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SOME NEW HERMITE-HADAMARD TYPE INEQUALITIES FOR
n-TIMES log-CONVEX FUNCTIONS

B. MEFTAH ) AND C. MARROUCHE @

ABSTRACT. In this paper, some Hermite-Hadamard type inequalities for n-times

differentiable log-convex functions are established.

1. INTRODUCTION

The following definitions are well know in the literature

Definition 1. [I3] A function f: I — R is said to be convex, if

flz+(1-t)y) <tf(z)+(1—1)f(y)
holds for all z,y € I and all ¢ € [0, 1].

Definition 2. [13] A positive function f : I — R is said to be logarithmically

convex, if

fltz+ (1 =t)y) <[f@)] [f)]

holds for all z,y € I and all ¢ € [0, 1].
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One of the most well-known inequalities in mathematics for convex functions is the
so called Hermite-Hadamard integral inequality, which can be formulated as follows:

for each convex function f over the finite interval |a, b], we have

(1.1) f(e2) < /f Vg < L0

If the function f is concave, then (LI) holds in the reverse direction (see [11]).

The above double inequality has attracted many researchers, various generalizations,
refinements, extensions and variants of (LI]) have appeared in the literature, see
[3,6,[10] and references therein.

In [2] Dragomir and Agarwal gave the following inequality connected with inequality

im))
e+ /f )de| < =2 (| (a)] + | (b))

In [I2] Pearce and Pecari¢ investigate the following inequality

e

In [4], Kavurmaci et al. gave the following generalized trapezoid type inequality

1
b—a (S (@"+]f'®) )9
S G

-0/ () =)o) / £(1)

(@=a)® (2 ()| +]f'(x)] (b=2)® (21 ) +f ()]
<t (i) e ().

— b—a b—a

Cerone and Dragomir [I], proved the following midpoint inequality for log-convex

f(“%*’)—ﬁ/abf(t)dt‘

<tg {1 (a)| e 4 |7 0)] 25T

lna

first derivative




SOME NEW HERMITE-HADAMARD TYPE INEQUALITIES ... 653

In [15], Sarikaya et al. gave the following midpoint type inequlities for log-convex

first derivative

) 2
(2) — L 1)[2 =] f(a) 2
‘ / f(t dt‘ )<ln|f’(b)—ln|f’(a)> ‘

In [9], Meftah et al. used the following identity for establishing some n-times Hermite-

Hadamard type inequalities

Lemma 1. [9] Let f : [a,b] — R be a mapping such that the derivative f*=1 (n > 1)

is absolutely continuous on |a,b] with a < b. Then the sum

—_

n—

C(frmmA) s = gy (A= 52" = (1) (1= 0)"?)

i~
Il
o

x P (1= N a + \b) — ((g:—g - A" = (1- A)n_p)

b
X f7I a4+ (1= M) b) + / Ft)dt

satisfies the equality
b
C(f,z,n,\) = / ky (z,t) f*(t)dt

or all x € [a,b] and X € [L,1], where n € N and the kernel k,, (z.,1) : a,b> — R is
f ) 29 ’ ) )

given by

L ()" ift€la,Aa+ (1 —A)b)
(1.2) b (2,) = ¢ L (E22)" ift € Ma+ (1= A\)b, (1 —X)a+Ab)
()" dfte[(1— N a+ Abb.

Motivated by the above results in this paper, by using the identity given in Lemma
[, we establish some Hermite-Hadamard type inequalities for n-times differentiable

log-convex functions.
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2. MAIN RESULTS

In order to prove our results we need the following lemma

Lemma 2. [6] Let 1> 0,0 # 1 and n € N. Then

n, t ) k_
/0 o dt = )n+1 +n’u2(n k)! 1n,u)k+1

Theorem 1. Let f : [a,b] — R be a differentiable mapping such that f™=Y is
absolutely continuous on [a,b]. If ‘f(")‘ is log-convex function such that f (u) #0
for all i € [a,b], then for all x € [Aa+ (1 —=X)b, (1 —A)a+ A\b] and X € [3,1] the

following inequalities hold

forA:%
€ (f2,n5)] < st (P @] (£ (52)]L 177 (@)])
+ [F @) @ (11 (52)]. 11 @)])
for A=1
C (fra.n, )] < SOl (50 @) [ £0(2)])
L (@), £ @)
for A € (%,1)
C (fy2,n, )]
<L |10 (@) (£ (ha+ (1= V) B)[ | 1 (a)])
e M“um (@) (|1 Aa+u—xw>,ﬂ%@b
+((1‘A,Z,“($_AZ)‘5’LH\ ()] ¢ ( }f(” =N a+)|, [/ (@)])

+ R0 (117 (= N a2 [0,

n!
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where
( (_1)7L+1n!
(in] £ ) |~tn] £ =) ) ™
80 (ya Z) (”)(z |kZ::0 n k (ln f(”)(y | 1n|f(") |)k+1 ny # z
: f
ify = z.
\ n+1 Y
(2.1)
Proof. Using Lemma [I, and the properties of modulus, we have
C(f,2,m, )|
b
~| [kt 0
b
< [ Get)l 50 at
Xa+(1-\)b m
S / (el | 1) ()] dit + 7 / (==0" | 1) (1) dt
a Aa+(1-\)b
(1-=A)a+Xb b
vt [ SO0y [ S 0|

T (1=X)a+Xb
1

_ ooy /a" (1= a)a+aa+ (1-A)b)| da

1
(Aa+(1-=N)b

4 G-y ”“/1_a F™((1 = @) Aa+ (1 - A\)b) +ax)| da

0

+ ners / " £ = )+ (1= Na-+ )| da

0
1

22) + %/ (1—a)" [£™((1 =) (1 = A a + Ab) + ab)| da.
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Using the log-convexity of ‘ )

|C(f,z,n,A)|
<Ll a)(i' o } / ( f(n)‘(;?;(; ‘)\)b)‘)a o
s (Aff(gl a>\" ot 9 ‘/ ( f(n)‘;?n_:(i |A)b)|)ada
L - *TZ.“(?Z xn+1 ‘/ (f<n>|(j(£1(n)x arxb)\) o
(2.3) + LN }/‘ (ﬂﬂﬁﬁﬂﬂm> o

If A =1, then (2.3) becomes

1
€ ()| < it @) [or (Yt
0
(n) (a4b)
+ n|2n+1 ‘/ (‘ff(n) ‘) dao.

Using Lemma 2], the above inequality gives

f(n) a+b ‘ @
) a do

€ (frz,m )] < gt ([F7 @ (£ (52)]L[£7 (@)])

(24) + 1 O (117 (5] 117 0)1)

where ¢ (.,.) is defined as in (2.1]).
If A =1, then from (2.3)) we have

1

@™ @)| [ (@] "
|C'(f,x,n,1)| < T oall—a)™ @ f(”)(:c)‘ da

0




SOME NEW HERMITE-HADAMARD TYPE INEQUALITIES ... 657

4 b "“\f<”>(x | f(”>(b
(2.5) Ta) f(n) da.

Using Lemma [2, we get

C (f,,m,1)| < AL (\f<"< ) @)

2 £
(2:6) +% AN

where ¢ (.,.) is defined as in (2.1]).
And if A # 1 and X # 5, from (Z3) and Lemma 2, we obtain

C(f.2m, )]
<C=U X o) ()| o (| ) (Aa+ (1= N B)], | £ (a)])

+ le=beraony ”“W @) e (11 Aa+<1—A>b>’f("’<I>\>
+ O \f<"> (@) (\f<"> (=X a+ )] @)])

(2.7) + Qo0 () o (| £ (1= ) a+ M), | £ (b)

n!

)0

where ¢ (.,.) is defined as in (2.1I]). The desired result follows from (2.4]), (2.6]) and
2.1). O

Corollary 1. In Theoremll, if we take n = A = 1, we obtain the following generalized

trapezoidal type inequalities

Er o)+ - [ 10
<t=e [17a) o (| (<], 1 (@)]) + 17 B) o (| (2)],

O}

Hence, the explicit writing is

b
EORIOR | f(t)dt‘
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G bl | ()| if |1 (a)] = | ()] = 1 (0)]
|

(c=a)? | (0-2)° 70 @=L ) )
26y | @O+ 5 (Srermren T e —mr e

if [f (@) =1 @)]#[f 0],
(@—a)® |f'(a)] £ (@)|=|f"(a)] (b=2)® | 1
b—a (mlf’(a)\—ln\f’(w)l + (1n\f’(a)|—ln\f’(:v)\)2> * 200 |£(=)]
if |f (@) # ' (@)= [f O,

(m—a)2< @l @Il ) )
ba \Ilf (@)=l @] T (Inf"(a)|~Inl ' (2)])*

(b—2)? /) | @)= 1£(b)]
T (m\f'(b)\—ln\f'(w)l + (lnlf’(b)\—lnlf’(r)\)2>

\ if |f" (@) # [ ()] # 1f ()]

IA

Corollary 2. In Theorem [, if we take n = X = 1, and © = “T“’, we obtain the

following trapezoidal type inequalities

b
fosa) / £ (t) dt‘

<Z{[7E e (17 @1 [F(#D]) + [£(5D)] @ (£ @)

=9}

Corollary 3. In Theoreml[, if we take n = 2\ = 1, we obtain the following midpoint

type inequalities

1) -k s
<t {1 @le ([ (%52

A @) + 1 O e (17 (452)

PO

Remark 1. The result in Corollary[3 is the same of Corollary 8 from [1.

Remark 2. Corollary [3 will be reduced to Corollary 1 from [15)], if we assume that
1/ (a)] # |f'(z)| # |f (b)] and we used the log-convezity of |f'| i.e.|f (L2)] <

VIS (@] (B)] (see [3]).
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Theorem 2. Let f : [a,b] — R be a differentiable mapping such that ™) is abso-
lutely continuous on |a,b]. If ‘f(" ‘ such that ¢ > 1 with 5+5 = 1 is log-convex func-
tion, such that f™ (u) # 0 for all u € [a,b], then for allx € [Aa+ (1 —A) b, (1 — X) a + \b]
and X € [3,1] the following inequalities hold

for A = %

0 ()| =~ @) (£ (1) o))

n!27+1(np4+1)P
+ 77“2“?(_;“)% }f( )(i)‘ ( (‘f(n (b )} ,}f(")(‘%'b)} ))q ’
for A=1

@)’

C ()] < — L 1@ (1 (|77 @)

n!(b—a)" (np+1)P

b ) (1 (|00 | w))

n!(b—a)"(np—l—l)%

for \ € (%, 1)

C(f,z,n, A)|

<O s )] (F (|2 0a+ (1= 8] |19@)]"))”

nl(np+1)P

1

a1 - N) b)\q>) ‘

1))’

§ B0 (1 2t a0)| (F (7@l 1@ =N a+w)))"

n!(np+1)P

4 E=Qat(a-Np
n!(b— a)"(np—l—l

4 (Ot ) ) ) ( (\ FO1 =N a+ b

n!(b—a)™ (np+1)P

2 a+ (1)) (F (17 (@)

mH 3

where

lny lnz ny%z
1 ify=z.

(2.8) F(y,2)=

Proof. Using Lemma [I], the properties of modulus, and Holder’s inequality, we get

1C(f, 2, A)|
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0

1 »
+ (/ npda)

0

1
x (/}ﬂ")((l—a) <Aa+<1—A>b)+aw>qda)
0
1 >
+ ((1—A73!CL(Z_A2)—nr)”“ ( / a"pdoz)

1
q

0

» (/f<"><<1a>x+a<<1A>a+Ab>>qda)
CE VLIS (/(1—@)”pda)p

Q=

0

X (/}f(")((l—a)((l—A)a+Ab)+ab))qda)
_ ()1 D1 - a)atarat 128 da
nl(np+1)7 (/}f (1-a)a+aa+(1-N)0b)|d )

4 a=Qar=xp)"*! (/f 1oz)(ka+(1k)b)+a:c)qda)

Q=

q

Q=

nl(b—a)™ np+1

nl(b—a)™ (n;l)-l-l)

1
. g
i ((1=A)a+Ab— :c)”+1 (/ ‘f(n l—a)z+a((l=XNa+ Ab))qda)
0

+ N ) (/}ﬂ")((l_a)((l_A)a+Ab)+ab>qd@) -

nl(np+1)P
0
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Since ‘ f (")}q is log-convex, we deduce

(2.9 |C(fx,n, N

1 q
—a)(1-\)" ™ (aa+(1-0p)| "\
< G=a)(A=N""" | () |1 J
B n!(np—l—l)% ‘f (a)‘ |f(n)(a)|q @
0
1
( ()\a—i-(l )\ n+1 (TL _ f(’fl) (Z‘
- nl(b— a)"(np+1) F0at (1 / (\f“” Aa+(1-A
0

1

(1=N)a+Ab—z)" L | 2(n FO((1=N)a+2b) | “
+ [ /()] /( [F @] doy

nl(b—a)" (np+1)P A

1
" (b—a n @ w)|?
_‘_% ‘f( )((1—)\)&+>\b)‘ / (|f(")|((1—)\)a|+)\b)|q
0

nl(np+1)P

If X = 1, then from (Z9) we have

C(f,2,n, )]

a
e R
nl27+1(np+1)P f(")(
0
1

_ b-a | f(n) (atb M ’
+ n!2"+1(np+1)% ‘f ( 2 )‘ /<|f(n)(a7+b)|q do
0

e (F (\f(") (45*)

1
n!2nt+l(np4+1)P

Q|-

=
2
—
=)
S~—

2
~
N———

Q=

(210) 4+t | (22)[ (£ (|5 )

1
n!2nt+l(np4+1)P

If A =1, then from (29) we have

1C(f, 2, A)|

)da

DI ) do

Q=

1
q
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1 N
< (SE a)n+1 /<|f( L)(.CE |¢Z)
nl(b—a)" (np+1)? F @)
0

1
o q
(b m)n+1 |f(”) |q
+
(z—a)" ! q %
e 1@ (7 (\f @)
n!(b—a)" (np+1
1
(2.11) +&‘f (z) ( ( ORI })) ‘
R (b—a)" (np+1)P

And if A # 1 and A # 1, from (29) we have

C(f,2,n, )]

<=M )| (1 (5000 + (1= N[ 7@)"))

_'_(x (Aat(1-7)b) n+1‘ (n )\a+(1—>\)b)‘<F (‘f(n)(x)‘17 f(n)()\a—k(l—)\)b)‘q))%

nl(b—a)" (np+1)”

Sl 3

((1=N)a+\b—z)" 1! (n (n) a\\ 7
- nl(b—a)™ (np+1)7 £ () ( (‘f ~Na+)|"|f ()] ))
(2.12)
(0=a)A=N""" 1 e(n) (1 _ () (19 | p(n) (1 a\\
B | O = X at 0)] (1 (|00 700 = N a+an)[7) )
The desired result follows from (2.10), (2.11]) and (2.12). O

Corollary 4. In Theoreml[, if we take n = A = 1, we obtain the following generalized

trapezoidal type inequalities

b
b f () + 20 f (a) — oL ﬂwﬂ

a

1
q

<@z #a)| (F (If' ()], £ (a)]%))

(b—a) (p+1)7

+ L | )] (F (17O (@)]")

(b—a)(p+1)P

Q=
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Corollary 5. In Theorem [3, if we take n = X =1, and v = “T*b, we obtain the

following trapezoidal type inequalities

V@HW_ / f ) dt
<= {7/ (F (|75 1F @I7)*

L 1PE] (PGP )

3|

Corollary 6. In Theorem[2, if we take n = 2\ = 1, we obtain the following midpoint

type inequalities

)
<—t=e Pl (5 (|10 1 @)
1P (0|

Remark 3. In Corollary[@, if we assume that |f' (a)| # |f'(x)] # |f' (b)] and we used
the log-convezity of | f'| i.e.|f' (“22)| < /If (@)][f’ (b)], we obtain

‘f(“T“’)—ﬁ/abf(t)dt)

1
I OE-1f @3 )
S;;g:??(ﬁ(”2+ﬁ()|)(mfm1wmm)’

which is the correct result of Corollary 2 (also Theorem 11) from [15].

Theorem 3. Let f : [a,b] — R be a differentiable mapping such that f™=Y is
absolutely continuous on |a,b]. If ‘f(")‘q with ¢ > 1 is convezr and positive functions,
such that f™ (i) # 0 for all i € [a,b], then for allz € [Aa + (1 — ) b, (1 — \) a + \b],
and X € [§,1] the following inequalities hold

for A = %

[C(f, 2,0, A)|
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q
)

<o @] (e (1 )1 @l

# e |0 (o (17 (3] 5 1))

nl2n+l(n+1) " a

Q=

for A=1

1

@)

C (f2m )] € —E2 |50 (o (1 ()]

nl(b—a)" (n—l—l)1 q

(b—a)" ! \f(” ()] (SO (‘f(n) (b)

nl(b—a)™ (n+1

for A e (%, 1)

Ll @)

1C(f, 2, A)|

1

<L 2 p0 )| (i (1) (- (1= B, |1 (@)]) )

nl(n+1)" ¢

1
q q

Y

r—(\a _ n+1 n n
QI | o) ()| (@(\f( "(Aa+ (1= 2)b)
nl(b—a)"(n+1)" ¢

1 @)")

Q= N

4 (=X)atdb- mlf: }f(n ‘ ( (}f “A)a+Ab) } ,}f(”) (x)}q»

nl(b—a)" (n+1)
1

+ L2 o) )] (i (|7 (1= Na+ 20" 10 )

nl(n+1)" ¢

where ¢ (.,.) is defined as in ([2.1]).

Proof. Using Lemma [Il the properties of modulus, and power mean inequality, we

get

C(f,2,n, )]

1 1-1
<Gl ( / a"da)

0
1

X (/oﬂ}f(“)(u —a)at+a(da+(1-N) b))}qda)

0
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1—1
q

1
—Oa _ n+1 n
+ & ()‘n:r(gl_a;%b)) / (1—a)"do
0

Q=

1

« /(1 — )" (1 = a) (ha+ (1= A b) + az)| da

0
1 -5
" ((1_27(32)_5)7&1 / a"do
0
) i
| o 17090 = a)a+a (1= o

q

« /(1 — o) |F(1 = a) (1= A)a+ Ab) + ab)|* da

1
1 q

0t a0~ a)ata(ha -+ (1 ) 8)]'da

nl(n+1)' "4

Q=

1

ol ) (1 - a) (¢ (1= ) 8) + ) da

nl(b—a)"(n+1)" " @

0
1
1 q

| (@=Xatrb—)" ! /a” F((1—a)z+a((l—Na+Ab)|" da

n!(b—a)"(n+1)175

Q=

1
+ 0 [ ) |£(1 = a) (1 = A+ ) + )| da

n!(n+1)175
Using the log-convexity of ‘ f ‘q, we get

(2.13) 1C(f,z,n,\)|
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1
< (=) (10"t At ‘ (n "
- n'(n+1)17§

0

Q=

£ at-(1-N)b) |* ad
@[ “

1
q
(z—(Aa+(1—A)b) "*1} (n ‘
nl(b—a)™ (n+1) q

|f(”) Aa+(1-2)b) | “
@] da

1
q

L (0Natro- xym / <f(n>(1 Na+p)|? )“ o
0

n!(b—a)™ (n—l—l) 3 |f(n) |
1 . i
(b-a)1-n)" £ ¢ n [ |0 ((1=Natab)|*
- nl(n+1) "7 7 o) /a ( IEIOIN da
0

If A = 3, then from (ZI3) and Lemma B, we have

C(f, 2, A)|

1
< b—a a |f(n) a+b |q da
n2nt (ng 1) "1 f(”)(a
0

1
_ b—a f(n) )|q
_I_ n|2n+1(n+1 E ‘ (/O{ f(n) )|q
0

=t (o (| f“”(a))q))%

n'2”+1(n+1) 4
1

(2.14) -l | }(s@(}f(" % |1 w)7))"

n!2n+1(n+1)

Q=

Q=

where ¢ (.,.) is defined as in (2.1]).
If A =1, then from (2.13) and Lemma 2, we have

(2.15) C (f,z,n, A

<o) (o (0 T )

e |0 (e (5 O 11 @)

nl(b—a)™(n+1)

Q=
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If X\ #1and A # £ from (2I3), we have

(2.16)  |C(f,z,n,N\)|

1

Sw £ (a)| (SO (}f(") (Aa+ (1 =N, |F™ (a)‘q>)§

n'(n+1) q

(z=(a+(1=1)b)"T | £(n) B q (n) A\ \ g

" nl(b—a)" (n+1)" 9 EAl }< (‘f (Aa+ (1 =N, [ ()] ))

1

((1=X)a4-Mb—z)" 1 (n (n) Y

* l(b—a)™ (n4+1)'~ }f z)| ( (}f —A)a+Ab) } N ()] ))
(b=a)1=N" ) () ¢ W 7)) @

L | £ (b)] ( (\f —Na+ )", £ )] )) _

The desired result follows from (2.14)), (2.15]) and (2.16]). 0

Corollary 7. In Theoreml[3, if we take n = X\ = 1, we obtain the following generalized

trapezoidal type inequalities
b
er )+ @ - [ 1)
< E @) (o (IF @ 1f (@)])

2" 4(b—a)

+ L @) (o (1 B) 1 (@)]7)) 7

2" 4(b—a)

Q=

Q=

Corollary 8. In Theorem [3, if we take n = A\ = 1, and v = “T*b, we obtain the

following trapezoidal type inequalities

'f(b (@) / i dt‘

<o) {}f’(‘%")} (20 (IF @I, | (52)]")?
11| e (7 O 1 (#)])7}-

Corollary 9. In Theoreml[3, if we take n =2\ = 1, we obtain the following midpoint

\f(%”)—ﬁ/abfa)dt)

type inequalities
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Q=

<=2 {17@)] 2o (| (5D 1F @1)
+ 170 (29 ( }f b)}q>|f’(b)lq))%}-
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