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STATISTICAL CONVERGENCE OF DOUBLE SEQUENCES
V. RENUKADEVI ) AND P. VIJAYASHANTHI (2

ABSTRACT. In this paper, we show that a double sequence in a topological space
satisfies certain conditions, which are capable of generating a topology on a nonempty
set. Also, we used the idea of statistical limit and statistical cluster point to estab-
lish some properties in the sense of double sequences. One of our main interest is to
investigate the relationship between statistical limit, s-limit and statistical cluster

points of double sequences.

1. INTRODUCTION

The notion of statistical convergence of sequences was given by Fast [8] and Schoen-
berg [21] as an extension of the notion of convergence of a real sequence. In 2012, M.
Mursaleen et al. [16] introduced the notion of weighted A-statistical convergence of
a sequence, where A represents the nonnegative regular matrix. Kostyrko et al. [11]
introduced the concept of Z-convergence of sequences in a metric space and studied
some properties of this convergence. The concept of Z-convergence is a generalization
of statistical convergence and it is dependent on the notion of the ideal Z of subsets

of the set N of positive integers. In [17], a decomposition theorem for Z-convergent

2000 Mathematics Subject Classification. 54A20, 40A35, 40A05.

Key words and phrases. statistical convergence, s-limit, F,-set, separable space, double sequence.
The second author thanks the University Grants Commission, New Delhi, India for financial

support in the form of RGNF (F117.1/2016-17/RGNF- 2015-17-SC-TAM-26720).
Copyright (©) Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.

Received: July 13, 2020 Accepted: Oct. 26, 2020 .
787



788 V. RENUKADEVI AND P. VIJAYASHANTHI

sequences is given and also they introduced the notions of Z-Cauchy sequence and
studied their certain properties. Further this concept was studied by [2], [15], [19] and
many others. In 2008, Das et al. [5] considered the notions of Z and Z*-convergence
of double sequences in real line as well as in general metric spaces.

The notion of statistical convergence was introduced for double sequences by Mure-
saleen and Edely [14] (also by Moricz [13] who introduced it for multiple sequences).
Further, this concept was studied by Banerjee [1], Fridy [9, 10], Cakalh [3], Maio [6]
and many others. Recently, Mohiuddine et al. [12] studied statistically convergent,
statistically bounded and statistically Cauchy double sequences in locally solid Riesz
spaces. Throughout the paper, X denotes a topological space, R stands for the set
of all real numbers, N stands for the set of all natural numbers, X \ A denotes the

complement of the set A. All spaces are assumed to be Hausdorff.

2. PRELIMINARIES

A double sequence (z,,,) in a topological space (X, 7) is said to converge to a point
¢ € X in Pringsheims sense [20] if for every open set U containing &, there exists a
k € N such that x,,, € U for all m > k and n > k. The element ¢ is called Pringsheim
limit of the double sequence (x,,,) and is denoted by P—m}irilm Ty = &.

Let (X, 7) be a topological space and let ¢ be lexicographically ordered set N x N into
X considered as a subset of N x N x X. Then the set ¢, ordered by ((m,n), #((m,n)))
< ((rys),¢((r,s))) if and only if (m,n) < (r,s) is called a double sequence [18].
Denote ¢((m,n)) = Ty and ¢ = (Tp,). For a fixed m € N, the simple sequence
(Tmn)o2y is called the m-th straight-sequence and its subsequences are called straight-
subsequences [18] in ¢ = (x,,,); we condense (Zyn)22 | t0 (Tpy). Foramap g : N — N|
the simple sequence (Zy,4(m)) is called a cross-sequence [18] and its subsequences are

called cross-subsequences in (Z,,,). It should be also consider that the notion of the

set N x N with respect to the relation by Das and Malik [4] given as follows.
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(m,n) < (m1,ny) if m+n <mqg +nq, or m < m; when m+n=my +n
and (m,n) = (my,nq) if m =my,n =ny.

The following lemma will be useful in the sequel.

Lemma 2.1. [18, Lemma 2] Let (z,,,) be a double sequence of points of a set X.
Then there exists a one-to-one double subsequence of (z,,,) if and only if there is a

double subsequence (y;;) such that {y;; | j € N} are infinite sets for all i € N.

3. PROPERTIES OF s-CONVERGENCE

In this paper, the cardinality of the set B is denoted by |B|. The definition of statis-
tical convergence of double sequences is based on the notion of asymptotic density of

aset ACNx N.

Definition 3.1. Let A C NxN. Put A(m,n) = {(k,l) € A| k <m,l <n}. Then we
A - A
call 9(A) = P- lim inf [Am, n)) and 0(A) = P- lim sup M, the lower and
mn ™m,n— 00

m,n—00 mn
upper asymptotic density of A, respectively. If §(A) = §(A), then d(A) = §(A) = P-
A
lim M is called the double asymptotic density (or double natural density)
m,n—0o0 mn
of A.

Definition 3.2. A subset K of N x N is said to be statistically dense if d(K) = 1.
Note that d((N x N)\ A) =1—d(A) for ACNxN.

Example 3.1. Consider the sequence (%, )m.nen in R defined by

1 if m and n are prime numbers
(Tmn) =
0 otherwise

Let U be a neighborhood of 0.
Then d({(m,n) € Nx N | 2, ¢ U}) = lim HLomn€OMemngUl - Therefore,

m,n—00 mn

the set of prime natural numbers has asymptotic density 0 and so this sequence

statistically converges to 0.
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Definition 3.3. A double sequence (z,,,) in a topological space (X, ) is said to
converge statistically (or shortly, s-converge) to x € X, if for every neighborhood U
of z, d({(m,n) € Nx N |z, ¢ U}) = 0. In this case, we write z = s—mlrilr_r)loo Ty OT
For X = R, equivalently this definition says that there exists a subset A = {(m,n)}
of N x N with d(A) = 1 such that a double sequence (z,,,) converges to z, that is,
for every neighborhood U of z, there is my € N such that m,n > mg and (m,n) € A

implies that x,,, € U.

Definition 3.4. We write {2y, | (m,n) € N x N} to denote the range of a sequence
S. If (2y,n,) is & subsequence of S and K = {(my,n;) | (k,I) € N x N}, then we
abbreviate (Z,,5,) by {S}k. If d(K) = 0, then {S}f is called a subsequence of density
zero, or a thin subsequence. On the other hand, {S}k is a non-thin subsequence of S

if K does not have density zero.

Definition 3.5. A subsequence (Zy,,n,) of a double sequence () is statistically

dense in (Z,,,) if the set of indices (mg, ny) is a statistically dense subset of N x N.

Definition 3.6. A double sequence (z,,,) in a topological space (X, 7) is said to s*-

converge to x € X, if there is A C N x N with d(A) =1 such that lim (z.,) = .
(rri,n)EA

We write s*-lim z,,,, = x.

The following Lemma 3.1 shows that every convergent sequence is s-convergent in

the sense of double sequences. But converse is not true as shown by Example 3.2.

Lemma 3.1. If a double sequence () in a topological space (X, T) converges to

x € X, then () s-converges to .

Proof. Let U be a neighborhood of z. Since (x,,,) converges to z, there exists ng € N

such that ,,, € U for all m,n > ng. Let A = {(m,n) € NxN | z,,, € U}. Then
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{(m,n) € NxN | 2, ¢ U} € (NxN)\ A Since d(A) =1, d((Nx N)\ A) =
1 —d(A) =1—1=0. Therefore, d({(m,n) € Nx N | x,,, ¢ U}) = 0. Hence (z,,,)

s-converges to x. 0

Example 3.2. [6] Consider R with usual topology. Let (z,,,) be a divergent sequence
in R defined by
1 if m and n are prime

(Tmn) =
0 otherwise

Since the set of prime natural numbers has natural density 0, this sequence statisti-

cally converges to 0. But (z,,,) is not a convergent sequence.

Theorem 3.1. If a double sequence (x,,,) is s-convergent to x in (X, T), then each

non-thin subsequence (Tm,n,) of (Tmn) is also s-convergent to x in (X, 7).

Proof. Let {xp,n, | (k,1) € N x N} be any non-thin subsequence of (z,,,) and U
be any open neighborhood of z. Then d({(m,n) € N x N | x,, ¢ U}) = 0. Let
Ykl = Tm,n, and f and g be injective functions such that g(yx) = Zmyn,. We prove
that (yx) statistically converges to . Let zys = Y. € U, that is, f(2z5) = Yk, -

Let d({(mg, ) ENXN |y € g Hxpyn,)}) =17

Since (2, statistically converges to x, d({(mg,m) € NXN | g(yx1) = Tmyn, € U}) =
r, that is, d({(mg,,n.) E N XN | z;5 € (g0 f)*l(xmktms)}) =r

d({(mg,,n,) ENXN |z, € (go f)*l(:pmktms)}) =r

H{(mpg, ,mi)ENXN | Ztse(gof)_l(zmktnls)7mkt§pv nis <q}|

Thus, r = lim
P,.g—00 pxa

If [{(mg, ) € N XN |y € g7 (@myn,)s mi, < py i, < q}| = ki, then

{(mp,m,) €ENXN |z € (g0 f) N (@my,n, )} = {(ke, 1) ENXN | B <kl <1,

Zts € fﬁl(yktls)}'

[{(mp, ,ni)ENXN | ztse(gof)il(xmkf,nls)7mkt <mong <n}{(mp,m)ENXN |y €97 H(@myn; ) mp <m,ny<n}

r= m’%rgoo mXxXnxkxl
r— lim [{(kt,ls) ENXN | ky<k,ls<l,z¢s € " (yr,1,)} «  lim {(mp,n) ENXN | ygi1€9™  (@myn; ) mp<m, ny<n}|
k,l—o00 kxl m,n—oco mXxn
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[{ (ke ,ls)ENXN | kit <k,ls<l,2tes€f " (yry1,)}|

"= k,llgnoo kxl xr

lim [{(ke,ls)ENXN | ktgkk,lsgl,z,gsef*(yktzs)}l —1

k,l—oc0 x!

That is, d({(k,1) e Nx N |y, € U}) = 1.

Therefore, (yg) statistically converges to . O

The following Example 3.3 shows that the condition that non-thin on the subsequence

cannot be dropped in Theorem 3.1.

Example 3.3. Consider the sequence (x,,,) in R defined by

mn if m and n are square

(xmn) -
L otherwise
mn

Here the sequence (Z,,,) — 0. Consider the sequence (7,,,,) = ki, that is, k and [
are square numbers. Then this subsequence is a thin sequence, as d(K) = 0 where
K = {(k? ?) | k,1 € N}. Thus, this subsequence of a statistically convergent sequence

is not statistically convergent.

Lemma 3.2. A double sequence () is statistically convergent if and only if any

of its statistically dense subsequence is statistically convergent.

Proof. Sufficient part is trivial, since every sequence is statistically dense in itself.

Necessity, follows from Theorem 3.1. O

Lemma 3.3. If a double sequence (x,,,) s*-converges to x in a topological space

(X, 1), then (z,) s-converges to x.

Proof. Let U be a neighborhood of x. Since (x,,,) s*-converges to x, there exists a
subset A of N x N with d(A) = 1, ng = no(U) and my = mo(U) such that m > my,
n > ng implies that x,,, € U. Then {(m,n) € Nx N | x,,, ¢ U} C {(mo,n0) €
NxN}U{(NxN)\ A}. Since d({(mo, no) € NxNYU{(NxN)\ A}) =0, d({(m,n) €
N X N | z,, ¢ U}) = 0. Therefore, (x,,,) s-converges to x. O
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However, the converse of Theorem 3.3 is not true as shown in the following Example

3.4.

Example 3.4. Consider X = M U{0, 1} where M is an uncountable set with cofinite
topology. Let A C X and let (z,,,) be a divergent sequence in A defined by
1 if m and n are infinite numbers

(xmn) = )
0 otherwise

Since the set of natural numbers has natural density 1, d(A) = 1 and hence this se-
quence statistically converges to 0. But (x,,,) is not a convergent sequence. Therefore,

(Tmn) is s-convergent sequence but not s*-convergent sequence.

But the following Theorem 3.2 shows that the converse of the Lemma 3.3 holds if X

is first countable.

Theorem 3.2. Let (X, 7) be a first countable topological space. If a double sequence

(Tyn) in X s-converges to x, then (T,) s*-converges to x.

Proof. Let Uy D U; D ... be a countable local base at x. For every j € N, set
A; ={(m,n) € NxN | z,, € Uj}. Then Ay D Ay D ... and d(A;) = 1 for each
j € N. Let (s1,t1) € Ay. There is (sq,t2) € Ay, (s9,t2) > (s1,%1) such that for every

(ma n) > (827 t2)a

[A2(m, )| H(pg) €Az lp<m, q<n}| 1
mn mn 2’
since d(Az) = 1 and so on. We have (s;,t;) € A, (s1,t1) < (s2,t2) < ... < (s5,1)
such that for every (m,n) > (s, t;),

[Aim,n)| _ o) edjlpsm, gsn}| | 1
mn mn J

Define the set A C N x N for each (s,t) < (s1,t1),(s,t) € A, if j > 1 and (s;,¢;) <
(s,t) < (Sj41,tj+1), then (s,t) € A if and only if (s,t) € A;. Let A = {(my1,m) <

(mg, ng) < }



794 V. RENUKADEVI AND P. VIJAYASHANTHI

If (m,n) € Nx Nand (s;,t;) < (m,n) < (sj+1,tj11), then

AGmn)] o Am )]

mn mn j

and hence d(A) = 1.

We prove that llm Ty = M Ty . = T
Jj—00 M
(m n)EA

Let V be a neighborhood of x and U; C V. If (m,n) € A, (m,n) > (s;,t;), then there
exists i > j with (s;,¢;) < (m,n) < (sj41,ti41).
Hence by the definition of A, (m,n) € A;. Therefore, for each (m,n) € A, (m,n) >

(s5,t;), we have z,,, € U; C U; C V. Hence lim 2y, n, —xor(xmn)—>x O
]—)

Lemma 3.4. Let (x,,,) be a s-convergent double sequence in (X, T) and let s-lim x,,, =

x. Then there is a cross-sequence in (Tp,,) which s-converges to the point x.

Proof. It x,,, = z for infinitely many indexes, then the proof is trivial. Suppose not,
there is a double subsequence of points s,, # = and so by Lemma 2.1, there is a one-
to-one simple sequence of points of the set {x,,, | (m,n) € NxN} s-converging to the
point z, since {(m,n) € NxN | x,,, € U and 2, # 2}U{(m,n) € NxN | z,,, =z} =
{(m,n) e Nx N |s,, € U} and hence d({(m,n) € Nx N | z,, ¢ U}) = 0. Consider
the functions f, g : N — N and distinct pairs (f(¢), g(¢)) such that (2 f¢)g@)) is constant
or one-to-one sequence s-converging to x, d({(f(#),g(i)) € NxN | x40 ¢ U}) = 0.
Let )9ty = tr € U. Since (z(;)4()) s-converges to , d({(f(z),g(z)) ENXN |t ¢
U}) = 0. Two cases are possible.

Case (i): There is a non-thin subsequence (r;) of r such that f(r1) < f(r2) < ... and
SO ON. (T f(r,)g(r)) IS a cross-subsequence in (z,,,) and a non-thin subsequence of (t,).
Hence s-lim xy(,)g(r,) = T

Case (ii): There are positive integers p, ro such that f(r) = p, r > ry. Since the pairs

(f(r),g(r)) are distinct, there is a non-thin subsequence (s;) of r such that g(s;) <
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g(s2) < ... Hence we have a sequence (pq.s,)) = (ts,). It is a cross-subsequence in

(#mn) and a non-thin subsequence of (t,) as well. Therefore, s-lim Tpgs,y) = 2. O

Theorem 3.3. In a topological space (X, T), the following statements hold for a s-

convergent double sequence.

(a)

(b)

(c)

Proof.

For every x € X, the double sequence (x,,) = x for all (m,n) € N x N|
s-converges to x.

Addition of finite number of terms to a s-convergent double sequence affects
neither its s-convergence nor s-limit to which it s-converges.

If (zpn) is a s-convergent double sequence in AU B which s-converges to x,
where A and B are two non-empty disjoint subsets in X, then there exists a
double sequence (Ymn) either in A orin B consisting of infinitely many terms
of (X)) s-converging to x.

If (xn) is a double sequence s-converging to a point x and (x,) be formed
such that, for each p € N, z, equals to some x,,, where m > p and n > p,
then the double sequence (Ymn) where for each m € N, yp, = () for all

n € N, s-converges to x

(a) Any open set containing z, contains all the terms of the double se-
quence (Z,,,). So it s-converges to x.
Let (xm,) be a double sequence s-convergent to x and U be any open neigh-
borhood of x. Then d({(m,n) € Nx N | x,,, € U}) = 1. Now let r terms
Y1, Yo, ---, Y be added to the double sequence (z,,,) and denote the new dou-
ble sequence formed by (zmn). Let yp = 2Zmyn,, that is, g(yx) = zmyn, for
each k, d({(i,j) € NxN | z;; € U}) = d({(i,j) € NXN | 2, €
U}) +d({(i,7) € NxN | z;; € U}) = 0+ 1 = 1, since density of finite
subset of N is zero and cardinality of N x N is same as the cardinality of N.

Therefore, d({(i,7) € Nx N | z; € U}) = 1. Hence (z,,) s-converges to .
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Let (Z,,) be a double sequence in AU B s-converging to  where A and B
are two non empty disjoint subsets of X. Consider the sequence (z,,) where
Tm = Tmp for all m € N. Let U be any open neighborhood of x. Clearly,
d{m e N |z, € U}) =1 and (z,,) € AU B. By Theorem 3.1, at least one
of A or B must contain a non-thin subsequence of (x,,) which s-converges to
x. Suppose A contains a non-thin subsequence (z,,,) of (z,,) s-converging to
x. Consider a double sequence (yx,) where for each k € N, yy, = z,,, for all
m,n € N. By Theorem 3.1, every non-thin subsequence of the s-convergent
sequence is s-convergent and so (1,,, ) — . Hence d({n € N |y, ¢ U}) = 0.
Therefore, (yg,) s-converges to x.

Let U be an open set containing . Since (2,,,,) — , d({(m,n) € NxN | 2, €
U}) = 1. Hence d({i e N | x; € U}) = 1, since x; = Z,, for some m,n € N.
Let Ymn = . Then d({(m,n) E NX N | ypn ¢ U}) = d(NxN)\ {i € N |
r,€eU})=1—d({i e N|z; € U}) =1—1=0. Hence the double sequence

(Ymn) s-converges to z.

Theorem 3.4. Let X be a given set and let ¢ be a class of double sequences over

X. Let the members of ¢ be called s-convergent double sequences and let each s-

convergent double sequence be associated with an element of X called the s-limit of

the s-convergent double sequence subject to the conditions (a) to (d) as stated in

Theorem 3.3. Now, let a subset A of X be called open if and only if no s-convergent

double sequence lying in X \ A has any s-limit in A. Then the collection of open sets

thus obtained forms a topology T on X.

Proof. X and () are open sets, since no convergent double sequence can lie outside X

and () contains no element.
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Let {Aq}aca be a collection of open sets, where A is an arbitrary indexing set. Let
A= |J A, and consider a s-convergent double sequence (Z,,,) in X \ A, where x is
a s—li(;lelji\t point in X \ A. Then (x,,) € X \ A, for all &« € A. Hence (,,,) cannot
have a s-limit in A, for all & € A. Therefore, x cannot have a s-limit in A. Thus, A
is open.

Now let A and B be two open sets and suppose (z,,) be a s-convergent double
sequence in X \ (AN B), which has a s-limit x in AN B. So by the condition (c), at
least one of X'\ (AUB) and (AN(X\ B))U((X\ A)NB) must contain a s-convergent
double sequence whose range set is a subset of range set of (x,,,) and which has a
s-limit z. If a double sequence (ym,) € X \ (AU B) whose range set is a subset of the
range set of (2,,,) and which has a s-limit z in ANB C AU B, then it will contradict
the fact that AU B is open. Therefore, (AN (X \ B)) U ((X \ A) N B) contains a
s-convergent double sequence (y,,,) whose range set is a subset of range set of (x,,,)
and which has a s-limit z. Then by the condition (c) at least one of (AN (X \ B)) and
((X'\ A) N B) must contain a s-convergent double sequence, say (2y,), whose range
set is a subset of the range set of (y,,,) and which has a s-limit 2. Without any loss
of generality, assume that (AN (X \ B)) contains the s-convergent double sequence
(Zmn)- Then (2,,) is a s-convergent double sequence in X \ B which has a s-limit
in B, which is a contradiction to B is open. Hence no s-convergent double sequence
in X \ (AN B) can have a s-limit in AN B. Therefore, AN B is open. Thus, 7 forms

a topology on X. O

We call the topology defined above the s-convergence topology on X and (X, 7) is

called the double s-limit space.

Theorem 3.5. Let X be a double s-limit space with v as the given collection of s-

convergent double sequences and T be the resulting s-convergence topology on X. Let



798 V. RENUKADEVI AND P. VIJAYASHANTHI

o be the family of all s-convergent double sequences determined by the topology T on

X. Then v C o.

Proof. Let x = (Tyn) € v and a be a s-limit of x. Let G be an open set in the double
s-limit space (X, 7) containing a. We prove that d({(m,n) e NxN |z, € G}) = 1.
Suppose not. Then d({(m,n) € Nx N | z,,, € G}) # 1. Therefore, we can construct
a sequence (z,) in X \ G where for each p € N, z, equals some xy,;, where & > p and
[ > p. Therefore, by condition (d), the sequence (yx;) where for each k € N, yp, = x4
for all [ € N s-converges to a. Thus, we obtain a double sequence (yg) in X \ G
which has a s-limit in G. This contradicts to the fact that G is open. Hence ()

s-converges to a with respect to 7. Therefore, x € o. O

Theorem 3.6. Let~y be the family of all s-convergent double sequences in a topological
space (X, T) and 1. be the s-convergence topology on X determined by the family .
Then the following hold.
(a) T C Tl
(b) If A C X is s-sequentially closed in (X, T), then A is s-sequentially closed in
(X, 70).

(c) If (X, 7) is s-sequential, then (X, T) is also a s-sequential space.

Proof. (a) Each member of v satisfies (a) to (d) of Theorem 3.3. Let A be a 7-open
set. Suppose A is not 7-open. Then there exists a double sequence (Z,,) in X \ A
which has a s-limit  in A, by Theorem 3.4. Since A is 7-open and = € A, x,,, € A
which is a contradiction to (x,,,) € X \ A. Hence A must be 7/-open.

(b) Suppose that A is s-sequentially closed in (X, 7). Let (x,,,) be a sequence in A
s-converging to x in (X, 77). Let U be a 7-open set containing x. Since 7 C 7., U € 7.
As (Tpn) = o in (X, 7)), we have d({(m,n) | mn € U}) = 1. This implies that
(Tmn) — x in (X, 7). Since A is s-sequentially closed in (X, 7), # € A. Hence A is

s-sequentially closed in (X, 7)).
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(c) Let A be a s-sequentially closed set in (X, 7). Then A is s-sequentially closed in
(X, ), by (b). Since (X, 7}) is a s-sequential space, A is closed in (X, 77). Therefore,
A = cly(A) where cls(A) is closure of A in 7/. Also, from (a), we have 7 C 7. and
so clg(A) C cl(A). Hence A C cl(A) so that A is closed in (X, 7). Thus, (X, 7) is a

s-sequential space. ]

Theorem 3.7. Let I' be the family of all convergent double sequence in a topological
space (X, T). Let ' be the convergence topology on X determined by the family I' and
7 be the family of all s-convergent double sequences in (X, 7). If . is the s-convergence

topology on X determined by vy, then 7" C 7!

Proof. Let A be a 7'-open set. Suppose A is not 7/-open. Then there exists a double
sequence (Z,,) in X \ A which has a s-limit « in A, by Theorem 3.4. Since A is
7’-open and = € A, z,,, € A which is a contradiction to (z,,,) € X \ A. Hence A

must be 7/-open. O

The following Example 3.5 shows that the inequality in Theorem 3.6(a) and Theorem

3.7 is strict.

Example 3.5. (a) Let X = Rand 7 = {0, X, {0}}. Let v be a family of s-convergent
double sequences. Consider 7/ is the s-convergence topology on X determined by the
family 7. Let (2yn) = {0} U {2 + £ | (m,n) € N x N}. Since each neighborhood of
the point 0 contains {0} U {2 + = | (m,n) € N x N}, we have 7, 7.

(b) Let I be the family of all convergent double sequences in the topological space
(X, 7) and 7' be a convergence topology on X determined by the family I". Consider
a divergent sequence (x,,,) in R defined by

1 if m and n are prime

(xmn) = )
0 otherwise

Since the set of prime natural numbers has natural density 0, this sequence statisti-

cally converges to 0. But (z,,,) is not a convergent sequence. Therefore, 77 € 7.



800 V. RENUKADEVI AND P. VIJAYASHANTHI

4. RELATION BETWEEN STATISTICAL LIMIT POINTS AND STATISTICAL CLUSTER

POINTS OF A DOUBLE SEQUENCE

We now present some additional properties related to statistical limit points and

statistical cluster points of a double sequence.

Definition 4.1. A point x in a space X is called a statistical limit point of a double
sequence (Z,,) in a topological space (X, 7) if there is a subset {(m;,n;) | m; < m;
and n; < n;,i < j} of N x N whose asymptotic density is not zero (or greater than
zero or does not exist, or equivalently, its upper asymptotic density is positive) such

that lim @, n, = ©. A(Zymn) denotes the set of all statistical limit point of (2,,).
—00

)

Definition 4.2. A point z in a space X is called a statistical cluster point of a double
sequence (Z,,) if for each neighborhood U of x, the upper asymptotic density of the
set {(m,n) € Nx N | z,, € U} is positive. For a double sequence (z,,,) in a
topological space (X, 7), let L(z,) denote the set {a € X | for each neighborhood
of U of “a” the set {(p,q) € Nx N | x,, € U}} is infinite. I'(z,,,) denotes the set of

all statistical cluster points of ().

Lemma 4.1. Let (X, 1) be a topological space and (x,,) be a double sequence in X.

Then the following hold.

(a) Axpmn) C T(@pmn)-
(b) T(@pmn) C L(zmn)-

Proof. (a) Let x € A(zpy,) and let (2,,,,) be a subsequence of (z,,,) such that
k}liinooxmknl = x and d({(my,n;) | (k,1) € NxN}) = a > 0. Let U be a
neighborhood of z. Then for all but finitely many &’s and Is, say (ki, k2, ..k;,)
and (Iy,la, ...liy)s Timyn, € U.

We obtain {(m,n) € Nx N | 2, € U} D {(mg, ) | (k,1) € N x N} \
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{(my;, ;) | 1 <@ <ip} and so {(m,n) € N x N| z,, € U} is infinite. Thus,

- {(m,n) e NX N |z, € Um<p,n<q}

d ,n) ENxXN|z,,eU}) = 1
({(m.m) ENXN |2 €U}) = lim sup =
k,l 1
P,g—00 pq pq
1
= a——0(1
o (1)
s 2
2
> 0.

Here ‘O’ is standard Landau notation. Therefore, x € L().

(b) Let 2 be a point in T'(2,,,) and let U be a neighborhood of x. Then d({(m,n) €
N X N | 2, € U}) > 0. Also, this set consists of infinite number of elements.
Therefore, © € L(x,,).

g

The following Example 4.1 and Example 4.2 below show that the converse inclusion

in Lemma 4.1 does not hold in general.

Example 4.1. Consider R with usual topology. Let (z,,,) be a sequence in R defined
by
1 if m and n are square

("Emn) =
0 if otherwise

Since the set of square numbers has density 0, A(z,,,) = {0} and L(x,,,) = {0,1}.
Therefore, L(Zpmn) € A(Zmn).

Example 4.2. Consider R with usual topology. Let (2,,,) be a sequence in R defined
by Tpn = % where m = 2P71(2¢ + 1) and n = 2P7!(2q — 1), here p — 1 is the
number of factors of 2 in the prime factorization of m and also n. Then for each p,

d({(m,n) € NxN | 2, = 11?}) =277 > 0 and so % € T(2mn). Also, d({(m,n) €
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NxNJ|O0 <z, < 11?}) = 27P. Thus, 0 € L(zy,,) and L(zm,) = {0} U {%} But
0 ¢ I'(Tmn). Hence L(zmn) € T(@mn)-

Theorem 4.1. Let (X, 7) be a topological space and () be a double sequence in

X. If a point x € X is a statistical limit point, then x is a s-limit point.

Proof. Let A be a subset of X and let A = {z,,, | (m,n) € N x N}. Suppose that A
is an infinite set. Let U be a neighborhood of z. Then d({(m,n) € Nx N | z,,, €
U}) =1 > 0, since x is a statistical limit point. Therefore, = is a s-limit point of
A. Suppose that A is finite, then there exists z € X such that x,,, = = for infinitely
many m,n € N X N. Then for every open set U containing z, d({(m,n) € N x N |

Tmn € U}) = 1. Hence z is a s-limit point of A. U

From Example 4.1, we observe that the set of all statistical cluster points need not be
a closed point set. But the following Theorem 4.2 shows that the set of all statistical

cluster points is a closed set.

Theorem 4.2. For any topological space (X, T) and any double sequence () in

X, the set I'(xp,,) is closed.

Proof. Let x € TI'(xp,) and U be any neighborhood of z. Then there is a point
y € UNTD(xy,). Let V' be a neighborhood of y such that V' C U. Since y €
D(2pn), d({(m,n) € N x N | z,,, € V}) is positive. Now d({(m,n) € Nx N | z,,, €
UY) >d({(m,n) € NxN | z,,, € V}) and hence d({(m,n) € NxN | z,,, € U}) > 0.
Therefore, © € T'(x,). O

Theorem 4.3. Let (X, 7) be a first countable topological space. For any double

sequence (Tyy) in X, the set A(xpy,) is an F,-set.

Proof. For any t € N, let

F, = {z € X | there exists ((m1,n1) < (ma,n2) < ... < (mg,ng) < ...) and
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im @, = 2} and d({(mu, m) | (k1) € Nx N})} > 1.
To prove that each F; is a closed subset of X. Let y € cl(F;) and U be a neighbor-
hood of y. First we prove that F; converges to y. There is a countable neighborhood
basis {V,, | n € N} at y, since X is first countable. Let Uy = Vi, Uy = Vi NVa, ...,
U, =VinVon,...,NV,. Then B = {U, | n € N} is a neighborhood basis at y. If
F, € U for all t, then U,,’s form a neighborhood basis. It is clear that F; is eventually
in any neighborhood U of y, which means F; converges to y. For every y,,, choose a
non-thin double subsequence of (,,,) converging to y,, whose set of indices M, has
upper asymptotic density greater than or equal to % Suppose we take a double se-
quence (z,,) of positive real numbers converging to 0, then there is a double sequence
(11,71) < (i2,72) < ... in N x N such that

[ Mpg 0 Al

Zp]q

where A = {(¢,d) | (ip—1,74-1) < (c,d) < (ip,jq)}- Put M = J{M,;NA| (p,q) €
N x N}. Then d(M) > 1.

_g_zpqa (p7Q>ENXN

Let M = {(r1,s1) < (ra,s2) < ... < (rg,s1)}. Since only finitely many y,,, say
Y11, Y12, Y215 -+, Ypogo aT€ NOL in U, k,lziinooxr’“sl =zas M CU{My, | p>po,q>q}C
{(m,n) € NxN | z,,, € U} \ F where F is a finite set. Thus, y € F};. Therefore, F; is
closed. It follows that A(z,,,) = U{F; | t € N}. Hence A(x,,,) is an Fy-set in X. O

Theorem 4.4. If (z,,,) and (Ym,) are double sequences in a topological space (X, T)

such that d({(m,n) € NXN | 2y # Ymn}) = 0, then T'(@mn) = T (Ymn) and A(zp,) =
A(Ymn)-

Proof. Let x € TI'(2,,,) and U be a neighborhood of z. Then d({(m,n) € N x N |
T € U} > 0. We have {(m,n) € NxN | z,,,, € UI\{(m,n) € NXN | Zp, # Ymn} C
{(m,n) € NXN | 4,,, € U}. Since d({(m,n) € NXN | Zp # Ymn}) = 0, d({(m,n) €
N XN | ¢m, € U}) > 0. Therefore, € I'(ym,) and hence I'(zpn) C I'(Ymn)-
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By symmetry, I'(ymn) C I'(2mn). Therefore, I'@pn) = T'(Ymn). Let @ € A(zpn).
Then there is a subset {(my,n;) | k,I € N} such that llgnoo Tmyn, = x. Therefore,
A={(k,l) e NxN |z, ¢ U} is finite and so d(A) = 0. Hence d({(k,l) € N x N |
Tmm, € U}Y) = 1. But {(k,1) € NXN | 2, € U\ {(k,]) € NXN | 20, #
Ymens} S {5, 0) | Ympm, € U} and hence d({(k,1) | Ymum, € U}) = 1 > 0. Hence
x € A(Ymn). Therefore, A(x,) € A(Ymn). By similar argument, we can prove that
A(Ymn) C A(zmn). Hence A(zmn) = AMYmn)- O

Theorem 4.5. For any double sequence (Tpy,) in a hereditarily Lindelof space X,

there is a double sequence (Ymyn) such that d({(m,n) € NX N | Zpn # Ymn}) = 0 and

Proof. 1t is clear that if I'(2,,) = L(Zmp), then L(Ymn) = L(Tmn) = ['(Zmn). Suppose
that T'(zpn) © L(Zymn). For each € L(zpy,) \ T'(2mn), let U, be a neighborhood of
x such that d({(m,n) € Nx N | x,,, € U}) = 0. From the open cover {U, |
r € L(xpmn) \ T'(Tmn)} of the set L(xp,) \ T'(Zmn), choose a countable sub cover
{U,, | i € N}. Since z; € L(zmn) \ I'(2mn) for each i, each set U,, contains a thin
subsequence (Zum,n,) Of (Tmn) with d({(mu,ny) | (k,1) € Nx N}) = 0. Put 4; =
{(mu,ny) | k,1 € N}. Then A; can be arranged in a set A C N x N such that
d(A) = 0 and for each i € N, {(m,n) € Nx N |z, € U,,} \ A is a finite set and so
d({(m,n) e Nx N | 2y, € Uy, } \ A) = 0. Let (Nx N)\ A = {(kn,1,,) | m,n € N}.
Define the double sequence () in the following sense

Tk, if (myn) € A

T if (m,n) € (NxN)\ A

Ymn =

Then d({(m,n) € N X N | Zyn # Ymn}) = 0 and so I'(zn) = T'(Ymn), by Theorem
4.4. Next, we prove that L(ymn) = I'(¢mn). The subsequence (zy,.;,) of (Ymn) has
no accumulation point in L(Z,,,) \ I'(z,) and also, has no statistical limit point of

(Ymn)- Therefore, L(Ymn) = T'(Zmn)- ]
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Theorem 4.6. Let K be a compact subset of a topological space (X, 7). Then for
every double sequence (Ty,,) in X such that d({(m,n) € NxN | z,,, € K}) >
0, KNT(zyn) # 0

Proof. Suppose that K NT'(x,,,) = 0. Then for every z € K, there is a neighborhood
U, of = such that the set {(m,n) € Nx N | z,,, € U,} has upper asymptotic density
zero. From the open cover {U, | z € K} of K, take a finite sub cover {U,,, ..., U, } of
K. Since {(m,n) € NxN| 2, € K} C {(m,n) € NxN | 2y, € LTJ U}, d({(m,n) €
N x N | 2., € K}) = 0, which is a contradiction. . O

In [7], Engelking mentioned that if the density of the space is less than or equal to
w, then the space is separable. Also, in [6], hcld(X) = w denotes the set of all closed
subsets of the space X are separable. The following Theorem 4.7 gives the properties

closed set and F,-set in terms of L(Zy,), I'(Zmn) and A(z,,,) in a separable space.

Theorem 4.7. Let (X, 7) be a topological space. Assume that every closed subsets of
X are separable. Then the following hold.

(a) For each closed subset F' of X, there is a double sequence (Z,,,) in X such
that F = L(Zyp).

(b) For each F,-set A in X, there exists a double sequence (xp,,) in X such that
A= Axmn)-

(c) For each closed set A in X, there ezists a double sequence (x,,,) in X such

that A = T'(Zyn)-

Proof. (a) Let A = {a; | i € N} be a countable dense subset of F. Decompose
N x N into pairwise disjoint infinite sets N x N = [J (M; x N;) and define
a double sequence (Z,,) by Ty, = a; for each (m,l ZN) € M; x N;. Clearly,
L(zmn) C F, since F is closed. Now, we prove that F' C L(z,). Let z € F

and U be a neighborhood of x. Choose a point a; € U. Since x,,, = a for
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each (m,n) € My x Ny, there are infinitely many indexes (m,n) in N x N
satisfying z,, € U. That is, © € L(zmy)-

Let A = |J A; where each A; is a closed set in X. By (a), for every 4, choose a
i=1
double sequence (% ) C A; such that L(z;m,) = Ai. Decompose N x N into

pairwise disjoint sets as N x N = | J (M; x N;) where M; x N; = {(207}(2m —
ieN
1),274(2n + 1)) | m,n € N x N}. Here ¢ — 1 is the number of factors of 2 in

the prime factorization of M; x N;. Therefore, for each i, d(M; x N;) = 27¢
and d(NxN)\ | (M, xN,)) tends to 0 as i tends to co. Moreover, for

m=1,n=1
cach ¢ € N, decompose M; x N; = |J  S; ) where d(S; jx) = 27" for
(j,k)ENXN
each (j,k) € N x N. Define a double sequence (z,,,) such that x,,, = ©;mn

for each (m,n) € S;jr. To prove that A(z,,,) = A. First we prove that
A(zyn) C A. Suppose that there is a double subsequence (Z,,n,) Of (Tmn)

7

converging to x ¢ A. Then for every i, the set |J (M, X N,,) contains
only finitely many (1, n,). Hence d({(my, ns). (ms. 1), . (mp,1)}) = 0.
Therefore, © & Az )-

Next we prove that A C A(z,). If © € A, then x € A; for some i. If a double

subsequence (Z; m,n,) Of (Z;mn) converges to z, then for any € > 0 with e < 277,

|(Si,(mk,nl))mB‘

> 27" — ¢ where
TES1

there is a sequence (1, s;) in N x N such that
B = {(c,d) | (ri-1,5-1) < (¢,d) < (rg,s)}- Put S = U{(Si,mpnp) N B |

k,l € N}. Then d(S) > 27" — € and ml%rgloo ZTin = x. Therefore, © € A(x).
(n;,n)ES

Hence A = A(z).

Let B = {b; | i € N} be a countable dense subset of A. As in (b), decompose
N x N into pairwise disjoint sets M; x N; = {(2°7}(2m — 1),27(2n + 1)) |
m,n € N x N}, i € N, such that d(M; x N; = 27%) for each i € N. Define a
double sequence (Z,,,,) by Zpmn = b; for each (m,n) € M; x N;.

Clearly, I'(x,,,) C A, since A is closed. Let € A and U be a neighborhood
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of x. Take a point by € U. Since @, = by for each (m,n) € My x Ny, we

obtain {(m,n) € Nx N | x,,, € U} D My x Ni. Hence d({(m,n) € N x N |
ZTmn € U}) > 0. This implies that x € I'(xp,).
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