | (7(&) = v) (sor )" (v)dv.
By using the equality
807_1 " . _ S”(y) _ 4 T”(y)
(5.3) (sor™)" () = S5 = W

Now, in the last term of equality (5.2) put v = 7(y) , we obtain

7(€) 13 s (y) T — ()" (v
[ @ =0 o) e = [ () - rio | U= g

(v)

(
7(&) s 7_—1 v
54 - [Ceo-oE

7(8) s’ 7_—1 o7 7_—1 v
= [Pt -t o,
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By applying 5*51)\7 to (5.2) and also by using Lemma 1.1 and (5.4) and we deduce

S0 = s+ S /TT(@(T(s)—v)S"(fii(("’”dv;u)

) (7'(7 1 (v))?
v ([0S ) 0)
sir( [, 0 - g i)

By using the conditions (1) and (72) given above we get
[S°0% (s:) = s@)|< M7 ) (151 + 15l

where
ma(y) = S EA((T(§) — ()% v)-

For g € Cg[0, 00), we have

o J
S (sy)] < llgor e S TWY
[
(5.5) < oIS AL w) = gl

Hence we have
S 2 (g5 9) — g(y)| < |8 (g — s,y)H}S*mT s1y) — s(y)|+]s(y) — g(v)]

+ 1) (y)

2m
m+)\ T mt A

2Mm+m 2'“’ /‘Lz " / "

if we choose C= max{2, ||7”||},then

< 2llg—sl+

m? 2m

[§*(g:9) —9y)| < C(2Hg—SH+{((m+A)2_m+A+1>TQ(y)

(5 - o i o)

Taking the infimum on right hand side over all s € W2, we obtain

|S* 2 (g59) — g(y)|< CK (g, 0m(y)) -
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Let 0 < a <1, 7 be a function with conditions (71), (72) and Lipy(7(y); ), M >0
satisfying
9(8) —9()[< M|7(&) —7(w)|".y.€ 2 0.
Moreover, £ C [0,00) be a bounded subset and the function g € Lipy(7(y); ),
O<a<lonf€if

19(6) — 9(y)|< Mayg|m(€) —7(y)|" u e € and € > 0,

where M, 4 is a constant depending on « and g.

Theorem 5.2. Let 0 < o < 1 and for every g € Lippm(p(y); ), with 0 < p < A.

Then for every y € (0,00), m € N, we have

w[R

(5.6)

S i(:y) — 9(v)| < M (0 (y))? |

where

5m(y):{<( - i +1)p2(y)+<2um+m - )P(y)ﬂﬂig}

m+A)2  m+ A (m+X2  m+ A m+ \)?

Proof. Assume that o = 1. Then, for g € Lipp(c; 1) and y € (0, 00), we have

S* 2 (g:9) — g()l < S (19(€) — 9(): w)

< MS LA (1p(€) — 9W)ls ).

By Cauchy Schwartz inequality, we obtain

S

S 2 (g3y) — gw)| < M[SE2((p(€) = p(y)%5y)]

< My O (y).

Let us assume that « € (0,1). Then, for g € Lipp(a; 1) and y € (0,00), we have

S 2 (g3y) — gw)| < S0 (19(&) — 9(w)|w)

< MSHL(1p(€) — 9% v).-

For g € Lippm(p(y); @) and by Holder’s inequality with p = é and ¢ = ﬁ, we have

S 2 (g:y) — g)l < M[S2(1(p(€) — p(y)|:w)] "
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Finally from Cauchy-Schwartz inequality, we get
|8 (93 9) = 9(9)|< M (G (1)) -

g

Theorem 5.3. Let £ be a bounded subset of [0,00) and T be a function satisfying the
conditions (1), (12). Then for any g € Lipm(7(y);a), 0 < a <1 on €& a € (0,1],

we have

|S* 2 (g:y) — g(y)|< Mag{( n(¥)? + 2[7’(y)]o‘da(y,5)},y € [0,00),m €N,

where d(y, &) = inf{|ly — x| : x € E} and M, is a constant depending on o and g.

where

o) = { (s — e 1) P (P = 2 rpe

Proof. Let € be a bounded subset of [0,00) and € be its closure. Then, there exists

a point o € & such that d(y, &) = |y — yol.
Using the monotonicity of S*} * and the hypothesis of g, we obtain

S* 2 (g5y) — 9(v))|

IN

S (19(6) = 9(u0)l 9) + ST (19(w) — 90l v)
< Moy {842 (7€) = 7(w0)|%59) + () — 7(w0)|” }

Mg { ST 17(6) = 7(9)17 ) + 217 () — Tl }

IN

Let p = % and ¢ = ﬁ and by using the fact |7(y) — 7(yo)| = 7' (v)|7(y) — 7(yo)| in

the last inequality along with Holder’s inequality we immediately have

SHMa0) = 9] Moy [S2(5(6) = )]+ 2 )lrto) =
Hence, by Corollaryl.1 we get the proof. O

Now, we recall local approximation in terms of « order generalized Lipschitz-type

maximal function given by Lenze [11] for g € Cg[0, c0) as

(5.7) wl(g;y) =  sup M, y € [0,00) and « € (0, 1].

e4yec000) 1§ — Y[

Then we get the next result
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Theorem 5.4. Let g € Cp[0,00) and a € (0,1] with 0 < p < X. Then, for all

y € [0,00), we have

N1}

}S*i";ﬁ_(g7 y) — g(y)}ﬁ @;(g, y) (5m(y))

where

= (1) o (5 25) )

MmN ma (m+X)2  m+\ m+ \)2
Proof. We know that

S (giy) — g(y)| < S™A(lg(t) — 9(y)];y).

From equation (5.7), we have

S 2 (giy) — g(y)] < @lgy)S™EA (7€) — T(w)|%; ).

From Holder’s inequality with p = % and g = ﬁ, we have

S 2 (giy) — 9(y)| < D@ y) [SEA((T() — 7(v) % w)] 2
< Dgiy) Guly)?
which proves the desired result O
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