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A STABLE METHOD FOR SOLVING NONLINEAR VOLTERRA
INTEGRAL EQUATIONS WITH TWO CONSTANT DELAYS

R. KATANI® AND S. SHAHMORAD®

ABSTRACT. The main purpose of this paper is to propose a block by block method
for a class of the Volterra integral equations (VIEs) with double constant delays.
The convergence analysis is established and the fifth order of convergence is ob-
tained. Then the stability analysis of the presented method is carried out with

respect to the basic test equation

t—Tl

yt) =1+ /\/ y(s)ds, t>0.

t—Tg
The analytical behavior of the solution of test equation is investigated and the

properties of the numerical solution are derived. Numerical examples are presented

to illustrate the capability and efficiency of the proposed method.

1. INTRODUCTION

Consider the Volterra integral equation

(1.1) y(t) =g(t) + /t - k(t, s, y(s))ds, tel0,T)=:1,

—T9
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with the constant delays 71, 72 (12 > 7 > 0) and y(t) = ¢(t), t € [—72,0], where ¢(t)
is a given function such that

(1.2) ¢mw:mm+/fnuaaw$Ms

7
By virtue of the above, we have y(0) = ¢(0) for every solution of Eq.(1.1).

We assume that the given functions ¢ : [-75,0] 2 R, g: I/ 2 Rand k: S xR — R
(with S := {(t,s) : t € I,t — 7o < s < t—7}) are at least continuous on their
respective domains and k(t, s, y) satisfies the Lipschitz condition with respect to y

and with the Lipschitz constant L:

k(t, 5,9) — (L, ,2)| < Ly — 2], vy, € R.

By these assumptions, we can obtain the existence and uniqueness results for Eq.(1.1)
by considering the theory of VIEs [23, 31, 32].

Many physical phenomena are modeled by using delay integral equations. These
integral equations are used for modeling of systems with history, such as electric
circuits, dynamical and mechanical systems. These equations also play a major role
in population dynamics, e.g., as models for growth of a population structured by age
with a finite life span [11, 25, 26] and models for the spread of certain infectious
diseases [21, 22, 38].

In recent years, various aspects of numerical methods have been studied for delay
integral equations. For example, in [10, 12, 13, 14, 15, 16, 30, 40] the collocation
methods are used to solve VIEs with delay. In [1, 2, 3] the spectral collocation
methods are proposed to solve Volterra type integral and related differential equations
with proportional delay. Bai [7] used collocation methods to solve the VIEs with
vanishing delay. In [28] a Nystrom method proposed for nonlinear Urysohn type
VIEs with proportional delay and Gu et al. [24] introduced a Chebyshev spectral

collocation method for weakly singular VIEs with proportional delay. Mosleh and
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Otadi [35] utilized last squares technique to solve delay VIEs and in [36] a single-term
Walsh series approach used for solving these equations. Other methods employed in
the litrature to solve such equations and similar ones, include Haar wavelet method
[5, 6], Chebyshev Galerkin method [27], TDQ (Trapezoidal Direct Quadrature) and
DQ (Direct Quadrature) methods [32, 33|, Gaussian direct quadrature methods [20],
sinc method [37] and so on.

In this paper, we are interested to proposing a block by block method for solving
delay Volterra integral equations. The concept of block by block methods for integral
equations seems to be described for the first time by Young [41]. A similar technique
for differential equations was given by Milne [34]. In each step, this method compute
several values of the unknown function at the same time, therefore it’s called block
by block method. Most of the available methods for the solution of VIEs are based
on the expansions of solutions, e.g., the Taylor and Chebyshev expansion methods,
the Tau method, the Adomian and homotopy methods and etc. These methods are
efficient only for intervals of small length (say, [0, 1] or [—1,1]) and are useless for
large intervals. The method used in the present paper is one of the most suitable
methods for large intervals [29]. In addition, the computation time for this method
is shorter than some well-known methods.

Concerning the stability of the method, we consider the test equation

t—71

(1.3) y(t) =1+ A/ y(s)ds,  t>0,

t—1o
where A € R and we refer to [9], [17](chapter 7) and [31] (chapter 7) for a discussion
on the use of this test equations in the study of stability for VIEs. We study stability
of the presented method by using this test equation. For this order, we will show that
the presented method preserve the bound, limiting value and oscillating character of

the exact solution of (1.3). See [4, 8, 19, 32, 33, 39] for similar approaches.
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The rest of the paper is organized as follows. In Section 2, we introduce the
block by block method and in Section 3, we prove its convergence. In Section 4,
we study properties of the test equation. Then we carry out analogous studies on
the presented method and characterize the values of the step size h which lead to a
numerical solution that catch the properties of the exact one. Finally, we give some

numerical illustrations in Section 5 and we end the paper with some conclusions.

2. DESCRIPTION OF THE METHOD

Let t, == nh, n =0,....,N — 1, ty = T, define a uniform partition for I = [0, 7]
and set Xy := {to,t1,....tn}, I := [tn, tus1], n > 0. The mesh Xy is assumed to be
constrained, such that h = % = Z—z, for some 71,7y € N.

For given real numbers {c;} with 0 = ¢y < ¢; < ... < ¢4 = 1, define the set Iy :=
{t.;} of collocation points by ¢, ; :==t, +¢;h, j =0,1,...,4, n =0,..., N — 1, where
t, € Xy and ¢; = i. Set t =t,; in (1.1) then

tnj—T1

(2.1) y(tn,) = g(tw-)jt/ k(tn;,s,y(s))ds, n=0,1,..,N—1,j=0,1,...,4.

tn,j—T2
If t = t,; is such that ¢, ; — To(= t,—r, ;) <0, then we have

0

(22)  ylty) = gltny) + / F(ta g, 5, 6(s))ds + / T b5, y(s))ds,

tn,j—T2

for j=0,1,....,4and n =0, ..., N — 1; we define

(2.3) O(t) := /0 k(t, s, o(s))ds.
t—T2
This last expression represents a further potential source of error, since in applica-
tions, one will not be often able to evaluate the integral ®(¢) exactly; instead, one
will have to resort suitable numerical integration formula to approximate it.
In order to put (2.1) into an amenable form to numerical computation, define

(2.4) Flty,) = /t " ket 5 y(s))ds.

1,5 T2
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Then for ¢, ; with 0 < n < ry, we have

tn—rl

(2.5) F(tn;) = ®(tn;) + / 1 k(tnj,s,y(s))ds+ ... +/ k(tn;,s,y(s))ds,

to tnfr'l -1

if ¢, ; is such that r, <n < N — 1, then

tnt+1—T2 tn—T1
F(t,;) = / k(tn,j,s,y(s))ds—l—/ k(tnj,s,y(s))ds

tn,j—T2 tn+1—T2

1 tn—r +2
- / K(bnss s + Vs (b s + V1)) + / " (s, 5, y(s))ds

5 tn77‘2+1

—
(2.6) + +/ k(tnj,s,y(s))ds,

tnf'rlfl

where for the first integral, we used the change of variable s = t,,_,, + vh.

Thus, the equation (2.1) may be written in the form

tn,j —T1

Y(tns) = gam»—kFam»+—/’ Kty 5,y(s))ds

tn—T1

(27) = g(t%]) + F(tn,j) + h/ k’(tn,j, tn—rl + Vh'ay(tn—rl + I/h))dl/, ] = O, 1, ,4
0

2.1. Romberg quadrature rule. By using the trapezoidal rule for fﬁa k(tn;,s,y(s))ds

with «, f € [Iy we define

T agﬁwmmawm»+umm@ywm,

o1 1o a—p a+8 a+

T == §T + 2 k(tn,ju 2 7y( 2 ))7

oo _ Lo a—p a+38 a+38 Ba+p 3a+p

T = 2T + — 4 k(tn7]> 4 >y( 4 ))_l_k(tn,]’ 4 ’y( 4 )) )
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then by using Romberg quadrature rule with two steps we obtain

o 64702 — 20701 4 T
/ k(tn.;,s,y(s))ds ~ +
s 15

= O I (bt w(@)) + Kt 8,9(9)))
P10k, 2 (2
(2.8) + 32 (k;(tn,j, ?’azﬁ,y(%‘:ﬁ)) +h(tn, 2 zgﬁ,y(az?’ﬁ)))} .

2.2. The block by block method. Assume that y, ., be an approximation for the
exact solution y(t) in the point t,;, a.e. Yoo, ~ y(t, + c;h) for j = 0,1,...,4 and
n=0,1,..., N — 1, then by using (2.8), we can approximate F (¢, ;) from (2.5)

4 4
F(tmj) ~ é(tnd) + h Z wik(tn,j> tO,ia yO,ci) + ...+ h Z wik(tn,j> tn—rl—l,ia yn—rl—l,ci)
i=0 1=0
(2.9) = DQ(t, ) + Altn,),

for 0 < n < ry where wy = wy = 7/90, we = 2/15 and w; = ws = 16/45. Similarly

from (2.6) we have

Fltag) ~ h(1 = ;) [ w0k(tn, taras Unras;)

h
twik(tng, tnr, + 5 (1+3¢5)y, | avc;)

4

h
+ wgk(tn,j, tn—rz + 1(3 + Cj), yn_w 3+c; )
T4

+w2k(tn,j’ tn—Tz + h(l + Cj)/2> yn—rz H_CJ) + w4k(tn,ja tn—rz-i—la yn—m,l)]
"3

4

(210) + hz Ww; [k(tn,ju tn—rg—i—l,i’ yn—rz—l-l,ci) + ...+ k(tn,ja tn—rl—l,iu yn—rl—l,ci)] )
i=0

for r < n < N — 1. The points t,_,, + W and t,_., + W for j =1,2,3

and points t,,_,, + w for 7 = 1,3 do not belong to the collocation points (mesh

IIy). In order to overcome this problem, we adopt an interpolation technique. By
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Lagrange interpolation, we can write

4
y(t, + vh) = P(t, +vh) = Z Li(V)Yn.e;s tn +vh € I,

=0

4
where [;(v) := H Z 2 Then for j = 2 we have from (2.10)

F(tn;) = h(1 —¢;) | wok(tnj, tnryjs Yn—rac;)

4
Wik (b, tnery + (14 3¢;) /4, " L((1+3¢) /4 Yn—rsc,)
=0

4

+ w3k(tn,j> by + h(3 + Cj)/4> Z ll((g + Cj)/4)yn—7’270¢)
=0

+w2k( n,js tn— T’2+h(1+c_7)/2 Y,._ 1+26j) +w4k( s bnera+1s Yn— 7“2,)

—l—h, E wz n,js n T’2+1Z?yn 7’2+1cz)+"'

(211) + hzwz n,79 n ry— lzayn ry— 101) = B(tn,j)> T S n < N - 1a

and for j = 1 and j = 3 we use interpolation technique for y e too. Similarly,
nTr2 T

for approximate the end integral in (2.7), we can write from (2.8)

Cj
/ k(tnjstn-r +vh,y(tnr, +vh))dv = cjh | wok(tn j, tnry, Yn—r1.0)
0

+ wlk(tw, tn_rl + Cj/4h, yn—r1,0j/4) + U)3]{J(tn7j, tn_rl + 3Cj/4h, yn_rhgcj/él)
—|—U)2]{Z( n,js n r1 + Cj/2h Yn—ry c3/2) —|—U)4]{Z( n,j9 n 1,59 Yn— 7"1,0]>j| ’

j=0,1,...4, n=01,. N—1,

where t,_,, + ¢;/4h and t,_,, + 3¢;/4h do not belong to the collocation points for
Jj =1,2,3, also, t,—,, +¢;j/2h ¢ Ily for j = 1,3. Then we use again the Lagrange



614 R. KATANI AND S. SHAHMORAD

interpolation and for 7 = 1 and j = 3 we obtain

¢
/ k(tnj,tn—r +vh,y(tn—r, +vh))dv = c;h [wok(tn,j, tr—rys Yn—r1.0)
0

4
C .
+ wlk(tndv tn—Tl + Cj/4h'7 Z li(zj)yn—rl,cz)
=0

4
+ wgk‘(tm]’, tn—rl + 30j/4h, Z ll( 4

1=0

)yn—mc@-)

4
C.
+ w2k(tn,j> tn—rl + Cj/2h> Z li(é)yn—rl,ci)
=0

(2'12> + w4k(tn7jvtn—7‘1,j7 yn—n,cj')} = C(tmj)v

for each n =0, ..., N — 1. Similar to (2.11), for j = 2 does not need use of Lagrange
interpolation for Yn—ra, 3"

Finally, for ro < n < N — 1, by substituting the approximations (2.10) and (2.12) in
(2.7) we will have a system of equations. But for 0 < n < ry, if ®(¢) is not computable

exactly, we need to approximate ®(t, ;), too. Then we can write

O(t, ) = /t k(tn,j, s, 0(s))ds

n,j T2
tnt+1—T2 0
_ / k(b s, 6(s))ds + / k(b 5, 6(s))ds.
tn,j—T2 thy1—T2

for the first integral we use the change of variable s = t,,_,, + vh and obtain

1
(I)(tn,j) - h’/ k(tn,ja tn—rz + Vh'> ¢(tn—7’2 + I/h))dl/

J

(2.13) + / T et s, 6(s))ds + .+ / Kty s, 0(s))ds.

tn77‘2+1 t1
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Using (2.8) leads to

D(tn;) ~ M1 — ;) [wok(tn,j, tnryj> P(tn—rsj))
+ wik(tnj, thory, + M1+ 3¢;) /4, ¢(tn—r, + h(1 + 3c;)/4))
+ wsk(tnj, thory, + M3+ ¢j) /4, ¢(tn_r, + h(3 +¢;)/4))

+ wok(tn j, tnry + M1 4+¢;)/2, (tn—r, + L(1 4+ ¢;)/2))
4

+ w4k(tn,j7 tn—rz—l—lv ¢(tn—r2+1))] + h, Z wik(tn,ja tn—r2+1,i7 ¢(tn—r2+1,i>>
=0

4
(2.14) tot h Y wik(tn gyt S(t-ri)) = B(ta),
=0

where wy = wy = 7/90, wy = 6/45, w; = ws = 16/45 and t_1; = (¢; — 1)h.

Therefore by substituting these approximations in relation (2.7), we will have
9(tng) + S(tng) + Altng) + Cltny), 0<n <y,

ymcj- =

g(tn,j) + B(tn,j) + C(tn,j), rg <n<N-—1.

For j = 1,...,4 we will obtain a system of algebraic equations in each step (n =
0,1,.., N—1). By solving this system we obtain a block of unknowns U := (uy 1, ..., Un4).
Of course, it is easy to generalize this method by increasing j and obtain a method

with higher order of convergence that give more unknowns in each step.

3. CONVERGENCE OF THE NUMERICAL METHOD

Theorem 3.1. Assume that the integral

d(t) := /: k(t, s, o(s))ds, t € [—7,0],

1s given exactly. Then for all sufficiently small h

(31) h:E:E’ 1,72 €N7

1 T2
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the numerical solution given in previous section is convergent to y(t). In addition,
let us assume that k € C%(S x R), g € C®[0,T] and ¢ € C%|—7,0]. Then, for all

sufficiently small h satisfying in condition (5.1), the numerical solution y,. ., satisfies

|y(tn,j) - yn,cj>| S Ch5,

max
0<n<N,0<j<4

for some constant C' which does not depend on h. This estimate holds for all collo-

cation parameters {c;} with 0 =co < ¢; < ... < cqg = 1.

Remark 1. Provided that k,g and ¢ in Eq.(1.1) are sufficiently smooth, condition
(1.2) assures the continuity of y(t) fort > 0 and by successively differentiating (1.1) it
is easy to verify that yO(t), | = 1,2, ... present some points, 01, 0s,..., 07, of primary
discontinuities (01 = 0 fory', 01 =0, 0y = 11, 05 = 15 fory”,...) and it is continuous

fort> (I —1)m.

Remark 2. We have t,,; € [t,,tns1] for 7 = 0,1,...,4 and assume that h satisfies
the condition (3.1), which implies that t,o,...,tn4 € [0:,0.41] or t,o > 0z for the
discontinuity points 01, ...,05. Then from the smoothness hypotheses on ¢, g and k, the
exact solution y(t) of (1.1) is at least 5 times continuously differentiable on [0, 0,1],
z=1,..,Z—1, and on [0, T]. From the expression fory™(t),v=0,1,...,5, obtained
by successively differentiating (1.1) with respect to t, it is obvious that both the left
and right limits of y® (t) as t — 0, exist and are finite.

Proof of Theorem 3.1. Let e(t, ;) = y(tn ;) — Yn; and assume that j =1 or j = 3

(for other values of j do similarly). If ¢, < 7, then t,_,, ; = t, + ¢;h — 72 < 0. From
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(1.1) we have

tn,j—T1

i) =9t + [ Kt s(s))ds

tn,j—T2

t1
= g(tn,;) + (tn,) +/ k(tn;,s,y(s))ds + ...
0

+ / k(tnj,s,y(s))ds+ h/ k(tn;, tn—r, +vh,y(t,—r, + vh))dv,

tnfr'lfl 0
and by substituting the approximations (2.9) and (2.12) in (2.7) we obtain y(t, ;).
Since y(t) = ¢(t) on [—72,0] and P(t) is given exactly, then

t1 tn—rl
enj = €(tn;) = /0 k(tnj,s,y(s))ds+ ... +/ k(tn.j,s,y(s))ds

tnf'rlfl
4

Cj
+h / F(tn s ta—rs + VA, Y(taer, + vh))ds — Y " wik(to .t Yo.) —
0

=0

- h Z wik(tn,ja tn—rl—l,ia yn—rl—l,ci) - hcj [wok(tn,j> tn—rla yn—rl,O)
=0

& &
+w1k(tn,j> tn—rl + Z]ha P(tn—rl + Z]h’)) + .+ w4k(tn,ja tn—rl,ja yn—rl,cj-)] .

By adding and diminishing terms

4 4

hzwik(tn,jatO,iay(tO,i))a cey hzwik(tn,j,tn—rl—l,z'>?/(tn—r1—1,i))
i=0 1=0
’ th wok(tnijtn—hvy(tn—n» wlk( n,Js tn— 1 ]h Zl tn— Tl,i))v

ey w4k(tn7‘]7 tn—ﬁ,jv y(tn_Th.y))} ?
and by setting

C
Wok (tngs tnrys Y (tnry)) + w1kt tor Jh Zz VY (tnpy i) + oo

4

+ w4k(tn,ja tn—rl,ja y(tn—rl,j)) = Z wik(tn,j> tn—rl + Cicjh> P(tn—rl + Cicjh))>
=0
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we will have

4
len, ;| < |/ (tn,js5,y(s)) ds—thik(tn,j,toyi,y(to,m + ...

i=0

n—r1
+|/ ngas y( dS—thl njatn ry— 1uy(n ry— 1z)|

tn—ry—1 =0

+ h|/ k(tn,j,tnr, +vh,y(tn—r, +vh))dv
0

¢
:I:/ k(tn,j,tnr, +vh, P(tn_r, +vh))dv
0

—hc]ZwZ njstner + Cicjhy P(tn—r, + cicjh)]

4
+ |hzwik(tn,jat0,iu Yo,i) — hzwik(fn,j, to,isy(to,i)| + .-
) i=0
4
+ |hzwz n,js n r1—1 cluyn r1—1 cl) - hzwik(tn,jatn—rl—l,iuy(tn—r1—l,i)|
=0

+ hcj [w0|k(tn,ja tn—ry, y(tn - Tl)) - k(tn,ja tn—r1,0 yn7T1,0)|

Cj Cj Cj
+ w1|k(tn7jvtnfm + Zjha y(tnfh + Zjh)) - k(tn,jvtnfm + Zjhv P(tn_n)%h)H-
-t w4|k(t"1ja tn*h,ja y(tnfhvj)) - k(tn,j, tn*h,ja ynfﬁycj)” .
By using the Lipschitz condition for & with the Lipschitz constant L, we obtain

|e"1j| < |R0| + ...+ |Rn77“171| +h

/ E(tn,j, tn—r, +vh,y(tn—r, +vh))dv
0

¢
—/ k(tn,j,tn—r, +vh, P(tn—r, +vh))dv
0

+h

¢
/ k(tn,j,tn—r, + vh, P(tn—r, +vh))dv
0

_Cjzwl njstnor + CiCjh, P(tn_r, + cicjh))

4
+ hLZwi|€0,i| + ...+ hLZwi|en,h,17i|

i=0 i=0
4
+ hLc; |wolen— T10|+wlz|l 1 ||€n riil
i=0

3c
+w3Z|l ] )en—ryi |+w2Z|l ||en ryil + walen— 7‘1]|‘|
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where |R;|, i =0, ...,n — 1 — 1 are the errors of numerical integrations, also,

4

cj
/ k(tn j,tn—r +vh, P(ty—p, +vh))dv — c; Z wik(tn,j, tn—r, + cicjh, P(tn—r, + cicjh))|,
0 i=0

is error of the numerical integration that we show by |R,_,,|. Again, by adding
and diminishing the term [7 k(ty,j, tn—r, + VA, S o Li(¥)y(tn_r.i))dv and using the

Lipschitz condition we have

|€n7j| S |R0| + ...+ |Rn—7’1—1| + h|Rn—7’1|

Cj 4
+ hL/ y(tn—m + Vh) - Z li(y)y(tn—m,i) dV
0 i=0
c; 4 n—ri—1 4
L[S0 0ltarsa) = )|+ B D e
0 li=0 m=0 =0

4
C.
+hLc; [w0|en_r1,o| +w; max{l;(-)} ; l€n—ry.i]

4 4
3c. .
+ ws mzax{l,(%)} ; len—r | +w2 mﬁx{lz(%)} ; |€n—rii] + w4|6n—7’1,j|] )

by define ¢} := Lejwy max{l;($)}, ¢, := Lejws max{li(%)} and ¢ := Lejw, max{l;(3)}

we obtain

Cj Cj 4
leni| < |Ro| + ...+ |Rn_py—1| + h|Rpr| +hL/ In_rldquhL/ > L(v)enr, i dv
0 0 li=o0
n—ri—1 4 4
+ hLw' Z Z |€m,i| + hLcjwolen—ry 0 + hey Z |€n—ry,il
m=0 =0 =0

4 4
+ hej Z |€n—ry,il +hcy Z |en—r,i| + hLcjwalen—y, 1,

=0 =0
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where [,,_,, is the interpolation error at ¢,_,, + vh and ¢ is constant, then

4
|€"J| < ‘R0| +.t ‘RH—T1—1| + h‘Rn—T1| + thj]n—Tl + hcz ‘en—h,i|
=0

n—ri—1 4
+ hLw' Z Z |€m.il-
m=0 =0
We can obtain the same inequalities for j = 2 and 7 = 4. Without diminishing

universality, we assume that |¢, 1| = max len,j|, therefore
]: 15

‘gn,1| < |R0| + ot ‘Rn—n—l‘ + h‘Rn—r1|

n—ri—1

+ hLe; Loy, + Ahe [y 1| + 4hLw' D €]
m=0
n—ri
< |Ro| + . + | Rucpit| + Bl Ry, | + hLe; Ly, + b > [Enal,
m=0

where R;, i = 0,...,n — 7 are the error of the numerical integrations and I,,_,, is the
interpolation error. So from the smoothness hypotheses on ¢, g and k and Remark

2, there exists C; > 0 and Cy > 0 such that |R;| < C1h° and |I,_,,| < Coh® [18],

therefore
n—1
Eal < (0 =71+ RYCL® + oLz + he” Y [l
m=0
n—1 ~ n—1
< T + CoLieght + he” 3 B < CH® 4+ he’ 3 [,
m=0 m—0

by using the discrete Gronwall inequality ([17]. p.41) we get the error bound
Cp1| < ChPe'T.

For t,, > t,.,(= 72), a similar process implies
Ep1| < ChPe'T,

thus [€,1] — 0 as h — 0 and [é,,1]| = O(R®). O
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Now we turn to the case where we approximate integral in (2.3) by the quadrature

rule given by (2.14).

Theorem 3.2. Let assumptions of Theorem 3.1 hold, except fort =+t,; (j =0,...,4

and 0 < n < ry— 1) the integral

B(t) = /t_ k(t, 5, 6(s))ds,

is approximated by the quadrature formula given by (2.14). Define the quadrature
error by Eo(t) := ®(t) — B(t) such that

|E()(t)| S Qo(t)hq, t = th’ 0 S n <ro,
for some q > 0. Then for the approximate solution u we have the error bound
oenax _ |y(tns) = ynjs)l < CH™,

for sufficiently small h and m = min{5,q}.

Proof. Assume that j = 1 or 7 = 3 (for other values of j do similarly) and
0 < n < ry. Subtracting (2.9) and (2.12) from (2.2), implies

e(tns) = (Bts) — B(ta)) + / T Kt 5. y(s))ds

4 4
— h Zwik(tn,ja tois Yo,ei) — -+ — hz Wik (g5 a1,y Yn—r1—1,c:)
i=0 =0
G Gj
hcj [wok(tn,ja tn—rw yn—m,O) + wlk(tn,ja tn—rl + Za P(tn—rl + Zh) +

—|—U)4]{Z(tn7j, tn_rl,j, yn—r1,0j>:| )

then similar to the proof of Theorem 3.1, we obtain

n—1
ena| < |®_é|+éh5+hc'2|5m,1|, 0<n<ry,

m=0
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for some constants C; and C,. Therefore using the discrete Gronwall inequality
implies
Enal <{|®— @+ Ch}e™,  0<n<r.

Hence |e,1| — 0, as h — 0, T' = Nh and [e, | = O(h™) if and only if m :=

min{5, q}.00

4. NUMERICAL STABILITY

4.1. Properties of the test equation. In this section we investigate the analytical

behavior of the solution of test equation

(4.1) y(t) :1+)\/t_ﬁy(s)ds, t [0, 7],

that it is the test equation introduced in [33].

Firstly, we prove the following lemma.

Lemma 4.1. Assume that A > 0, then if the solution y(t) of (4.1) is a monotone
increasing (decreasing) function in [t — T9,t] for some t > 0, then it is ultimately

increasing (decreasing) for all t > t.

Proof. Since y(s) is continuous for t — 7 < s <t — 71 and 7, < t < T we obtain

from (4.1)
Yy () = Ayt — 1) —y(t — m2)].

For t € [t,t + 7] we have t — o, t — 7 € [t — 7o, 1], so if y is increasing in [t — 7, ],
then y(t — 7) > y(t — 7») and hence y'(¢t) > 0. Continuing step-by-step through the
adjacent intervals [t + 71, ¢ 4 271],... we conclude that y/(t) > 0, V¢ € [t,T.

The same procedure can be applied if we assume that ¢y’ < 0 in [t — 75, ¢]. In this case
y'(t) <0 for all t € [t,T] and this yields the result stated in this lemma. O

We recall the following lemma and theorems from [33].
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Lemma 4.2. Let y(t) be the solution of (4.1). If A < 0 then y/(t) is neither ultimately

positive nor negative.

Theorem 4.1. Let ¢(t) > 0 for all t € [—7,0]. Then the solution y(t) of (4.1) is
positive for X\ > 0. Furthermore, if ¢(t) < 1 and

(4.2) IA|(e — 1) < 1,
then y(t) is positive and bounded for all t > 0 and any X.

Theorem 4.2. Assume that the hypotheses of Theorem 4.1 hold, then the solution
y(t) of (4.1) is convergent and

| . 1
(43) tlﬂzgoy(t) - y - 1 . )\(7_2 . 7_1)‘

Thus y(t) is positive and bounded for all t > 0 and for any A.

4.2. Properties of the numerical solution. In this section we investigate numer-
ical stability of the block by block method for solving (4.1).
By applying the block by block method to the test equation (4.1), we obtain
1 bnry 42
y(tn;) = 14+ /cj y(t, — 1o + vh))dv + A /tnr2+1 y(s)ds

tn77-1 Cy
+ ..+ )\/ y(s)ds + )\h/ y(t, — 7 + vh)dv

tnf'rlfl 0

Q

1+ )\h(l - cj)[woyn_m,cj

3 4
_l_ Z (0 Z lzz(l _l_ (4 - i)cj/4)yn—7“2,cii _l_ w4yn—7“2+l]
i=1

11=0

4 4
+ )\h Z wiyn—rg—i-l,ci + ...+ )\h Z wiyn—rl—l,ci

i=0 =0

3 4
+ >‘th [woyn—ﬁ + Z w; Z l” (icj/4)yn—T1,Cii + w4yn—¢1,cj]7

i=1 11=0

(4.4) j=0,..,4 1 <n<N-1,
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4
where [;(v) = [] Z=%. Similarly for r, > n > 0 we obtain
Z—O 17 1

4

Y(tng) ~ L+ AL =) > wid(tnr, + h(i + (4 = i)c;) /4)

=0

4 4 4
+ AR Wi(tnrga1d) + o F AR wid(tig) + AR Y wigoe, +
=0 =0 =0

4
(45) TN )\h' Z wiyn—rl—l,ci + )\hC] [woyn_rl
=0
3 4
+ Z (o Z lii(iCj/4)yn—r1,cii + w4yn—7“1,cj]7 j = 07 e 47
i=1 11=0
with h = 2= 2, 4y e, = O(tr) (boray = (¢ = 712)h), - - s Yoo, = Plo,) and

Yo = 1.

Hence, we look for conditions on the parameters of (4.4), (4.5) that lead to a numerical
solution ¥, which replicates the global properties obtained in the previous subsection
for the analytical solution y(t).

In the following theorems which are the discrete analogues of Lemmas 4.1 and 4.2,

we show the monotonicity and oscillatory behavior of y,, for n > 0.

Theorem 4.3. Assume that A > 0, then if there exists n € N such that yy ., is mono-
tone increasing (decreasing) forn = n —1ry, .0, j = 0,...,4; then y ., is increasing

(decreasing) for allmn > n and j =0, ..., 4.

Proof. Applying the block by block method on the test equation, we obtain

Yntl,e; = Ynye; = )‘h(l - Cj)[wo(yn—rz-i-l,Cj - yn—rz,Cj) + w4(yn—7’2+2 - yn—r’z-i-l)

3 4

(46) + Z Wy Z lu (Z + (4 - i)cj)/4)(yn_7’2+17cii - yn_7’2ycii)]
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4 4

+ )\h' Z wi(yn—r2+2,ci - yn—rz-i-l,ci) + ...+ )\h' Z wi(yn—rl,ci - yn—rl—l,ci)

=0 i=0

+ )\th [w0(yn—r1+1 - yn—rl) + w4(yn—r1+l,0j - yn—rl,cj-)

3 4
+ sz Z lii(icj/4)(yn—rl+l,cii - yn—rl,cii)]a T2 S n S N - 1a ] - Oa 74

Forn =n,...,ni+ry, j = 0,...,4, the values of y, ., (in the parentheses involved in the
previous expression) are equal to i — 7g,...,7n. If for these values of 1, Yni1.c; > Yn.e,,
then all the parentheses involved in the previous expression are positive. Since w; > 0
and A > 0, then ynq1.;, = Yne, for n = n + 1....n + r1. Proceeding step-by-step and
applying the same procedure forn =n+r1+1,...n+2r,n=n+2r;1+1,...,n+3r
and so on, we obtain Yny1e; > Yne, for all n > n and j = 0,...,4. The same proof
can be carried out if we assume that y,11.; < Yn, for n = n—ry,... 7, then it comes
out that yny1e; < Ynye, for alln > n, j =0, ...,4. This yields the result stated in the

theorem. O

Theorem 4.4. Assume that X < 0, then, forn > 0 and j = 0,...,4, Yy, is an

oscillatory sequence in the sense that it 1s not ultimately increasing nor decreasing.

Proof. Assume that y, ., is increasing for all n and j = 0, ..., 4, then the right-hand
side of (4.6) is negative, which contrasts our assumption. The proof is similar, when
Yn,c; 15 decreasing. O

A simple procedure based on the method of steps helps us to prove the following
theorem which is the discrete analogue of Theorem 4.1 and gives conditions for the
positiveness and boundedness of y,, ., for n > 0.

Theorem 4.5. Assume that ¢;; > 0 forl = —ry,...,0, j=0,...,4and h =2 =2

r1 ro’

then the solution y,., of (4.4) is positive when X\ > 0. Furthermore, if ¢;; < 1 for
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l=—ry,....,—1,7=0,...,4 and if
(4.7) RhIA|(re —ry) < 1,
then yn.c, is positive and bounded for alln >0, j = 0,...,4 and for each \.

Proof. We prove the theorem for the positive and negative values of \ separately.

Let us assume A > 0. If n =0,1,...,71 — 1, then n — ro + 1,...,n — r; are equal to

=125 ey =1, 80 Yn—rytte; = Prrotljrs Yn—rie; = Pnry,j- SiNCE @p; is positive and

bounded by 1, it is easy to show that
0<Yne, <1+ AM(ra—71), VYn=0,1,...,m—1, 7=0,1,....4

Forn = ry,rp+1,..,2r1 — 1, we have 0 < n —ry < rp — 1, thus 0 < gy e; <

1+ Ah(rg —71) and so
0< Yn,ec; <1 —}—)\h(’f’g _Tl) +)\2h2(r2 —T1)2, n=ry,r+ 1a sty 2"ﬂl - ]-7 ] = 07 1a ey 4.
Continuing this procedure for the next values of n, we obtain

Ajhj(’f’g — Tl)j.

WE

(4.8) 0 < Y, <

<
Il
o

Since the series on the right side of (4.8) converges for Ah(ry — ;) < 1, the theorem
is proved for A > 0.

If A <0, then forn=0,1,...,m7; — 1, it is easy to show that
(4.9) L+ A(ry = 71) < Yne, < 1.

Thus, Y., is bounded and it is positive for h|A|(r; —71) < 1. Repeating the process
of previous case implies that (4.9) satisfies for each value of n and this yields the
result stated in the theorem. U

Since conditions (4.7) and (4.2) coincide, Theorem 4.5 states that the numerical

solution of (4.1), obtained by the block by block method, is positive and bounded as
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the analytical solution. The same correspondence holds on the asymptotic behavior,

as shown in the following theorem.

Theorem 4.6. Assume that (4.7) holds, then y, ., converges and its limit is

1
4.1 l1 e =Y = .
(4.10) e e =Y T T g — 1)

Proof. Let us suppose that y, ., is not regular, hence there exist {£,} and {k}

such that I' = liminf Y., = lim yr, o, < lim Yy o, = limsup yp, = 1". Set

3 4
Zng = (1= ) [Wn—rpc; + D wi Y _Lii(i(1 = ¢)h/D)Ynrser, + WaYn—rp1]
i=1

11=0

4 4
+ E WilYn—ro+1,c; + ...+ E WiYn—ri—1,¢
=0 i=0

3 4
+ Gy [woyn—ﬁ + Z w; Z lii(icjh/4)yn—r1,cii + w4yn—r170j]> ] = 07 sy 47

i=1 11=0

then y, ., = 1+ Ahz, ; and thus,

-1

YR
-1
B

lim zy ;=
lim zpn ; =

Moreover, after some manipulation on the expression of z, ;, we get

!/
—1
(ra =)l < l VA < (rg — )l
I"—1
(ro =)l < VA < (rg — )",
combining the last inequalities gives
(4.11) (1 —h|A\[(rs —r))(I" =1) <0,

since h|A|(re—r1) < 1, (4.11) is satisfied only for I’ = I” = y*. Hence, letting n — oo
in equation (4.4) gives y* = 1+ hA(r2 —r1)y* and this yields the result stated in the

theorem.d
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Now, we investigate the numerical stability of the proposed block by block method
according to the following definition [32].

Definition 4.1. A numerical method is stable with respect to (4.1), when its appli-

cation to (4.1) gives a numerical solution behaving like the continuous one.

Hence, we look for the conditions on the step size h and on the parameters of (4.1)
that lead to a numerical solution ¥, ., which replicates the global properties obtained
in pervious subsection for the analytical solution y(t). From the obtained results we

immediately derive the following result.

Corollary 4.1. Theorems and lemma in this section assure that, with the hypotheses
(4.2), the analytical solution of (4.1) and its numerical solution furnished by the block
by block method have the same behavior. In this sense we can claim that if (4.2) is

satisfied, the block by block method is stable with respect to the test equation (4.1).

5. NUMERICAL EXAMPLES

In this section we report some numerical experiments that show the performances
of the block by block method (with h satisfying (3.1)). All results computed by

programming in Maple 14.

Example 5.1. ([8]) Consider

(5.1) y(t) = 1/A(sin(2(t — 7)) — sin(2t)) + cos(t) — 1/27 + /: y2(s)ds,
with

y(t) = o(t) = cos(t) (-7 <t<0),

y(t) = cos(t), (t>0).

Similar to [8], we choose a fixed delay 7 = 1.0 and various step sizes h = 0.1,0.05

and 0.025 with ¢ € [0,5]. In Table 1 we have presented a comparison between the



A STABLE METHOD FOR SOLVING NONLINEAR VIES WITH... 629

absolute errors of the Trapezium (TM) and Simpson (SM) methods that reported
in [8] and the block by block method (BBM). In the last row of table, we reported
computing times (programming of the all methods have been done by using Maple

package).

TABLE 1. Absolute errors of (5.1)

h=0.1 h =0.05 h =0.025

t ™M SM BBM |TM SM BBM |TM SM BBM

1.0 5.4e73 1.5e7° 4.6e 11| 1.4e 2 9.0e 7 1.2¢e 13| 3.6e ¢ 5.9¢78 1.8¢7 1

2.0 8.le™® 24e™7 2.6e12|33¢® 228 3314|976 1.6e=9 4.7¢16

3.0 73e % 2.0 6.2¢712|18¢7° 1.2¢77 9.6e 14| 4.6e7° 7.7e79 1.5¢~16

4.0 1.0e=* 2.8¢7 7 95e712|26e % 1.7¢7® 8.le | 6.4e " 1.1e79 1.2¢~ 18

5.0 1.3¢73 35e % 13e¢711[33e3 227 20e!%]|83e° 1.4¢—8 3.1e 15

time | 0.717s  0.640s  3.406s | 1.375s  1.512s  5.023s | 3.545s 3.451s 8.469s

Example 5.2. ([20]) Consider

(5.2) y(t) = g(t) + /t _TI(U +p(t—9)(1+y(s))ds,  te(0,T],

-T2

with m = 05, m =1, 0 = 1, p = —1.2 and we choose g(t) such that the exact
solution of the (5.2) to be y(t) = sin(t) and set ¢(t) = sin(t).
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The absolute errors in some mesh points for different values of 1" and h are reported

in Table 2.

TABLE 2. Absolute error of (5.2).

t; N =100 t; N =400 t; | N =1000
T=1 T=2 T =10
0.1 2.881e 17 0.1 | 4.501e™19 1 | 5.999¢17
0.2 2.929¢~17 0.2 | 4.576e~19 2 | 1.594¢16
0.3 2.852¢~17 0.5 | 3.655¢~19 3 | 9.389¢16
0.4 2.653¢~17 0.8 | 6.767¢~19 4 |2.250e" 10
0.5 2.340e~17 1 |9.447e~19 5 | 4.618¢16
0.6 2.880e~17 1.2 | 7.020e~19 6 | 4.268¢"17
0.7 3.542¢17 1.4 | 6.701e 19 7 | 8.336e17
0.8 4.304e~17 1.5 | 8.162e~19 8 | 3.687¢ 16
0.9 5.136e~17 1.8 | 1.991¢718 9 |2.217e16
1 5.998¢ =17 2 |2.518¢718 10 | 7.069¢15
time 10.140s time | 66.441s time | 99.123s

Remark 3. We assume that error of the block by block method is E(h) = ch?, where

¢ 1s constant and q is order of the convergence. Then we obtain

ln(E(h))

[

(53) T Tinn)

By computing the order ¢ from the relation (5.3) for the reported errors in Tables
1-2, we conclude that ¢ > 5 and it shows that our method produces the desired order
according to Theorems 3.1 and 3.2.

In the following, we consider some test problems for illustrate theoretical results
of the Corollary 4.1; In these tests we set 7, = 0.5 and 75 = 1. In order to compare
numerical results of the introduced method with the results of [33], we choose three

examples from this reference:
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Example 5.3. Consider
t—T11
y(t) = glt) + / (0 + u(t — 5))y(s)ds.
t—7o

and choose g(t) in such way that the exact solution to be y(t) = tsin(t).

Figure 1 shows the behavior of the numerical solution (%) and exact solution (solid
line) for p = —1, N = 80, T" = 20 and different values of the parameter o. If
similar to [33] set (by first approximation) A &~ o, then from these figures it is clear
that when condition (4.2) is satisfied, the numerical solution is perfectly matches the
exact solution (7, I7), while it may skip away from the exact solution when (4.2) is

not satisfied (111, IV).

) 1I)

[1T) V)
3000 ; ; : 200
Moo
2000} o
* T -200t
1000} «
« -400}
0 - % % -600 1
W
~1000, 5 10 15 20 899, 5 10 15 20
FIGURE 1. Solutions of Ex.5.3 I)o = —1,A\(1e — 1) = —0.5. II)o =

LA —7)=05.11I)o = —6,\(12 — 11) = =3. IV)o =6, \(12 — 1) = 3.
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Example 5.4. Consider nonlinear delay equation introduced in Example 5.2, with
w=—1

Figure 2 shows the behavior of the numerical solution (%) and exact solution (solid

line) for different values of the parameter o and confirms the Corollary 4.1. In this

case we set (from [33]) A = 20.

I) 1)
2 2
1 _', 1 § - E
F N 1§ ; H R % % 1 1 1 K i B
of of
HH YUY E ¥ IR ¥ INRE § ? 1 ¥ ¥

-1 ? g 1 :
-2 . . . . ) . . . .

0 20 40 60 80 100 "o 20 40 60 80 100

I11) IV)
4 : : : : : : 6 : : :

0 5 1 ‘0 1 ‘5 2‘0 2‘5 36 35 0 1 ‘0 2‘0 3‘0 40
FIGURE 2. Solutions of Ex.5.4 I)T = 100, N = 200,0 = —1/2, A\(1a —711) =

—0.5. II)T = 100, N = 200,06 = 1/2,\(r2 — 71) = 0.5. [II)T = 34, N =
68,0 = =2, X1 —11) = —1. IV)T =40, N = 80,0 = 3, \(12 — 1) = 1.5.

Example 5.5. In this example we show that condition (4.2) is a sufficient condition
for the stability of the block by block method with respect to test problem (4.1) and

it is mot a necessary condition. To do this, we consider k(t,s,y) = (o + p(t —

s))exp(—y(s))y(s) with exact solution y(t) = 1.
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Figure 3 shows the behavior of the numerical solution (%) and exact solution (solid
line) for p = —1, T' = 100, N = 200 and different values of o. It is clear that

numerical and analytical solution are coincide even when (4.2) is not satisfied.

I) I1)
2 : : : : 2
1.5 1 1.5

L e e e L e e e
0.5 1 0.5

0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘

0 20 40 60 80 100 0 20 40 60 80 100
[1T) IV)
2 2
1.5 1.5

B S T B S T
0.5 0.5

0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘

0 20 40 60 80 100 0 20 40 60 80 100

FIGURE 3. Solutions of Ex.5.5 I)o = —1,A(1e — 1) = —0.5. I[I)o =

LA —7)=05.I1)o = —6,\(172 —11) = =3. IV)o =6, \(12 — 1) = 3.

6. CONCLUSION

In this paper, we proposed a block by block method for approximate solution of
a class of the delay Volterra integral equations. We also discussed the convergence
analysis with the order of convergence at least 5. Then, in order to complete the
study of the proposed method, we analyzed the stability with respect to a class
of test problems introduced in [33]. We found a sufficient condition for numerical

stability which assure that the numerical solution inherits the asymptotic properties
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of the continuous one. The numerical results confirmed that our method gives fairly

good results in addition to its simplicity and efficiency for large intervals.
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