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COMPUTING CERTAIN TOPOLOGICAL INDICES OF
INDU-BALA PRODUCT OF GRAPHS

SHREEKANT PATIL U AND B. BASAVANAGOUD @

ABSTRACT. The Indu-Bala product G; ¥Gs of graphs G; and Gs is obtained from
two disjoint copies of the join G V G2 of G and G2 by joining the corresponding
vertices in the two copies of GG2. In this paper we obtain the explicit formulae
for certain degree and distance based topological indices viz. first Zagreb index,
second Zagreb index, third Zagreb index, F-index, hyper-Zagreb index, harmonic
index, first multiplicative Zagreb index, second multiplicative Zagreb index, mod-
ified first multiplicative Zagreb index, Wiener index, Harary index, sum-degree
distance index, product-degree distance index, reciprocal sum-degree distance in-
dex and reciprocal product-degree distance index of Indu-Bala product of graphs.
Also, we present the exact value of the distance based topological indices of graph

G in terms of its order, size and Zagreb indices, when diam(G) < 2.

1. INTRODUCTION

Let G be a graph with vertex set V(G), |V(G)| = n, and edge set E(G), |E(G)| = m.
As usual, n is order and m is size of G. If u and v are two adjacent vertices of GG, then
the edge connecting them will be denoted by uv. The degree of a vertex w € V(G) is
the number of vertices adjacent to w and is denoted by dg(w). The distance between

two vertices u and v in G, denoted by dg(u,v) is the length of the shortest path
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between the vertices u and v in G. The shortest u — v path is often called geodesic.
The diameter diam(G) of a connected graph G is the length of any longest geodesic.
Any unexplained graph theoretical terminology and notation may be found in [2].
In structural chemistry and biology, molecular structure descriptors are utilized for
modeling information of molecules, which are known as topological indices. Many
topological indices are introduced to explain the physical and chemical properties of
molecules (See [18]). We represent the selected degree-based topological indices in
the following form [14].
TIG) = ), Fldo(u).de(v))
weE(G)
where the summation goes over all pairs of adjacent vertices u,v of the molecular

graph G, and where F' = F(x,y) is an appropriately chosen function. In particular,
F(z,y) = x4y
Flr,y) = wy
for the first Zagreb index M;(G) and second Zagreb index Ms(G), respectively [17].
F(z,y) = 2°+y
Flz,y) = |z -yl

for the forgotten topological index F/(G) (or F-index) [13, 17] and the third Zagreb
index M3(G) [11], respectively.

2
T4y

F(z,y) =

Flz,y) = (z+y)?

for the harmonic index H(G) [12] and hyper-Zagreb index H M (G) [29], respectively.

Also, the logarithms of the three multiplicative Zagreb indices can be represented as
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follows:

1 1
Flo) = 2(2542Y)

Z Y
F(z,y) = Inz+Iny

F(z,y) = In(z+y)

for first multiplicative Zagreb index [ [, (G), second multiplicative Zagreb index [ [,(G)
and modified first multiplicative Zagreb index [[;(G), respectively [10, 15, 31, 32].

The oldest molecular index is the one put forward in 1947 by H. Wiener [34], nowadays
referred to as the Wiener index and denoted by W. It is defined as the sum of distance

between all pairs of vertices of a graph. Symbolically,

In 1993, Plavsi¢ et al. [28] and Ivanciuc et al. [23] independently introduced the
Harary index, named in honor of Frank Harary on the occasion of his 70** birthday.
Actually, the Harary index was first defined in 1992 by Mihali¢ and Trinajsti¢ [26]

as:

H'(G) = ), dG

ueV (G)
The invariant sum-degree distance denoted by DD, (G) was first time introduced by
Dobrynin and Kochetova [8], later the same quantity was examined under the name
Schultz index [16] and defined as
DD.(G)= ) [da(u) + da(v)lda(u,v).
u,veV(G)

In [16], Gutman introduced another invariant named product-degree distance index
and is defined as

Z dG dg(u U)

u,veV (G
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Hua and Zhang [21] introduced a new graph invariant named reciprocal degree dis-
tance, which can be seen as a degree-weight version of Harary index, that is

dg(u) + dg(v) .

RDDL(G)= ) _ dofu)

u,veV(G)
In [30], Su et al. introduced the reciprocal product-degree distance of graphs, which

can be seen as a product-degree-weight version of Harary index, that is

d(;(u)d(;(v) .

RDD,(G)= > dof o)

u,veV(G)
The join G V G3 of graphs G and G5 is a graph with the vertex set V(G1) UV (Gy)
and edge set E(G1)UE(G2)U{uv : u € V(G;) and v € V(G3)}. Recently, Indulal and
Balakrishnan [22] introduced a new graph operation named it as Indu-bala product
of graphs and is defined as follows:
The Indu-Bala product G71V¥Gy of graphs G; and G5 is obtained from two disjoint
copies of the join G V G5 of G; and G5 by joining the corresponding vertices in the
two copies of GG5. Hence the number of vertices and edges in G;V¥Gy is given by,
respectively, |V (G1VGy)| = 2(ng + ng) and |E(G1VYGs)| = 2(my + mg + nyng) + no.
If u is a vertex of G;¥G4 then

dg, (u) + ng if ueV(Gy)

da,(u)+n1+1 if ue V(Gs).
The Fig. 1 depicts an example of G; ¥G,. Motivated by the work on Indu-Bala prod-

dGl VG2 (u) =

Pgi P4I

FiGURE 1. Graphs P3, Py and their P3V P,

uct graphs [22, 27|, we study the degree and distance based topological indices of this
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graph. The paper is organized as follows: In section 2, we compute the degree based
topological indices viz. first Zagreb index, second Zagreb index, third Zagreb in-
dex, F-index, hyper-Zagreb index, harmonic index, first multiplicative Zagreb index,
second multiplicative Zagreb index, modified first multiplicative Zagreb index and
in section 3, we compute the distance based topological indices viz. Wiener index,
Harary index, sum-degree distance index, product-degree distance index, reciprocal
sum-degree distance index and reciprocal product-degree distance index of Indu-Bala
product of graphs. Also, we present the exact value of the distance based topological
indices of graph G in terms of its order, size and Zagreb indices, when diam(G) < 2.
Readers interested in more information on computing topological indices of graph
operations can be referred to [1, 3, 4, 5, 6, 7, 18, 20, 24, 25].

The following lemmas are useful for proving our results.

Lemma 1.1. (AM-GM inequality) Let x1, 3, ..., x, be nonnegative numbers. Then

T+ T+ + Ty
n

> /r1Te Ty

holds with equality if and only if all the x;’s are equal.

Lemma 1.2. [19, 33] Let G be a graph of order n and size m. Then W(G) =

n? —n —m if and only if diam(G) < 2.

2. DEGREE BASED T'OPOLOGICAL INDICES

Operation considered is binary, hence we deal with two finite and simple graphs, G,
and G,. For a given graph G, its vertex and edge sets will be denoted by V(G;) and

E(G;), and their cardinalities by n; and m;, respectively, where ¢ = 1, 2.
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Theorem 2.1. Let G; and G5 be two graphs. Then

Z d(éj_&Gg |: Z da—i—l

ueV(G1vG2) ueV (Gr)

+ 3 At (O‘H){ S oa,

veV G2 UGV(G1

+ Y dg, n1+1)}+<a;1){ S odg (w) - nd

veV (Ga) ueV (Gr)

+ Z dg n1+1)] co T+ ng(ng +1)°‘+1].
veV(Ga)

Proof. Since G1¥G9 has 2(ny + ng) vertices, then we have

S e, = 2[ S (o) £ )+ Y <dG2<v>+<n1+1>>a+1].

ueV(G1VG2) ueV(Gr) veV(Ga)

Using binomial theorem, expanding each term in right hand side of above equation,
we get the following.

Z ditye, (W) = 2[ Z)d?ffl() (a+1) Z &

ueV(G1VG2) ueV (G ueV(Gr)

a+1 a— «
—l—( 5 ) Z dgt(w) - ng+ -+ g™

uGV(G1)

+ 3 dtw) + (‘”1) S dg, ) (m + 1)

veV(Ga) veV(Ga)

Oé—l—l a— «
+( 5 ) Z dg M) - (nn+ 1) 4+ ng(ng + 1)%7.

UEV(GQ)

U

As a application of the above theorem, taking o = 1 and o = 2 leads to the expressions
for the first Zagreb index and forgotten topological index of G;¥Gy, which are given

in following corollaries.
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Corollary 2.1. Let Gy and Gy be two graphs. Then M,(G1VGy) = 2[M;(Gy) +
nin3 + dngmy + Mi(Gs) + na(ny + 1)% + 4dma(ng + 1))

Corollary 2.2. Let Gy and Gy be two graphs. Then F(G1V¥Gy) = 2[F(Gy) +nin3 +
37’LQM1(G1) + 6n§m1 + F(Gg) + ng(nl + 1)3 + 3(711 -+ 1)M1(G2) + 6m2(n1 + 1)2]

Theorem 2.2. Let Gy and Go be two graphs. Then My(G1VGs) = 2[My(Gy) +
nng(Gl) + mm% -+ MQ(GQ) + (n1 + 1)M1 (Gg) + mg(nl + 1)2 + 4m1m2 + 2m1n2(n1 +
1) + 2maoning + nani(ng + 1)] + M1 (Gs) + no(ng + 1)% + 4ma(ng + 1).

Proof. By definition of second Zagreb index, we have
My(G1VGYy)

= Z dayva, (u)de va, (V)

weE(G1YG2)

=2 5 (o) + e, 0) 4 o)

weE(G1)

+ > (day(w) + g+ 1)(de, (v) + 1y +1)

+ )Y (dey (w) + na)(dey (v) + 1y + 1)

ueV(G1) veV(Ga)
+ Y (de,(v) +ng +1)?

vGV(Gz)

= 2| 3 (o), () + el (0] + doy (0) + )

+ Y S (e (W)dey(v) + (n1 + 1)de, (w) + nade, (v) +na(ny + 1))

ueV(G1) veV (Ga)

+ ) (dg,(v) + (n1+1)* + 2dg, () (01 + 1)),
veV (Ga)
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Theorem 2.3. Let G; and G5 be two graphs. Then

Mg(G1VG2) S 2[M3(G1) + Mg(Gg) + 2m1n2 + nlng + 2m2n1 + nlng(nl + 1)]

Proof. Using the definition of third Zagreb index, we have

M3(G1'G2) = Z | dG1VG2 (u) - dleGz (U) |
weE(G1VG2)
2| ¥ ldau) 4 da(0) -
weFE(Gr)

+ Z |dG2(u)+n1+1—dG2(v)—n1—1|
uveE(G2)

+ Y Y lde(u) +na —de,(v) —ny — 1|
uEV(G1) UEV(GQ)

+ Z |dG2(’U)+7’L1+1—dG2(U)—TL1—1 |
veV (Ga)

< 2[M3(G1) —+ Mg(Gg) —+ 2m1n2 -+ nlng -+ 2m2n1 + n1n2(n1 -+ 1)]

U

Theorem 2.4. Let Gy and Gy be two graphs. Then HM(G1VGs) = 2[HM (Gy) +
dn3my + dno My (G1) + HM(Go) + 4(ny + 1)2mg + 4(ny + 1) My (Gy) + naM1(Gy) +
niMi(Ga) +8myima+ning(ng +no+1)+2(ny +ng+1)(2myng +2maong )| +4[ M (Gs) +
(n1 + 1)%*ng + 4ma(ny + 1)].

Proof. By definition of hyper-Zagreb index, we have HM(G1¥Gy) = F(G1YG,) +
2M5(G1V¥G3). Hence the result follows from Corollary 3.3 and Theorem 3.4. O

Theorem 2.5. Let G; and G5 be two graphs. Then

my i L) i ning i N2
m1+2n2—|—1 m2+2n1—|—3 2n1+2n2—1 n1+n2'

H(G1vGy)
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Proof. By definition of harmonic index, we have

2

dGlVG2 (u) + dG1VGz <U>

H(G\VG,y) = >

weE(G1YG2)

2
= 2
[ Z )dGl(u)+n2+dG1(v)+n2

weE(G1
2

+
uveZE(:Gg) dG2 (U) + s + 1 + dG2 (U) + s + 1

2
DI
u€V(G1) vV (Ga) de, (u) +n2 + dg, (v) + 1 + 1

2
+ ) .
VeV (Ga) 2(dG2 (’U) + ny + 1)

For a graph G, we have dg(u) + dg(v) < |E(G)| + 1 for uv € E(G) and dg(u) <
IV(G)| =1 for u € V(G).

2 2
H(G1VGy) > 2{ Yoot >
B my + 2ny + 1 B me +2(ny +1) +1

2
HDINDS }
eV vev(Ga) IT+ny+ny—1+n+1

1
+ Z 7’L2—1—|—7’L1—|—1

veV (Ga)
2m 2 2
— 9 1 i M3 i n1N2 N2 _
m1+2n2—|—1 m2+2n1—|—3 2n1+2n2—1 ni + No
0

Theorem 2.6. Let G; and G5 be two graphs. Then

(2.1) [[(GivGa) <

1

|:M1 (Gl) + nln% + 4n2m1} 2m
ny

% [Ml(Gg) —|— 7’L2(7’L1 —|— 1)2 —|— 4(’)7,1 —|— 1)m2:| 2nz
N9 .

The equality holds in (2.1) if and only if G1 and Gy are regular graphs.
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Proof. Using the definition of first multiplicative Zagreb index, we have

[[GivGs) = I e

1 ueV(G1vG2)

- | I we@nr I1 <dG2<u>+m+1>2r

ueV(G1) ueV(Ga)

— [ [T (@2 (u) +n3 + 2nadg, (u)

ueV(Gr)

X H (dZ,(w) + (n1 +1)* + 2(ng + 1)dG2(u))} .
ueV (Ga)

By Lemma 1.1, we have

> (dg, (u) +n3 + 2nadg, (),
|:u€V(G1) }

ni

> (dg,(u) + (1 +1)% + 2(ny + 1)dg, (u))

ev(G 2n2
= |
T2

o |:M1(G1) + nlng + 4n2m1} 2 |iM1<G2) + n2(n1 + 1)2 + 4(71,1 + 1)m2 2n2
ny .

ng

Moreover, the above equality holds if and only if dZ; (u) +n3+2nedg, (u) = dg, (v) +
n3 + 2nadg, (v) for u,v € V(Gy) and dg, (1) + (nq + 1)* 4+ 2(ny + 1)de, (r) = d, (s) +

(n1+1)%+2(ny + 1)dg,(s) for r,;s € V(Gy) by Lemma 1.1. Hence the equality holds

in (2.1) if and only if both G; and G5 are regular graphs. O

Theorem 2.7. Let G; and G5 be two graphs. Then

[Mg(Gl) + nng(Gl) + mlng} 2ma
my

(22) JJ(GivGs) <

2

_MQ(G2) + (711 + 1)M1(G2) + m2(nl + 1)2} 2mo

[4myms + 2ninams + 2mana(ng + 1) + nynj(ng + 1)} 2ning

ning

no

y [ M1 (G3) + 4ma(ng + 1) + na(ng + 1)2} "2
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The equality holds in (2.2) if and only if G1 and Gy are regular graphs.

Proof. By definition of second multiplicative Zagreb index, we have

[[(GivGo)
= H deiva, (u)dG1'G2 (U)
weE(G1VG2)
= |: H (dG1 (u) + 7’Lg)(dG1 (U) + 712) H (dGQ(U) +ny + 1)(dG2(U) +ny + 1)
weE(G1) weE(G2)

X H H dG1 + N9 (dGz( ) +ny + 1):| H (dG2 (’U) +ny + 1)2

ueV (G1) veV (Ga) veV (G2)

_ { [T (de(w)de, (v) + na(de, (u) + do, (v) +nd)

weE(G1)
x ]I (dex(w)de,(v) + (n + 1)(de, (1) + dey (v)) + (01 +1)%)
weE(G2)

X H H dG1 dG2 ) (m + 1>dG1 (U) + ngdG2 (’U) + n2(n1 + 1))
uGV(G1) UEV(GQ)

x ] (d2,(0) + (1 +1)* + 2dg, (v) (n1 + 1))
veV (Ga)

By Lemma 1.1, we have

> (de,y(u)de, (v) + na(de, (u) + da, (v)) +n3)

2mq
weF(G1)
[ my }

) 6%((; )(daz (u)dg, (v) + (n1 + 1) (dg, (w) + da, (v) + (n1 + 1)2>} oy

ma

2 > (de (wde,(v) + (n1 + 1)dg, (u) + nada, (v) + n2(ni + 1)),
o [evion vev Gy ]

ning

2 (d,(0) + (na + 1)+ 2dg, (v) (m + 1))
veV(Go) ]

ng
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MQ(Gl) + n2M1 (Gl) + mlng] 2ma
my

% -M2(G2) + (nl + 1)M1(G2) + m2(n1 4 1)2] 2my

ma

-4m1m2 + 2n1ngome + 2m1n2(n1 + 1) + nln%(nl + 1):| 2n1n2
ning

% -Ml(Gg) + 4m2(n1 + 1) + ng(nl + 1)2:| 2
N9 .

Furthermore, the above equality holds if and only if dg, (u)dg, (v) + nao(dg, (u) +
de,(v)) + n3 = dg,(r)dg,(s) + na(dg, (r) + dg,(s)) + n3 for any uv,rs € E(G;)
de, (u)de, (v)+ (1 +1) (de, (u) +de, (v) + (n1+1)? = de, (r)de, (s) + (m+1) (de,
da,(8))+ (ny+1)? for any uv,rs € E(Gs), dg, (u)da,(v)+ (ny+1)dg, (u) +nade,

Y

(r)+
(v)+
na(ny + 1) = dg, (r)de,(s) + (n1 + 1)dg, (1) + nada,(s) + na(ny + 1) for any u,r €
V(G1),v,s € V(Gs) and d, (u) + (ng + 1)* 4 2dg, (u) (n + 1) = dg, (v) 4+ (n; +1)* +
2dg,(v)(ny +1) for u,v € V(G3) by Lemma 1.1. This implies that the equality holds

in (2.2) if and only if G; and G5 must be regular graphs. O

Theorem 2.8. Let G; and Gg be two graphs. Then

(2:3) ﬁ(Gl'G2) < [Ml(Gl) i 2m1n2]2m1 X [MI(G2) + 2ma(n + 1)]2m2

m
1 1

ma

y 2ming + 2nime + n1n2(n1 + ng + 1) Zmne
n1Nno

y [2(2m2 +na(ng + 1))} "2'

ng

The equality holds in (2.3) if and only if G1 and Gy are reqular graphs.

Proof. Using the definition of modified first multiplicative Zagreb index, we have

*

H(G1VG2> = H (dG1'G2 (u) + daive, (U))

1 weE(G1YG2)
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= |: H (dGl (U) + ng + dGl (U) + 712) H (dG2 (U) +ng + dG2 (U) +ny + 2)
weFE(G1) wweFE(G2)

X H H (dG1 (U) + no + dGz (’U) +ny + 1):| H Q(dGQ(U) +ny + 1)

ueV (G1) veV(Ga) veV(G2)
By Lemma 1.1, we have

2, (dg,(u) +de, (v) + 2n,)

2m1
weE(Gr)
| 0 |

=2 (doy(u) +day(v) +2(n + 1))
uwveE(Ga)

2myo

ma
~ Z Z (dGl (U) + ng + dG2 (U) +ny + 1) 2nyns
y u€V (G1) veV(Ga)
nins }

Z 2(dG2(U) + T + 1)

- no
veV (G2)

X

ng

= {—"-41(@1) + 2m1n2r’”1 y {MI(GQ) + 2ma(ny + 1)}2’”2

my

ma

% {leng + 2n1m2 + nlng(nl + ng + 1):| Znanz % {Q(ng + ng(nl + 1)) "

ning Ny

Moreover, the above equality holds if and only if dg, (u) + dg, (v) + 2ny = dg, (r) +
de, (8) + 2ng for any uv,rs € E(Gy), dg,(u) +da,(v) +2(n1 + 1) = dg, () + de,(s) +
2(ny +1) for any uv,rs € E(G2), da, (u)+no+dg,(v)+n1+1 = deg, (1) +ne+de, (s)+
ny + 1 for any u,r € V(Gy),v,s € V(G2) and dg,(u) +ny + 1 = dg,(v) +ny + 1 for
any u,v € V(G3) by Lemma 1.1. Hence the equality holds in (2.3) if and only if both

G, and G, are regular graphs. O

3. DISTANCE BASED TOPOLOGICAL INDICES

In this section, we need two auxiliary coindices conceived by Dosli¢ [9] namely first

and second Zagreb coindices and which are defined as
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My(G) = ¥ [de(u) +da(v)] and Ma(G) = 35 de(u)da(v)
wgE(G) wéE(G)

respectively.

Theorem 3.1. Let G and Go be two graphs. Then W (G1VGy) = 2(ny +no)(2(ny +
ng) — 1) — 2(my + my + ning) — ny + 3(n? + na(ny — 1) — 2my).

Proof. Since diam(G1;¥G3) = 3 and by Lemma 1.2, we have

W(G1VG2) = 2(711 + 7’L2)(2(7’L1 + ng) — 1) — 2(m1 + mso + nlng) — N2
+3[number of unordered pairs of vertices of distance 3 in G; VG5

= 2(711 + 7@)(2(711 + HQ) — 1) — 2(77’11 + mq + n1n2) — N9
ng(ng — 1)

+3[n7 + 2( 5

— mg)]

Lemma 3.1. Let G be a graph of order n and size m with diam(G) < 2. Then

H(G) =

m  n(n—1)
2 4

Proof. Suppose diam(G) < 2. Then adjacent vertices of G are distance one and non

adjacent vertices of G are distance two. Therefore,

H'G) = ),
1
= > 1+ 2)5

weE(G) wgE(G

SRS

m  n(n-—1)
2 4
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Theorem 3.2. Let G; and G5 be two graphs. Then

H*(G1VG2) _ (ml + mao ‘;7’“”2) + ng 4 2(711 + n2)(2(2n1 + nz) — 1)

1
+§[nf + ng(ng — 1) — ng]

Proof. Since diam(G1;¥G3) = 3 and by Lemma 3.1, we have

(m1 + mo -+ nlng) + No T 2(711 + 7’L2)(2(7’L1 + ng) — 1)

H* (G1VGy) = 5 5

1
+—=[number of unordered pairs of vertices of distance 3 in G; ¥G]

(m1 + mo + nlng) + N9 T 2(711 + 7’L2)(2(7’L1 + ng) — 1)

2 2
1
+§[n§ + ) (na—1—dg,(w)].
UEV(GQ)
O
Lemma 3.2. Let G be a graph of order n and size m with diam(G) < 2. Then
DD, (G)=4m(n —1) — Mi(G).
Proof. By definition of sum-degree distance index, we have
DDy(G) = Y lda(u)+da(v)]da(u,v)
u,veV(G)
= ) (de(w) +da()+2 > (da(u) + dg(v)) as diam(G) < 2.
weE(G) wg E(G)

= M(G) + 2], (G).

We know that from [1], M(G) = 2m(n — 1) — M;(G). Therefore we get the desired
result. O

Theorem 3.3. Let G; and Go be two graphs. Then DD, (G1VG3) = 4(2(mq +mso +
nlng) + ng)(2(n1 + ng) — 1) — 2[M1(G1) + nm% + 4n2m1 + Ml(GQ) + ng(nl + 1)2 +
dmg(ny + 1)] + 3[dmyny + 2n3ng + 2[M(Ga) + 2(ny + 1)(27271 —my)]).
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Proof. Since diam(G1¥G3) = 3 and by Lemma 3.2, we have
DD+(G1'G2) = 4(2(7711 + mo + nlng) + 7’L2)(2(TL1 + ng) — 1) — Ml(G1'G2)

+3 Z (dayva, (u) +dayva, (v))

v,ueV(G1V¥G2)
dGl vGo (u71)):3

= 4(2(7711 + mo + nlng) + ng)(2(n1 + ng) — 1) — Ml(G1'G2)

{Z > (da, (w) + de, (v) + 2ny)

uGV(Gl) uEV(Gl)

+2 Y (doy(u) + day (v) + 2(m + 1)) |
Using Corollary 2.1 we get the required result. U

Lemma 3.3. Let G be a graph of order n and size m with diam(G) < 2. Then

DD.(G) = 4m? — My(G) — Ma(G).

Proof. Using the definition of product-degree distance index, we have

DD.(G) = > de(wda(v)de(u,v)
u,veV(G)
- Z de(u)dg(v) + 2 Z dG Yda(v) as diam(G) < 2.
weE(G) wgBE(G

= My(G) +2M,(G).

From [1], we have My(G) = 2m? — My(G) — M, (G). Therefore we get the desired

2
result. O

Theorem 3.4. Let Gy and Gy be two graphs. Then DD,(G1VG3) = 4(2(mq + mg +
ning) + n3)? — 2[My(G1) + nin3 + dngmy + My (Ga) + na(ng + 1)% 4+ 4my(ng + 1)) —
2[M5(G1) + na My (Gh) + manj + Ma(Ga) + (ng 4+ 1) M1 (G2) + ma(ng + 1)* 4+ dmyms +
2ming(ny + 1) + 2moning + nini(ng + 1)) — Mi(G2) — na(ny + 1)2 — dma(ng + 1) +
3[4m? + dngmy + n3ng + 2(Ma(Gy) + (ng + 1)M(Gy) + (g + 1)2(22270 )],
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Proof. Since diam(G1¥G3) = 3 and by Lemma 3.3, we have

D*(G1VG2) = 4(2(m1 + mq + n1n2) —+ n§)2 — Ml(G1VG2) — MQ(G1VG2)

+3 Z (dayva, (u)da,va, (V)

v,ueV(G1YG2)
dGl vGo (U,U):3

= 4(2(7711 + mq + n1n2) + n§)2 — Ml(G1VG2) — MQ(G1VG2)

|: Z Z dGl +n2 (dG1( )+n2)

u€V(G1) ueV(G1)

+2 Y (day(u) +n1 4 1)(dg, (v) +na + 1)

= 4(2(7711 + mq + n1n2) + n§)2 — Ml(G1VG2) — MQ(G1VG2)

+3[4m% + 4n2m1 + n%n% + 2(H2(G2) + (ng + 1)M1 (Gg)

1202 =D ).

+(ny + 1)*( 5

By substituting results of the Corollary 2.1 and Theorem 2.2 in above, we get the

required result. O

Lemma 3.4. Let G be a graph of order n and size m with diam(G) < 2. Then

RDD,(G)=m(n—1)+ 1M (G).

Proof. By definition of RDD,(G) and since diam(G) < 2, we have

RDDAC) = Y (dolw) +da) 45 3 (do(u) +d(w)

weE(G) wéE(G)

~ M(G)+ %Ml(G).

We know that from [1], M(G) = 2m(n — 1) — M;(G). Therefore we get the desired
result. O
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Theorem 3.5. Let Gy and Go be two graphs. Then RDD(G1V¥G3) = (2(mq +ma +
nlng) + 7”@)(2(711 + ng) — 1) + Ml(Gl) + nlng + 4n2m1 + Ml(GQ) + ng(nl + 1)2 +
Amg(ny + 1) + Ldnimy + 2n2ny + 2[M1(G) + 2(ng + 1)(227270 —my)]).

Proof. Since diam(G1¥G3) = 3 and by Lemma 3.4, we have
1
RDD+(G1VG2) = (2(m1 + mq + n1n2) + HQ)(2(’/L1 + HQ) — 1) —+ §M1(G1VG2)

+% Z (deyves (w) + dayve, (v))

v,ueV(G1¥G2)
dGl vGo (U,U):3

1
= (2(m1 + mo + n1n2) + HQ)(2(’/L1 + HQ) — 1) + —Ml(G1VG2)

2
{Z > (de, (w) + de, (v) + 2ny)

uGV(G1) uGV(Gl)

+2 Y (doy(u) + dgy(v) + 2(n1 + 1))

1
= (2(m1 + mo + nlng) + ng)(2(n1 + ng) — 1) + §M1(G17G2)

1 — -1
g ldnimy + 2nng + 23 (Ga) +2(m + 1)(% — my)]].
Using Corollary 2.1 in above, we get the required result. O

Lemma 3.5. Let G be a graph of order n and size m with diam(G) < 2. Then

Proof. Using the definition of RDD,(G) and since diam(G) < 2, we have

RDD.(G) = ) dg(u +— Z de(u

weE(G) quE

= My (G) + %MQ(G).

From [1], we have M(G) = 2m? — M>(G) — 1 M;(G). Therefore we get the desired
result. O
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Theorem 3.6. Let Gy and Go be two graphs. Then RDD,(G1VGy) = (2(mq +ma +
niny) + na)* + Ma(Gr) + naMy(Gy) + mun3 + Ma(Ga) + (ny + 1) Mi(G2) + ma(ng +
1)2+ 4mims + 2mina(ng + 1) + 2moning + n3ng (ng + 1) + $[M1(Gs) 4+ na(ng + 1) +
dma(ng + 1)) — $[M1(G1) + min3 + dnomy + My (Ga) + na(na + 1)? + dma(ng + 1)) +
L[4m3 + dngmy + n3nd + 2(M(Ga) + (n2 + 1)M1(Ga) + (ny + 1)2(2252=1 — my))].

Proof. Since diam(G1¥G3) = 3 and by Lemma 3.5, we have

1 1
RDD*(G1VG2) = (2(m1 + mo + nlng) + 712) + §M2(G1'G2) — ZMl(leG2)

_|_% Z (dayva, (u)da,va, (V)

U,UGV(G1 VGz)
dGl vGo (u71)):3

1 1
= (2(m1 + mo + nlng) + 712) + §M2(G1'G2) — ZMl(leG2)

T Y e e + )

uEV(Gl) uEV(Gl)

‘|‘2 Z (dG2 (U) + s + 1)(d02(1}) + T + 1)
wgE(G2)

1 1
= (2(m1 + mso + nlng) + 712)2 + ng(leGg) — 1M1(G1'G2)

1 — _
—|—§[4m% + 4n2m1 + n%n% + 2(M2(G2) + (ng + 1)M1(G2)

ng(ng — 1)

+m + 1) (——

—ma))].

By substituting results of the Corollary 2.1 and Theorem 2.2 in above, we get the

required result. O
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