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CONVERTING THE PROPERTIES IN B(H) BY OPERATORS ON
B(H)

E. ANSARI-PIRI () | R. G. SANATI ® AND S. PARSANIA )

ABSTRACT. The pair of operators on B(#H) which are related to each other with
respect to a specific property on B(#), have been studied before. In this paper, we
study a pair of operators 1, v on B(H) which can convert some suitable properties
to each other. For instance, we show that ¢1(7T) is a compact operator if and only
if po(T') is compact, whenever ¢ (T') is a Fredholm operator if and only if po(T) is

a semi-Fredholm operator.

1. INTRODUCTION

One of the most interesting topics in functional analysis which has attracted a lot of
attention in the last years, is the preserving maps in the sense that how to characterize
a map @ between two spaces A and B in such away that, ¢ preserves a certain property
(such as invertibility of an operator, the spectrum of an operator, and etc.) from A
into B. The most commonly used types of spaces are Banach algebras of operators
B(X) and B(Y) where X', are Banach spaces and B(X') denotes the algebra of all
bounded linear operators on X. Now there are two attitudes, where one of them
is studying the maps preserving a certain property of an operator, and the other is

studying about the maps that preserve a class of operators from B(X') into B(Y). For
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instance, Jafarian and Sourour [10] and Sourour [16] investigate how to characterize
linear maps preserving the spectrum of operators and the invertibility, respectively.
Actually, they prove that a surjective linear spectrum preserving map of B(X') onto
B(Y), is either an algebra isomorphism or an anti-isomorphism and obtain the same
result for a unital bijective linear map which preserves invertibility of an operator.
Later, Aupetit and Mouton [3] extended the result of Jafarian and Sourour to a
primitive Banach algebra with minimal ideals.

As more aspects of linear maps preserving a certain property of an operator, we refer
to see [4, 6, 11, 17].

Moreover, many kinds of linear preserver problems can be raised when we consider
X,) as a Hilbert space H and then attempt to study the linear maps preserving
the certain class of operators from B(#H) into B(H). Among them, Mbekhta [12]
characterize a surjective linear map ¢ : B(H) — B(H) preserving the set of Fredholm
operators in both directions, where by in both directions, we mean that for every
T € B(H) the operator T has a property p if and only if ¢(7") has this property. Also
Mbekhta and Semrl [13], show that, for a surjective linear map ¢ : B(H) — B(H),
@ preserves the set of all compact operators, when it preserves the set of all semi-
Fredholm (generalized invertible) operators in both directions.

In a more general view, Aghasizadeh and Hejazian [1] studied linear preserver problem
for two linear maps ¢ and 9 on B(H) and for a certain property p on B(H), introduce
an equivalence relation ” ~, 7 on B(H) for which, ¢ ~, @9 if and only if ¢1(7") has
property p, whenever ¢5(7") has this property.

In addition, there is a good motivation to study the maps preserving orthogonality
property on a Hilbert space when we consider linear preserver problems on Hilbert
spaces. So, many kinds of mappings preserving the orthogonality property have been
studied, among other, by Chmielinski [5], Wéjcik [19, 20], Moslehian and Zamani
[21, 22], Ansari, Sanati and Kardel [2].



CONVERTING THE PROPERTIES IN B(H) 709

In this paper, we study a pair of mappings on B(#) which are related to each other
by a pair of properties (p, ¢) on B(H). Then, we concentrate to study linear convertor
problems instead of linear preserver problems.

In order to establish the theory of linear convertor mappings, first we give some
definitions and notations.

Let p and ¢ be two properties on B(H) and ¢1, o two maps on B(H). We say that
¢1 18 (p, q)— related to s if for each T' € B(H), wo(T) has the property ¢, whenever
©1(T') has the property p, and we say ¢ is (p, q)— equivalent to ¢y, whenever ¢ is
(p, q)— related to ¢y and @9 is (g, p)— related to ;. In this case, we use the notation
P1p ™~ q P2

Let H be an infinite dimensional separable Hilbert space. The ideals of compact op-
erators and finite rank operators in B(#) is denoted by K(#H) and F(H), respectively.
We recall that the Calkin algebra C(H) is the quotient algebra B(H)/K(H). An op-
erator 7' € B(#H) is said to be Fredholm if its image is closed and both its kernel and
co-kernel are finite-dimentional and is semi-Fredholm if its image is closed and its ker-
nel or its co-kernel is finite-dimentional. The sets of all Fredholm and semi-Fredholm
operators are denoted by FR(H) and SF(H), respectively. By Atkinson Theorem,
[14, Theorem 1.4.16], if H is an infinite-dimentional Hilbert space, then T € B(H) is
Fredholm (resp. semi-Fredholm) if and only if its projection is invertible (resp. right
or left invertible) in Calkin algebra C(#). For more details about Fredholm operators
and Calkin algebra, see [14, 18].

An operator T" € B(H) is said to be generalized invertible if there is an operator
R € B(H) such that TRT = T. The set of all generalized invertible operators in
B(#) is denoted by G(#H). Note that T € G(H) if and only if Im(T), the range of T,
is closed [15].

Throughout this paper, we use the following notations for some specific properties:

(7) “f” is the property of “ being finite rank. ”
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7

i1) “fr” is the property of “ being Fredholm.

iii) “sf” is the property of ¢ being semi-Fredholm.

iv) “k” is the property of ¢ being compact. ”

2

(
(
(
(v) “g” is the property of “ being generalized invertible.
Example 1.1. Let ‘H be an infinite dimensional Hilbert space.
L. If ¢ is a map on B(H), then ¢ is (fr,g)— related to itself.

2. If p : B(H) — B(H) is defined by p(T') = Pr, where Pr is the orthogonal projection

on Im(T)*, then ¢ 3¢ ~ ¢ I. Because we have
Ker(p(T)) = Im(T) = H/Im((T)).

Let p, ¢ be two properties on B(#H) and ¢ and Z be an arbitrary and the identity
operator on B(H), respectively. We say that ¢ is invariant on a pair (p, q), whenever
Pp~ql

Now let ¢, 1 and @9 be linear operators on B(H). If ¢ is invariant on a pair (p, p),
then ¢ preserves the property p in both directions and if ¢; , ~,, @2, then @1 ~, @o.
If ¢ is a linear operator on B(H), which is invariant on a pair of properties (p, q),
then ¢ , ~, ¢, for each linear map ¢ on B(H). Also, if v is a linear operator on
B(H), which is not invariant on a pair of properties (p,q), then for each surjective
linear map ¢, vy , * 4 @.

Recall that a linear map ¢ : B(H) — B(H) is said to be surjective up to finite rank
operators (resp. compact operators), if for each T € B(#H) there exists A € B(H) and
F e F(H) (resp. F € K(H)) such that T = ¢(A) + F. Obviously, if ¢ is surjective
up to finite-rank operators, then it is surjective up to compact operators and each
surjective linear map satisfies both of these properties.

Take C' = {T € B(H) | for every operator A € B(H) with Im(A) not closed, there
exists A € C such that A+ AT # 0 and Im(A + AT is closed}. It is proved in [8,
Lemma 3.1] that C' = SF(H).
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Since FR(H)NK(H) = &, SF(H)NK(H) = @ and SF(H)NF(H) = & and
FR(H)NF(H) = &, there are many results. For instance,
DL ~sf P2 = PLsf *f P2, PLsf © kP2, PLfr * f P2, PL fr * K P2

P1Lg @ sf P2, P1g ™ fr P2, PLF*sf P2, PLE ™ fr P2,
Pg~fp2=

P1 *sf P2, PLsf  fr P2, L1 fr * sf P2, P1 X fr P2.
It is clear that, if @1 ~sr @9, then ¢y is (fr, sf)— related to .

Now we give an example to show that the revers does not hold, in general.

Example 1.2. Suppose that ¢ : B(H) — B(H) is a surjective linear map and S €
B(H) is a lower semi-Fredholm operator. Since ¢ is surjective, there exists T € B(H)
such that p(T) = S. Now if A € B(H) is an upper semi-Fredholm operator, then ¢ is
(fr,sf)— related to Lap but ¢ »ogr Lap because S is a semi-Fredholm operator but
La(S) is not semi-Fredholm. Here Ly : B(H) — B(H) is the left multiplier operator
defined by L4(S) = AS.

In the next section, we study a pair of linear operators on B(#H) which are related
to each other with respect to a pair of properties (p,q) on B(H). For instance, we
show that for linear mappings ¢ and ¢y on B(#H) which are surjective up to compact
operators, if ¢y f ~ 55 @2, then 1 ~y g, also if ¢y is (sf, f)— related to yo, then ¢,
is (k, f)— related to ¢y. Moreover, for linear mappings ;1 and 9 on B(#H) which are
surjective up to finite-rank operators, we proved that, if p1 ~, @2, then ;1 3¢ % ¢ @o.
We also show that, if @1 55 ~ § @2 on B(H)\{0} under a certain conditions, there
exists a linear bijective continuous map from B(H) onto Calkin algebra C(H) which
is homomorphism or anti-homomorphism. Finally, we give other versions of proposi-

tion 2.5 of [1].
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2. LINEAR MAPS CONVERTING THE PROPERTIES IN B(H)

The following two lemmas play an important role in this paper.

Lemma 2.1. ([12, Lemma 2.2|, [13, Lemma 2.2]) Let T € B(H). Then the following
are equivalent.

(1) T is compact.

(i1) For every R € FR(H), we have R+ T € FR(H).

(i13) For every R € SF(H), we have R+ T € SF(H).

To state the next lemma, we recall that a C*-algebra is of real rank zero, if the set of
all real combinations of orthogonal Hermitian idempotents is dense in the set of all
its Hermitian elements. In particular, B(H) is a real rank zero C*- algebra.

Note that an algebra A is prime if and only if a.Ab = 0 implies that a = 0 or b = 0,
where a,b € A. (see page 449 of [9]).

Lemma 2.2. ([7, Theorem 3.1]) Let A be a unital C*- algebra of real rank zero and B
a unital semi-simple complex Banach algebra. Let Sp(.) denote the spectral function.
Suppose that ¢ : A — B is a surjective linear map such that Sp(p(a)) C Sp(a) for
every a € A. Then ¢ is a Jordan homomorphism and if B is prime, then o is either

a homomorphism or an anti-homomorphism.

We recall that the essential spectrum of an operator 7' € B(H) is the spectrum of
T + KC(H) in the Calkin algebra C(H).

In the theory of linear preserver problems, one of the most important results was
obtained by Mbekhta [12], where he characterized linear maps on B(H) preserving

the set of compact operators.

Theorem 2.1 (Mbekhta). ([12, Theorem 3.2]) Let H be an infinite-dimentional

Hilbert space and ¢ : B(H) — B(H) be a linear map. Assume that ¢ is surjective



CONVERTING THE PROPERTIES IN B(H) 713

up to compact operators. Then the following are equivalent:

(1) ¢ preserves the set of Fredholm operators in both directions and ¢p(I) = I — K,
where K € K(H);

(17) ¢ preserves the essential spectrum;

(113) ¢(JC(H)) C K(H) and the induced map ¢ : C(H) — C(H), por = mo¢ is either

an automorphism or an anti-automorphism.

Let o1, @2 be two linear maps on B(H). We can write ¢ ~ Z, whenever ¢, preserves
the set of compact operators in both directions. In this section, we substitute Z,
the identity map on B(H), with s and we obtain a certain condition under which
$1 ~k P2

It is well known that if T € G(H), then for each finite rank operator F' € F(H), we
have T+ F' € G(H).

Theorem 2.2. Let o1 and @ be two linear maps on B(H).

Assume that 1 and @ are surjective up to compact operators. Then
(1) If @1 fr ~ op P2, then o1 ~p pa.

(17) If w1 is (sf, f)— related to o, then vy is (k, f)— related to ps.

Assume that 1 and @ are surjective up to finite rank operators, then

(#44) If 1 ~g @2, then @1 5 = f pa.

Proof. (i) Suppose that ¢1(T") € K(H), but ¢o(T') is not compact. Therefore, there
exists S € SF(H) such that S+¢o(T) is not semi-Fredholm. Since s is surjective up
to compact operators, there exists A € B(H) and K € IC(H) such that S = py(A)+K.
So pa(A 4+ T) + K is not semi-Fredholm, which implies that po(A + T) ¢ SF(H).
Therefore by assumption we have ¢1(A + T') is not Fredholm operator, which is
a contradiction because p3(A) € SF(H) and by the fact o1 5 ~ 55 @2, we have
v1(A) € FR(H). Thus, ¢1(A+ T) is a Fredholm operator. By similar proof, we
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obtain that o9 is (k, k)— related to ;.

(77) Suppose that ¢ (7T) is compact. Let S be an arbitrary semi-Fredholm operator.
Then S + ¢1(T) € SF(H). Since ¢y is surjective up to compact operators, there
exists A € B(H) and K € K(H) such that S = ¢i(A) + K. So ¢1(A) is semi-
Fredholm and by the fact ¢y is (sf, f)— related to s, we have ¢y(A) is finite rank.
On the other hand, ¢1(A+T) + K € SF(H), therefore p,(A+T) € SF(H). Thus,
©2(A+T) € F(H) and ¢o(T) is finite rank.

(1i1) suppose that (7)) is a semi-Fredholm and 4(7T') is a finite rank operator. Since
©1(T) € C, for every operator A € B(H) with Im(A) not closed, there exists A € C
such that A + Ap1(T') # 0 and Im(A 4+ A\p1(T)) is closed. By the assumption ¢ is
surjective up to F(H), for A+ X\p1(T) € B(H), there exists B € B(H) and F € F(H)
such that A+ p1(T') = p1(B)+ F. So Im(p1(B—AT)) is not closed and by the fact
1 ~g o, we have @o(B — AT') ¢ G(H). Therefore, po(B) ¢ G(H) which implies that
©1(B) ¢ G(H). That is a contradiction because ¢1(B) 4+ F € G(H), so Im(p1(B)) is
closed. O

Corollary 2.1. Suppose that ¢ is a linear map on B(H) which is surjective up to
compact operators and L is the identity map on B(H) such that ¢ g ~ sy Z. Then
by Theorem 2.2 (i), ¢ preserves the set of compact operators in both directions. Now
by Mbekhta’s theorem which is expressed in the Theorem 2.1, the induced map ¢ :
C(H) — C(H), por = mo¢ is either an automorphism or an anti-automorphism if
and only if ¢ preserves the essential spectrum if and only if ¢ preserves the set of

Fredholm operators in both directions and ¢(I) =1 — K, where K € K(H).

Corollary 2.2. Suppose that v, and @y are bijective linear maps on B(H) such that
©1 fr ~ 55 p2. Take = p15" and suppose that the induced map U C(H) — C(H) be
an automorphism or an anti-automorphism. Then by Theorem 2.2 (i), ¢ preserves

the set of compact operators in both directions. Therefore, ¥(K(H)) = K(H) and
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hence 1 preserves the essential spectrum, and preserves the set of Fredholm operators

in both directions.

Remark 1. By similar proof of Theorem 2.2 (ii), we obtain the following results:
Let o1 and o be two linear maps on B(H) which are surjective up to compact oper-
ators. Then

(1) If o1 is (fr, f)— related to @, then @1 is (k, f)— related to ¢s.

(17) If p1 is (sf, k)— related to @q, then py is (k,k)— related to ps.

(13i) If @1 is (fr, k)— related to o, then vy is (k, k)— related to ¢s.

Theorem 2.3. Let @1, o be two linear maps on B(H) which are surjective up to
compact operators. If Sp(p1(T)) € Sp(T) and 1 s¢ ~ 5 pa on B(H)\{0}, then
there exists a bijective continuous map from B(H) onto Calkin algebra C(H) which is

homomorphism or anti-homomorphism.

Proof. Define 7 : B(H) — C(H) by 7(T) = ¢1(T)+K(H). First we show that 7 is one-
to-one. For this purpose, suppose that there exists 7' € B(#H)\{0} such that ¢(T)
is a compact operator, then Theorem 2.2 (i7) implies that @o(7) is finite rank, so by
the fact @1 55 ~ 5 @2, ¥1(T) is semi-Fredholm which is a contradiction. Hence, 7 is
one-to-one. Also if T+ /KC(H) € C(H), then there exist A € B(H) and K € K(H) such
that T' = ¢1(A) + K. Now 7(A) = p1(A) + K(H) = 01 (A) + K+ K(H) =T + K(H).
This shows that 7 is onto. On the other hand, B(#) is a unital C*-algebra of real
rank zero and C(H) is a unital semi-simple Banach algebra and so Lemma 2.2 implies
that 7 is a continuous Jordan homomorphism. But C(#) is a prime algebra (see [7]),

hence 7 is a homomorphism or anti-homomorphism. U

Corollary 2.3. Let I be the identity map on H. With the stated assumptions in the
above theorem we have, p1(1) € FR(H).
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Proof. Since 7 is Jordan homomorphism, we have:
() =1+ KH)=pi(I)+ K(H).

This shows that there is an operator W € IC(#H) such that ¢1(/) = I + W which

implies that ;(7) is a Fredholm operator. O

The following proposision was proved in [1]

Proposition 2.1. Let ¢y, ¢y be two linear maps on B(H) which are surjective up to
compact operators and @2 = LaRpp1 + X, where X : B(H) — K(H) is a linear map
and A, B € B(H). (Here La(resp. Rg) is the left (resp. right) multiplier operator
on B(H)) If o1 ~i @2, then A and B are Fredholm operators and ¢ ~f @2 and

Y1 ~sf P2

In the following theorem, we show that if A is in the center of B(#), then automati-

cally we have ¢; ~; p2. So A and B are Fredholm operators.

Theorem 2.4. Let p1, @y be two linear maps on B(H) which are surjective up to
compact operators and w3 = LaRpp1+ A, where A, B € B(H) and X : B(H) — K(H)

is a linear mapping. If A is in the center of B(H), then v1 ~ @a.

Proof. For i = 1,2, define 7, : B(H) — C(H) by 7(T) = ¢;(T') + K(H). Since ¢1, ¢
are surjective up to compact operators, 71 and 7 are surjective. Let a = A+/K(H) and
b= B+ K(H). Then trivially, 75(T") = ar(T)b. Now let I be the identity operator
on H, since 7, is surjective, there exists T € B(H) such that ar (T)b =1 + K(H) or
equivalently, Ap,(T)B+ K(H) = I+ K(#H). So there is an operator W € KC(#H) such
that Ap(T)B — 1 = W, hence Ap(T)B =1 +W € FR(H). This shows that A
and B are semi-Fredholm operators.

If ¢1(T) is a compact operator, then trivially ¢o(T") is compact. Now let 7 be the
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canonical map from B(H) onto C(H) and po(T") be compact. We have po(T)—\(T') =
Api(T)B. Therefore,

T(A)m(e1(T))m(B) = m(Api(T)B) = m(p2(T) = M(T)) =0 (1),

Let m(¢1(T)) # 0 and M be the left ideal generated by m(¢1(T")). Since C(H) is a
simple algebra, M = C(#H). Note that A is in the center of B(H), so (1) implies
that 7(A)Mn(B) = 0 or equivalently, 7(A)C(H)n(B) = 0. But C(H) is a prime
algebra and so m(A) = 0 or 7(B) = 0 which is a contradiction, because A and B are

semi-Fredholm operators. Thus, 7(¢1(T")) must be zero i.e. ¢1(T) is compact. O

In the next proposition, we prove the Proposition 2.1 with the assumption that ¢y is

(k, f)— related to ¢y instead of v ~y @o.

Proposition 2.2. Let p1, o be two linear maps on B(H) which are surjective up to
compact operators and @3 = LyRpp1+ A\, where A, B € B(H) and A : B(H) — K(H)
is a linear mapping. If oo is (k, f)— related to pi, then A and B are Fredholm

operators, and hence @1 ~¢ 2 and @1 ~s¢ Pa.

Proof. By similar proof of what we saw in the first paragraph of Theorem 2.4, we
obtain that A and B are semi-Fredholm operators. Now we show that A and B are
Fredholm. The condition ¢y is (k, f)— related to ¢y says that, if 7(7") = 0, then
7(T) = 0 (de if an(T)b = 0, then 7(T) = 0, for a = A+ K(H) and b =
B + K(H)). Since 7 is onto, this in turn says that with = € C(H), if axb = 0,
then x = 0. If A were not Fredholm, then (since a is right invertible), we must have
null(A) = co. Let P € B(H) be the orthogonal projection from H onto Ker(A) and
7 be the canonical map from B(H) onto C(H). Then apb = n(APB) = n(0B) = 0
but p = m(P) # 0, which is a contradiction. Thus A is Fredholm. Finally, since 7 is
onto, azb = w(I), for some z € C(H). Thus, there exists Z € B(H) such that AZB
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is a Fredholm operator. Therefore, B*Z*A* is also a Fredholm operator. The same

argument implies that B*, and hence B are Fredholm operators. U
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