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STATISTICAL CONVERGENCE OF DOUBLE SEQUENCES

V. RENUKADEVI (1) AND P. VIJAYASHANTHI (2)

Abstract. In this paper, we show that a double sequence in a topological space

satisfies certain conditions, which are capable of generating a topology on a nonempty

set. Also, we used the idea of statistical limit and statistical cluster point to estab-

lish some properties in the sense of double sequences. One of our main interest is to

investigate the relationship between statistical limit, s-limit and statistical cluster

points of double sequences.

1. Introduction

The notion of statistical convergence of sequences was given by Fast [8] and Schoen-

berg [21] as an extension of the notion of convergence of a real sequence. In 2012, M.

Mursaleen et al. [16] introduced the notion of weighted A-statistical convergence of

a sequence, where A represents the nonnegative regular matrix. Kostyrko et al. [11]

introduced the concept of I-convergence of sequences in a metric space and studied

some properties of this convergence. The concept of I-convergence is a generalization

of statistical convergence and it is dependent on the notion of the ideal I of subsets

of the set N of positive integers. In [17], a decomposition theorem for I-convergent
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sequences is given and also they introduced the notions of I-Cauchy sequence and

studied their certain properties. Further this concept was studied by [2], [15], [19] and

many others. In 2008, Das et al. [5] considered the notions of I and I∗-convergence

of double sequences in real line as well as in general metric spaces.

The notion of statistical convergence was introduced for double sequences by Mure-

saleen and Edely [14] (also by Ḿoricz [13] who introduced it for multiple sequences).

Further, this concept was studied by Banerjee [1], Fridy [9, 10], Cakalh [3], Maio [6]

and many others. Recently, Mohiuddine et al. [12] studied statistically convergent,

statistically bounded and statistically Cauchy double sequences in locally solid Riesz

spaces. Throughout the paper, X denotes a topological space, R stands for the set

of all real numbers, N stands for the set of all natural numbers, X \ A denotes the

complement of the set A. All spaces are assumed to be Hausdorff.

2. Preliminaries

A double sequence (xmn) in a topological space (X, τ) is said to converge to a point

ξ ∈ X in Pringsheims sense [20] if for every open set U containing ξ, there exists a

k ∈ N such that xmn ∈ U for all m > k and n > k. The element ξ is called Pringsheim

limit of the double sequence (xmn) and is denoted by P - lim
m,n→∞

xmn = ξ.

Let (X, τ) be a topological space and let φ be lexicographically ordered set N×N into

X considered as a subset of N×N×X. Then the set φ, ordered by ((m,n), φ((m,n)))

< ((r, s), φ((r, s))) if and only if (m,n) < (r, s) is called a double sequence [18].

Denote φ((m,n)) = xmn and φ = 〈xmn〉. For a fixed m ∈ N, the simple sequence

〈xmn〉
∞
n=1 is called the m-th straight-sequence and its subsequences are called straight-

subsequences [18] in φ = 〈xmn〉; we condense 〈xmn〉
∞
n=1 to 〈xmn〉. For a map g : N → N,

the simple sequence (xmg(m)) is called a cross-sequence [18] and its subsequences are

called cross-subsequences in (xmn). It should be also consider that the notion of the

set N× N with respect to the relation by Das and Malik [4] given as follows.
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(m,n) < (m1, n1) if m + n < m1 + n1, or m < m1 when m + n = m1 + n1

and (m,n) = (m1, n1) if m = m1, n = n1.

The following lemma will be useful in the sequel.

Lemma 2.1. [18, Lemma 2] Let (xmn) be a double sequence of points of a set X.

Then there exists a one-to-one double subsequence of (xmn) if and only if there is a

double subsequence (yij) such that {yij | j ∈ N} are infinite sets for all i ∈ N.

3. Properties of s-convergence

In this paper, the cardinality of the set B is denoted by |B|. The definition of statis-

tical convergence of double sequences is based on the notion of asymptotic density of

a set A ⊂ N× N.

Definition 3.1. Let A ⊂ N×N. Put A(m,n) = {(k, l) ∈ A | k ≤ m, l ≤ n}. Then we

call δ(A) = P - lim
m,n→∞

inf
|A(m,n)|

mn
and δ̄(A) = P - lim

m,n→∞
sup

|A(m,n)|

mn
, the lower and

upper asymptotic density of A, respectively. If δ(A) = δ̄(A), then d(A) = δ(A) = P -

lim
m,n→∞

|A(m,n)|

mn
is called the double asymptotic density (or double natural density)

of A.

Definition 3.2. A subset K of N × N is said to be statistically dense if d(K) = 1.

Note that d((N× N) \ A) = 1 − d(A) for A ⊂ N× N.

Example 3.1. Consider the sequence (xmn)m,n∈N in R defined by

(xmn) =







1 if m and n are prime numbers

0 otherwise

Let U be a neighborhood of 0.

Then d({(m,n) ∈ N × N | xmn /∈ U}) = lim
m,n→∞

|{(m,n)∈N×N|xmn /∈U}|
mn

= 0. Therefore,

the set of prime natural numbers has asymptotic density 0 and so this sequence

statistically converges to 0.
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Definition 3.3. A double sequence (xmn) in a topological space (X, τ) is said to

converge statistically (or shortly, s-converge) to x ∈ X, if for every neighborhood U

of x, d({(m,n) ∈ N× N | xmn /∈ U}) = 0. In this case, we write x = s- lim
m,n→∞

xmn or

(xmn)
s
−→ x.

For X = R, equivalently this definition says that there exists a subset A = {(m,n)}

of N × N with d(A) = 1 such that a double sequence (xmn) converges to x, that is,

for every neighborhood U of x, there is m0 ∈ N such that m,n ≥ m0 and (m,n) ∈ A

implies that xmn ∈ U.

Definition 3.4. We write {xmn | (m,n) ∈ N×N} to denote the range of a sequence

S. If (xmknl
) is a subsequence of S and K = {(mk, nl) | (k, l) ∈ N × N}, then we

abbreviate (xmknl
) by {S}K . If d(K) = 0, then {S}K is called a subsequence of density

zero, or a thin subsequence. On the other hand, {S}K is a non-thin subsequence of S

if K does not have density zero.

Definition 3.5. A subsequence (xmknk
) of a double sequence (xmn) is statistically

dense in (xmn) if the set of indices (mk, nk) is a statistically dense subset of N× N.

Definition 3.6. A double sequence (xmn) in a topological space (X, τ) is said to s∗-

converge to x ∈ X, if there is A ⊂ N× N with d(A) = 1 such that lim
m,n→∞
(m,n)∈A

(xmn) = x.

We write s∗-lim xmn = x.

The following Lemma 3.1 shows that every convergent sequence is s-convergent in

the sense of double sequences. But converse is not true as shown by Example 3.2.

Lemma 3.1. If a double sequence (xmn) in a topological space (X, τ) converges to

x ∈ X, then (xmn) s-converges to x.

Proof. Let U be a neighborhood of x. Since (xmn) converges to x, there exists n0 ∈ N

such that xmn ∈ U for all m,n ≥ n0. Let A = {(m,n) ∈ N × N | xmn ∈ U}. Then
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{(m,n) ∈ N × N | xmn /∈ U} ⊂ (N × N) \ A. Since d(A) = 1, d((N × N) \ A) =

1 − d(A) = 1 − 1 = 0. Therefore, d({(m,n) ∈ N × N | xmn /∈ U}) = 0. Hence (xmn)

s-converges to x. �

Example 3.2. [6] Consider R with usual topology. Let (xmn) be a divergent sequence

in R defined by

(xmn) =







1 if m and n are prime

0 otherwise

Since the set of prime natural numbers has natural density 0, this sequence statisti-

cally converges to 0. But (xmn) is not a convergent sequence.

Theorem 3.1. If a double sequence (xmn) is s-convergent to x in (X, τ), then each

non-thin subsequence (xmknl
) of (xmn) is also s-convergent to x in (X, τ).

Proof. Let {xmknl
| (k, l) ∈ N × N} be any non-thin subsequence of (xmn) and U

be any open neighborhood of x. Then d({(m,n) ∈ N × N | xmn /∈ U}) = 0. Let

ykl = xmknl
and f and g be injective functions such that g(ykl) = xmknl

. We prove

that (ykl) statistically converges to x. Let zts = yktls ∈ U, that is, f(zts) = yktls .

Let d({(mk, nl) ∈ N× N | ykl ∈ g−1(xmknl
)}) = r.

Since (xmn) statistically converges to x, d({(mk, nl) ∈ N×N | g(ykl) = xmknl
∈ U}) =

r, that is, d({(mkt , nls) ∈ N× N | zts ∈ (g ◦ f)−1(xmkt
nls

)}) = r

d({(mkt, nls) ∈ N× N | zts ∈ (g ◦ f)−1(xmkt
nls

)}) = r

Thus, r = lim
p,q→∞

|{(mkt
,nls)∈N×N | zts∈(g◦f)−1(xmkt

nls
),mkt

≤p, nls≤q}|

p×q

If |{(mk, nl) ∈ N× N | ykl ∈ g−1(xmknl
), mkt ≤ p, nls ≤ q}| = kl, then

{(mkt , nls) ∈ N× N | zts ∈ (g ◦ f)−1(xmkt
nls

)} = {(kt, ls) ∈ N× N | kt ≤ k, ls ≤ l,

zts ∈ f−1(yktls)}.

r = lim
m,n→∞

|{(mkt
,nls

)∈N×N | zts∈(g◦f)−1(xmkt
,nls

),mkt
≤m,nls

≤n}||{(mk,nl)∈N×N | ykl∈g−1(xmknl
),mk≤m,nl≤n}|

m×n×k×l

r = lim
k,l→∞

|{(kt,ls)∈N×N | kt≤k,ls≤l,zts∈f−1(yktls )}|

k×l
× lim

m,n→∞

|{(mk,nl)∈N×N | ykl∈g−1(xmknl
),mk≤m, nl≤n}|

m×n
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r = lim
k,l→∞

|{(kt,ls)∈N×N | kt≤k,ls≤l,zts∈f−1(yktls )}|

k×l
× r

lim
k,l→∞

|{(kt,ls)∈N×N | kt≤k,ls≤l,zts∈f−1(yktls)}|

k×l
= 1

That is, d({(k, l) ∈ N× N | ykl ∈ U}) = 1.

Therefore, (ykl) statistically converges to x. �

The following Example 3.3 shows that the condition that non-thin on the subsequence

cannot be dropped in Theorem 3.1.

Example 3.3. Consider the sequence (xmn) in R defined by

(xmn) =







mn if m and n are square

1
mn

otherwise

Here the sequence (xmn)
s
−→ 0. Consider the sequence (xmknl

) = kl, that is, k and l

are square numbers. Then this subsequence is a thin sequence, as d(K) = 0 where

K = {(k2, l2) | k, l ∈ N}. Thus, this subsequence of a statistically convergent sequence

is not statistically convergent.

Lemma 3.2. A double sequence (xmn) is statistically convergent if and only if any

of its statistically dense subsequence is statistically convergent.

Proof. Sufficient part is trivial, since every sequence is statistically dense in itself.

Necessity, follows from Theorem 3.1. �

Lemma 3.3. If a double sequence (xmn) s∗-converges to x in a topological space

(X, τ), then (xmn) s-converges to x.

Proof. Let U be a neighborhood of x. Since (xmn) s∗-converges to x, there exists a

subset A of N× N with d(A) = 1, n0 = n0(U) and m0 = m0(U) such that m ≥ m0,

n ≥ n0 implies that xmn ∈ U. Then {(m,n) ∈ N × N | xmn /∈ U} ⊂ {(m0, n0) ∈

N×N}∪{(N×N)\A}. Since d({(m0, n0) ∈ N×N}∪{(N×N)\A}) = 0, d({(m,n) ∈

N× N | xmn /∈ U}) = 0. Therefore, (xmn) s-converges to x. �
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However, the converse of Theorem 3.3 is not true as shown in the following Example

3.4.

Example 3.4. Consider X = M∪{0, 1} where M is an uncountable set with cofinite

topology. Let A ⊂ X and let (xmn) be a divergent sequence in A defined by

(xmn) =







1 if m and n are infinite numbers

0 otherwise

Since the set of natural numbers has natural density 1, d(A) = 1 and hence this se-

quence statistically converges to 0. But (xmn) is not a convergent sequence. Therefore,

(xmn) is s-convergent sequence but not s∗-convergent sequence.

But the following Theorem 3.2 shows that the converse of the Lemma 3.3 holds if X

is first countable.

Theorem 3.2. Let (X, τ) be a first countable topological space. If a double sequence

(xmn) in X s-converges to x, then (xmn) s∗-converges to x.

Proof. Let U1 ⊃ U2 ⊃ ... be a countable local base at x. For every j ∈ N, set

Aj = {(m,n) ∈ N × N | xmn ∈ Uj}. Then A1 ⊃ A2 ⊃ ... and d(Aj) = 1 for each

j ∈ N. Let (s1, t1) ∈ A1. There is (s2, t2) ∈ A2, (s2, t2) ≥ (s1, t1) such that for every

(m,n) ≥ (s2, t2),

|A2(m,n)|

mn
=

|{(p, q) ∈ A2 | p ≤ m, q ≤ n}|

mn
>

1

2
,

since d(A2) = 1 and so on. We have (sj, tj) ∈ Aj , (s1, t1) ≤ (s2, t2) ≤ ... ≤ (sj, tj)

such that for every (m,n) ≥ (sj, tj),

|Aj(m,n)|

mn
=

|{(p, q) ∈ Aj | p ≤ m, q ≤ n}|

mn
> 1 −

1

j
.

Define the set A ⊂ N × N for each (s, t) ≤ (s1, t1), (s, t) ∈ A, if j ≥ 1 and (sj, tj) <

(s, t) ≤ (sj+1, tj+1), then (s, t) ∈ A if and only if (s, t) ∈ Aj. Let A = {(m1, n1) <

(m2, n2) < ...}.
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If (m,n) ∈ N× N and (sj , tj) < (m,n) ≤ (sj+1, tj+1), then

|A(m,n)|

mn
≥

|Aj(m,n)|

mn
> 1 −

1

j
.

and hence d(A) = 1.

We prove that lim
m,n→∞
(m,n)∈A

xmn = lim
j→∞

xmjnj
= x.

Let V be a neighborhood of x and Uj ⊂ V. If (m,n) ∈ A, (m,n) ≥ (sj, tj), then there

exists i ≥ j with (si, ti) ≤ (m,n) ≤ (sj+1, ti+1).

Hence by the definition of A, (m,n) ∈ Ai. Therefore, for each (m,n) ∈ A, (m,n) ≥

(sj, tj), we have xmn ∈ Ui ⊂ Uj ⊂ V. Hence lim
j→∞

xmjnj
= x or (xmjnj

)
s∗
−→ x. �

Lemma 3.4. Let (xmn) be a s-convergent double sequence in (X, τ) and let s-lim xmn =

x. Then there is a cross-sequence in (xmn) which s-converges to the point x.

Proof. If xmn = x for infinitely many indexes, then the proof is trivial. Suppose not,

there is a double subsequence of points spq 6= x and so by Lemma 2.1, there is a one-

to-one simple sequence of points of the set {xmn | (m,n) ∈ N×N} s-converging to the

point x, since {(m,n) ∈ N×N | xmn ∈ U and xmn 6= x}∪{(m,n) ∈ N×N | xmn = x} =

{(m,n) ∈ N× N | spq ∈ U} and hence d({(m,n) ∈ N× N | xmn /∈ U}) = 0. Consider

the functions f, g : N → N and distinct pairs (f(i), g(i)) such that (xf(i)g(i)) is constant

or one-to-one sequence s-converging to x, d({(f(i), g(i)) ∈ N×N | xf(i)g(i) /∈ U}) = 0.

Let xf(r)g(r) = tr ∈ U. Since (xf(i)g(i)) s-converges to x, d({(f(i), g(i)) ∈ N× N | tr /∈

U}) = 0. Two cases are possible.

Case (i): There is a non-thin subsequence (ri) of r such that f(r1) < f(r2) < ... and

so on. (xf(ri)g(ri)) is a cross-subsequence in (xmn) and a non-thin subsequence of (tr).

Hence s-lim xf(ri)g(ri) = r.

Case (ii): There are positive integers p, r0 such that f(r) = p, r > r0. Since the pairs

(f(r), g(r)) are distinct, there is a non-thin subsequence (si) of r such that g(s1) <
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g(s2) < ... . Hence we have a sequence (xpg(si)) = (tsi). It is a cross-subsequence in

(xmn) and a non-thin subsequence of (tr) as well. Therefore, s-lim xpg(si) = x. �

Theorem 3.3. In a topological space (X, τ), the following statements hold for a s-

convergent double sequence.

(a) For every x ∈ X, the double sequence (xmn) = x for all (m,n) ∈ N × N,

s-converges to x.

(b) Addition of finite number of terms to a s-convergent double sequence affects

neither its s-convergence nor s-limit to which it s-converges.

(c) If (xmn) is a s-convergent double sequence in A ∪ B which s-converges to x,

where A and B are two non-empty disjoint subsets in X, then there exists a

double sequence (ymn) either in A or in B consisting of infinitely many terms

of (xmn) s-converging to x.

(d) If (xmn) is a double sequence s-converging to a point x and (xp) be formed

such that, for each p ∈ N, xp equals to some xmn where m > p and n > p,

then the double sequence (ymn) where for each m ∈ N, ymn = (xm) for all

n ∈ N, s-converges to x

Proof. (a) Any open set containing x, contains all the terms of the double se-

quence (xmn). So it s-converges to x.

(b) Let (xmn) be a double sequence s-convergent to x and U be any open neigh-

borhood of x. Then d({(m,n) ∈ N × N | xmn ∈ U}) = 1. Now let r terms

y1, y2, ..., yr be added to the double sequence (xmn) and denote the new dou-

ble sequence formed by (zmn). Let yk = zmknk
, that is, g(yk) = zmknk

for

each k, d({(i, j) ∈ N × N | zij ∈ U}) = d({(i, j) ∈ N × N | zmjnj
∈

U}) + d({(i, j) ∈ N × N | xij ∈ U}) = 0 + 1 = 1, since density of finite

subset of N is zero and cardinality of N × N is same as the cardinality of N.

Therefore, d({(i, j) ∈ N× N | zij ∈ U}) = 1. Hence (zmn) s-converges to x.



796 V. RENUKADEVI AND P. VIJAYASHANTHI

(c) Let (xmn) be a double sequence in A ∪ B s-converging to x where A and B

are two non empty disjoint subsets of X. Consider the sequence (xm) where

xm = xmn for all m ∈ N. Let U be any open neighborhood of x. Clearly,

d({m ∈ N | xm ∈ U}) = 1 and (xm) ∈ A ∪ B. By Theorem 3.1, at least one

of A or B must contain a non-thin subsequence of (xm) which s-converges to

x. Suppose A contains a non-thin subsequence (xmk
) of (xm) s-converging to

x. Consider a double sequence (ykn) where for each k ∈ N, ykn = xmk
for all

m,n ∈ N. By Theorem 3.1, every non-thin subsequence of the s-convergent

sequence is s-convergent and so (xmk
)

s
−→ x. Hence d({n ∈ N | ykn /∈ U}) = 0.

Therefore, (ykn) s-converges to x.

(d) Let U be an open set containing x. Since (xmn)
s
−→ x, d({(m,n) ∈ N×N | xmn ∈

U}) = 1. Hence d({i ∈ N | xi ∈ U}) = 1, since xi = xmn for some m,n ∈ N.

Let ymn = xm. Then d({(m,n) ∈ N× N | ymn /∈ U}) = d((N× N) \ {i ∈ N |

xi ∈ U}) = 1 − d({i ∈ N | xi ∈ U}) = 1 − 1 = 0. Hence the double sequence

(ymn) s-converges to x.

�

Theorem 3.4. Let X be a given set and let φ be a class of double sequences over

X. Let the members of φ be called s-convergent double sequences and let each s-

convergent double sequence be associated with an element of X called the s-limit of

the s-convergent double sequence subject to the conditions (a) to (d) as stated in

Theorem 3.3. Now, let a subset A of X be called open if and only if no s-convergent

double sequence lying in X \A has any s-limit in A. Then the collection of open sets

thus obtained forms a topology τ on X.

Proof. X and ∅ are open sets, since no convergent double sequence can lie outside X

and ∅ contains no element.
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Let {Aα}α∈Λ be a collection of open sets, where Λ is an arbitrary indexing set. Let

A =
⋃

α∈Λ

Aα and consider a s-convergent double sequence (xmn) in X \A, where x is

a s-limit point in X \ A. Then (xmn) ∈ X \ Aα for all α ∈ Λ. Hence (xmn) cannot

have a s-limit in Aα for all α ∈ Λ. Therefore, x cannot have a s-limit in A. Thus, A

is open.

Now let A and B be two open sets and suppose (xmn) be a s-convergent double

sequence in X \ (A ∩B), which has a s-limit x in A ∩B. So by the condition (c), at

least one of X \(A∪B) and (A∩(X \B))∪((X \A)∩B) must contain a s-convergent

double sequence whose range set is a subset of range set of (xmn) and which has a

s-limit x. If a double sequence (ymn) ∈ X \ (A∪B) whose range set is a subset of the

range set of (xmn) and which has a s-limit x in A∩B ⊂ A∪B, then it will contradict

the fact that A ∪ B is open. Therefore, (A ∩ (X \ B)) ∪ ((X \ A) ∩ B) contains a

s-convergent double sequence (ymn) whose range set is a subset of range set of (xmn)

and which has a s-limit x. Then by the condition (c) at least one of (A∩ (X \B)) and

((X \ A) ∩ B) must contain a s-convergent double sequence, say (zmn), whose range

set is a subset of the range set of (ymn) and which has a s-limit x. Without any loss

of generality, assume that (A ∩ (X \ B)) contains the s-convergent double sequence

(zmn). Then (zmn) is a s-convergent double sequence in X \ B which has a s-limit x

in B, which is a contradiction to B is open. Hence no s-convergent double sequence

in X \ (A∩B) can have a s-limit in A∩B. Therefore, A∩B is open. Thus, τ forms

a topology on X. �

We call the topology defined above the s-convergence topology on X and (X, τ) is

called the double s-limit space.

Theorem 3.5. Let X be a double s-limit space with ν as the given collection of s-

convergent double sequences and τ be the resulting s-convergence topology on X. Let
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σ be the family of all s-convergent double sequences determined by the topology τ on

X. Then ν ⊂ σ.

Proof. Let x = (xmn) ∈ ν and a be a s-limit of x. Let G be an open set in the double

s-limit space (X, τ) containing a. We prove that d({(m,n) ∈ N×N | xmn ∈ G}) = 1.

Suppose not. Then d({(m,n) ∈ N×N | xmn ∈ G}) 6= 1. Therefore, we can construct

a sequence (xp) in X \G where for each p ∈ N, xp equals some xkl, where k > p and

l > p. Therefore, by condition (d), the sequence (ykl) where for each k ∈ N, ykl = xk

for all l ∈ N s-converges to a. Thus, we obtain a double sequence (ykl) in X \ G

which has a s-limit in G. This contradicts to the fact that G is open. Hence (xmn)

s-converges to a with respect to τ. Therefore, x ∈ σ. �

Theorem 3.6. Let γ be the family of all s-convergent double sequences in a topological

space (X, τ) and τ ′s be the s-convergence topology on X determined by the family γ.

Then the following hold.

(a) τ ⊂ τ ′s.

(b) If A ⊂ X is s-sequentially closed in (X, τ), then A is s-sequentially closed in

(X, τ ′s).

(c) If (X, τ ′s) is s-sequential, then (X, τ) is also a s-sequential space.

Proof. (a) Each member of γ satisfies (a) to (d) of Theorem 3.3. Let A be a τ -open

set. Suppose A is not τ ′s-open. Then there exists a double sequence (xmn) in X \ A

which has a s-limit x in A, by Theorem 3.4. Since A is τ -open and x ∈ A, xmn ∈ A

which is a contradiction to (xmn) ∈ X \ A. Hence A must be τ ′s-open.

(b) Suppose that A is s-sequentially closed in (X, τ). Let (xmn) be a sequence in A

s-converging to x in (X, τ ′s). Let U be a τ -open set containing x. Since τ ⊂ τ ′s, U ∈ τ ′s.

As (xmn)
s
−→ x in (X, τ ′s), we have d({(m,n) | xmn ∈ U}) = 1. This implies that

(xmn)
s
−→ x in (X, τ). Since A is s-sequentially closed in (X, τ), x ∈ A. Hence A is

s-sequentially closed in (X, τ ′s).
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(c) Let A be a s-sequentially closed set in (X, τ). Then A is s-sequentially closed in

(X, τ ′s), by (b). Since (X, τ ′s) is a s-sequential space, A is closed in (X, τ ′s). Therefore,

A = cls(A) where cls(A) is closure of A in τ ′s. Also, from (a), we have τ ⊂ τ ′s and

so cls(A) ⊂ cl(A). Hence A ⊂ cl(A) so that A is closed in (X, τ). Thus, (X, τ) is a

s-sequential space. �

Theorem 3.7. Let Γ be the family of all convergent double sequence in a topological

space (X, τ). Let τ ′ be the convergence topology on X determined by the family Γ and

γ be the family of all s-convergent double sequences in (X, τ). If τ ′s is the s-convergence

topology on X determined by γ, then τ ′ ⊂ τ ′s

Proof. Let A be a τ ′-open set. Suppose A is not τ ′s-open. Then there exists a double

sequence (xmn) in X \ A which has a s-limit x in A, by Theorem 3.4. Since A is

τ ′-open and x ∈ A, xmn ∈ A which is a contradiction to (xmn) ∈ X \ A. Hence A

must be τ ′s-open. �

The following Example 3.5 shows that the inequality in Theorem 3.6(a) and Theorem

3.7 is strict.

Example 3.5. (a) Let X = R and τ = {∅, X, {0}}. Let γ be a family of s-convergent

double sequences. Consider τ ′s is the s-convergence topology on X determined by the

family γ. Let (xmn) = {0} ∪ { 1
n

+ 1
m

| (m,n) ∈ N × N}. Since each neighborhood of

the point 0 contains {0} ∪ { 1
n

+ 1
m

| (m,n) ∈ N× N}, we have τ ′s * τ.

(b) Let Γ be the family of all convergent double sequences in the topological space

(X, τ) and τ ′ be a convergence topology on X determined by the family Γ. Consider

a divergent sequence (xmn) in R defined by

(xmn) =







1 if m and n are prime

0 otherwise

Since the set of prime natural numbers has natural density 0, this sequence statisti-

cally converges to 0. But (xmn) is not a convergent sequence. Therefore, τ ′s * τ ′.
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4. Relation between statistical limit points and statistical cluster

points of a double sequence

We now present some additional properties related to statistical limit points and

statistical cluster points of a double sequence.

Definition 4.1. A point x in a space X is called a statistical limit point of a double

sequence (xmn) in a topological space (X, τ) if there is a subset {(mi, ni) | mi < mj

and ni < nj , i < j} of N × N whose asymptotic density is not zero (or greater than

zero or does not exist, or equivalently, its upper asymptotic density is positive) such

that lim
k,l→∞

xmknl
= x. Λ(xmn) denotes the set of all statistical limit point of (xmn).

Definition 4.2. A point x in a space X is called a statistical cluster point of a double

sequence (xmn) if for each neighborhood U of x, the upper asymptotic density of the

set {(m,n) ∈ N × N | xmn ∈ U} is positive. For a double sequence (xmn) in a

topological space (X, τ), let L(xmn) denote the set {a ∈ X | for each neighborhood

of U of “a” the set {(p, q) ∈ N× N | xpq ∈ U}} is infinite. Γ(xmn) denotes the set of

all statistical cluster points of (xmn).

Lemma 4.1. Let (X, τ) be a topological space and (xmn) be a double sequence in X.

Then the following hold.

(a) Λ(xmn) ⊂ Γ(xmn).

(b) Γ(xmn) ⊂ L(xmn).

Proof. (a) Let x ∈ Λ(xmn) and let (xmknl
) be a subsequence of (xmn) such that

lim
k,l→∞

xmknl
= x and d̄({(mk, nl) | (k, l) ∈ N × N}) = α > 0. Let U be a

neighborhood of x. Then for all but finitely many k’s and l’s, say (k1, k2, ..ki0)

and (l1, l2, ...li0), xmknl
∈ U.

We obtain {(m,n) ∈ N × N | xmn ∈ U} ⊃ {(mk, nl) | (k, l) ∈ N × N} \
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{(mki , nli) | 1 ≤ i ≤ i0} and so {(m,n) ∈ N× N | xmn ∈ U} is infinite. Thus,

d̄({(m,n) ∈ N× N | xmn ∈ U}) = lim
p,q→∞

sup
|{(m,n) ∈ N× N | xmn ∈ U,m ≤ p, n ≤ q}|

pq

≥ lim
p,q→∞

sup
|{(mk, nl) | (k, l) ∈ N× N}|

pq
−

1

pq
O(1)

= α−
1

pq
O(1)

>
α

2

> 0.

Here ‘O′ is standard Landau notation. Therefore, x ∈ L(xmn).

(b) Let x be a point in Γ(xmn) and let U be a neighborhood of x. Then d̄({(m,n) ∈

N×N | xmn ∈ U}) > 0. Also, this set consists of infinite number of elements.

Therefore, x ∈  L(xmn).

�

The following Example 4.1 and Example 4.2 below show that the converse inclusion

in Lemma 4.1 does not hold in general.

Example 4.1. Consider R with usual topology. Let (xmn) be a sequence in R defined

by

(xmn) =







1 if m and n are square

0 if otherwise

Since the set of square numbers has density 0, Λ(xmn) = {0} and L(xmn) = {0, 1}.

Therefore, L(xmn) * Λ(xmn).

Example 4.2. Consider R with usual topology. Let (xmn) be a sequence in R defined

by xmn = 1
p

where m = 2p−1(2q + 1) and n = 2p−1(2q − 1), here p − 1 is the

number of factors of 2 in the prime factorization of m and also n. Then for each p,

d̄({(m,n) ∈ N × N | xmn = 1
p
}) = 2−p > 0 and so 1

p
∈ Γ(xmn). Also, d̄({(m,n) ∈
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N × N | 0 < xmn < 1
p
}) = 2−p. Thus, 0 ∈  L(xmn) and L(xmn) = {0} ∪ {1

p
}. But

0 /∈ Γ(xmn). Hence  L(xmn) * Γ(xmn).

Theorem 4.1. Let (X, τ) be a topological space and (xmn) be a double sequence in

X. If a point x ∈ X is a statistical limit point, then x is a s-limit point.

Proof. Let A be a subset of X and let A = {xmn | (m,n) ∈ N× N}. Suppose that A

is an infinite set. Let U be a neighborhood of x. Then d({(m,n) ∈ N × N | xmn ∈

U}) = 1 > 0, since x is a statistical limit point. Therefore, x is a s-limit point of

A. Suppose that A is finite, then there exists x ∈ X such that xmn = x for infinitely

many m,n ∈ N × N. Then for every open set U containing x, d({(m,n) ∈ N × N |

xmn ∈ U}) = 1. Hence x is a s-limit point of A. �

From Example 4.1, we observe that the set of all statistical cluster points need not be

a closed point set. But the following Theorem 4.2 shows that the set of all statistical

cluster points is a closed set.

Theorem 4.2. For any topological space (X, τ) and any double sequence (xmn) in

X, the set Γ(xmn) is closed.

Proof. Let x ∈ Γ(xmn) and U be any neighborhood of x. Then there is a point

y ∈ U ∩ Γ(xmn). Let V be a neighborhood of y such that V ⊂ U. Since y ∈

Γ(xmn), d̄({(m,n) ∈ N× N | xmn ∈ V }) is positive. Now d̄({(m,n) ∈ N× N | xmn ∈

U}) ≥ d̄({(m,n) ∈ N×N | xmn ∈ V }) and hence d̄({(m,n) ∈ N×N | xmn ∈ U}) > 0.

Therefore, x ∈ Γ(xmn). �

Theorem 4.3. Let (X, τ) be a first countable topological space. For any double

sequence (xmn) in X, the set Λ(xmn) is an Fσ-set.

Proof. For any t ∈ N, let

Ft = {x ∈ X | there exists ((m1, n1) < (m2, n2) < ... < (mk, nk) < ...) and
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lim xmknl
= x} and d̄({(mk, nl) | (k, l) ∈ N× N})} ≥ 1

t
.

To prove that each Ft is a closed subset of X. Let y ∈ cl(Ft) and U be a neighbor-

hood of y. First we prove that Ft converges to y. There is a countable neighborhood

basis {Vn | n ∈ N} at y, since X is first countable. Let U1 = V1, U2 = V1 ∩ V2, . . . ,

Un = V1 ∩ V2∩, . . . ,∩Vn. Then B = {Un | n ∈ N} is a neighborhood basis at y. If

Ft ∈ U for all t, then Un’s form a neighborhood basis. It is clear that Ft is eventually

in any neighborhood U of y, which means Ft converges to y. For every ypq, choose a

non-thin double subsequence of (xmn) converging to ypq whose set of indices Mpq has

upper asymptotic density greater than or equal to 1
t
. Suppose we take a double se-

quence (zpq) of positive real numbers converging to 0, then there is a double sequence

(i1, j1) < (i2, j2) < ... in N× N such that

|Mpq ∩ A|

ipjq
≥

1

t
− zpq, (p, q) ∈ N× N

where A = {(c, d) | (ip−1, jq−1) < (c, d) ≤ (ip, jq)}. Put M =
⋃

{Mpq ∩ A | (p, q) ∈

N× N}. Then d̄(M) ≥ 1
t
.

Let M = {(r1, s1) < (r2, s2) < ... < (rk, sl)}. Since only finitely many ypq, say

y11, y12, y21, ..., yp0q0 are not in U, lim
k,l→∞

xrksl = x as M ⊂ ∪{Mpq | p ≥ p0, q ≥ q0} ⊂

{(m,n) ∈ N×N | xmn ∈ U}\F where F is a finite set. Thus, y ∈ Ft. Therefore, Ft is

closed. It follows that Λ(xmn) = ∪{Ft | t ∈ N}. Hence Λ(xmn) is an Fσ-set in X. �

Theorem 4.4. If (xmn) and (ymn) are double sequences in a topological space (X, τ)

such that d({(m,n) ∈ N×N | xmn 6= ymn}) = 0, then Γ(xmn) = Γ(ymn) and Λ(xmn) =

Λ(ymn).

Proof. Let x ∈ Γ(xmn) and U be a neighborhood of x. Then d̄({(m,n) ∈ N × N |

xmn ∈ U} > 0. We have {(m,n) ∈ N×N | xmn ∈ U}\{(m,n) ∈ N×N | xmn 6= ymn} ⊆

{(m,n) ∈ N×N | ymn ∈ U}. Since d({(m,n) ∈ N×N | xmn 6= ymn}) = 0, d̄({(m,n) ∈

N × N | ymn ∈ U}) > 0. Therefore, x ∈ Γ(ymn) and hence Γ(xmn) ⊂ Γ(ymn).
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By symmetry, Γ(ymn) ⊂ Γ(xmn). Therefore, Γ(xmn) = Γ(ymn). Let x ∈ Λ(xmn).

Then there is a subset {(mk, nl) | k, l ∈ N} such that lim
k,l→∞

xmknl
= x. Therefore,

A = {(k, l) ∈ N×N | xmknl
/∈ U} is finite and so d(A) = 0. Hence d({(k, l) ∈ N×N |

xmknl
∈ U}) = 1. But {(k, l) ∈ N × N | xmknl

∈ U} \ {(k, l) ∈ N × N | xmknl
6=

ymknl
} ⊆ {(k, l) | ymknl

∈ U} and hence d̄({(k, l) | ymknl
∈ U}) = 1 > 0. Hence

x ∈ Λ(ymn). Therefore, Λ(xmn) ⊆ Λ(ymn). By similar argument, we can prove that

Λ(ymn) ⊂ Λ(xmn). Hence Λ(xmn) = Λ(ymn). �

Theorem 4.5. For any double sequence (xmn) in a hereditarily Lindelöf space X,

there is a double sequence (ymn) such that d({(m,n) ∈ N×N | xmn 6= ymn}) = 0 and

L(ymn) = Γ(xmn).

Proof. It is clear that if Γ(xmn) = L(xmn), then L(ymn) = L(xmn) = Γ(xmn). Suppose

that Γ(xmn) ( L(xmn). For each x ∈ L(xmn) \ Γ(xmn), let Ux be a neighborhood of

x such that d({(m,n) ∈ N × N | xmn ∈ U}) = 0. From the open cover {Ux |

x ∈ L(xmn) \ Γ(xmn)} of the set L(xmn) \ Γ(xmn), choose a countable sub cover

{Uxi
| i ∈ N}. Since xi ∈ L(xmn) \ Γ(xmn) for each i, each set Uxi

contains a thin

subsequence (xmiknil
) of (xmn) with d({(mik, nil) | (k, l) ∈ N × N}) = 0. Put Ai =

{(mik, nil) | k, l ∈ N}. Then Ai can be arranged in a set A ⊂ N × N such that

d(A) = 0 and for each i ∈ N, {(m,n) ∈ N× N | xmn ∈ Uxi
} \ A is a finite set and so

d({(m,n) ∈ N × N | xmn ∈ Uxi
} \ A) = 0. Let (N× N) \ A = {(km, ln) | m,n ∈ N}.

Define the double sequence (ymn) in the following sense

ymn =







xkmln if (m,n) ∈ A

xmn if (m,n) ∈ (N× N) \ A

Then d({(m,n) ∈ N × N | xmn 6= ymn}) = 0 and so Γ(xmn) = Γ(ymn), by Theorem

4.4. Next, we prove that L(ymn) = Γ(ymn). The subsequence (xkmln) of (ymn) has

no accumulation point in L(xmn) \ Γ(xmn) and also, has no statistical limit point of

(ymn). Therefore, L(ymn) = Γ(xmn). �
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Theorem 4.6. Let K be a compact subset of a topological space (X, τ). Then for

every double sequence (xmn) in X such that d̄({(m,n) ∈ N × N | xmn ∈ K}) >

0, K ∩ Γ(xmn) 6= ∅

Proof. Suppose that K ∩Γ(xmn) = ∅. Then for every x ∈ K, there is a neighborhood

Ux of x such that the set {(m,n) ∈ N×N | xmn ∈ Ux} has upper asymptotic density

zero. From the open cover {Ux | x ∈ K} of K, take a finite sub cover {Ux1, ..., Uxr
} of

K. Since {(m,n) ∈ N×N | xmn ∈ K} ⊂ {(m,n) ∈ N×N | xmn ∈
r
⋃

i=1

Uxi
}, d̄({(m,n) ∈

N× N | xmn ∈ K}) = 0, which is a contradiction. �

In [7], Engelking mentioned that if the density of the space is less than or equal to

ω, then the space is separable. Also, in [6], hcld(X) = ω denotes the set of all closed

subsets of the space X are separable. The following Theorem 4.7 gives the properties

closed set and Fσ-set in terms of L(xmn), Γ(xmn) and Λ(xmn) in a separable space.

Theorem 4.7. Let (X, τ) be a topological space. Assume that every closed subsets of

X are separable. Then the following hold.

(a) For each closed subset F of X, there is a double sequence (xmn) in X such

that F = L(xmn).

(b) For each Fσ-set A in X, there exists a double sequence (xmn) in X such that

A = Λ(xmn).

(c) For each closed set A in X, there exists a double sequence (xmn) in X such

that A = Γ(xmn).

Proof. (a) Let A = {ai | i ∈ N} be a countable dense subset of F. Decompose

N × N into pairwise disjoint infinite sets N × N =
⋃

i∈N
(Mi × Ni) and define

a double sequence (xmn) by xmn = ai for each (m,n) ∈ Mi × Ni. Clearly,

L(xmn) ⊂ F, since F is closed. Now, we prove that F ⊂ L(xmn). Let x ∈ F

and U be a neighborhood of x. Choose a point ak ∈ U. Since xmn = ak for
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each (m,n) ∈ Mk × Nk, there are infinitely many indexes (m,n) in N × N

satisfying xmn ∈ U. That is, x ∈ L(xmn).

(b) Let A =
∞
⋃

i=1

Ai where each Ai is a closed set in X. By (a), for every i, choose a

double sequence (xi,mn) ⊂ Ai such that L(xi,mn) = Ai. Decompose N×N into

pairwise disjoint sets as N×N =
⋃

i∈N
(Mi ×Ni) where Mi ×Ni = {(2i−1(2m−

1), 2i−1(2n + 1)) | m,n ∈ N× N}. Here i− 1 is the number of factors of 2 in

the prime factorization of Mi × Ni. Therefore, for each i, d(Mi × Ni) = 2−i

and d((N×N) \
i
⋃

m=1,n=1

(Mm×Nn)) tends to 0 as i tends to ∞. Moreover, for

each i ∈ N, decompose Mi × Ni =
⋃

(j,k)∈N×N
Si,(j,k) where d̄(Si,(j,k)) = 2−i for

each (j, k) ∈ N × N. Define a double sequence (xmn) such that xmn = xi,mn

for each (m,n) ∈ Si,(j,k). To prove that Λ(xmn) = A. First we prove that

Λ(xmn) ⊂ A. Suppose that there is a double subsequence (xmknl
) of (xmn)

converging to x /∈ A. Then for every i, the set
i
⋃

m=1,n=1

(Mm × Nn) contains

only finitely many (mp, nq). Hence d({(m1, n2), (m2, n2), ..., (mp, nq)}) = 0.

Therefore, x /∈ Λ(xmn).

Next we prove that A ⊂ Λ(xmn). If x ∈ A, then x ∈ Ai for some i. If a double

subsequence (xi,mknl
) of (xi,mn) converges to x, then for any ǫ > 0 with ǫ < 2−i,

there is a sequence (rk, sl) in N × N such that
|(Si,(mk,nl)

)∩B|

rksl
≥ 2−i − ǫ where

B = {(c, d) | (rk−1, sl−1) < (c, d) ≤ (rk, sl)}. Put S =
⋃

i

{(Si,(mk,nl)) ∩ B |

k, l ∈ N}. Then d(S) ≥ 2−i − ǫ and lim
m,n→∞
(m,n)∈S

xmn = x. Therefore, x ∈ Λ(xmn).

Hence A = Λ(xmn).

(c) Let B = {bi | i ∈ N} be a countable dense subset of A. As in (b), decompose

N × N into pairwise disjoint sets Mi × Ni = {(2i−1(2m − 1), 2i−1(2n + 1)) |

m,n ∈ N × N}, i ∈ N, such that d(Mi × Ni = 2−i) for each i ∈ N. Define a

double sequence (xmn) by xmn = bi for each (m,n) ∈ Mi ×Ni.

Clearly, Γ(xmn) ⊂ A, since A is closed. Let x ∈ A and U be a neighborhood
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of x. Take a point bk ∈ U. Since xmn = bk for each (m,n) ∈ Mk × Nk, we

obtain {(m,n) ∈ N× N | xmn ∈ U} ⊃ Mk × Nk. Hence d̄({(m,n) ∈ N × N |

xmn ∈ U}) > 0. This implies that x ∈ Γ(xmn).

�
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