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PATTERNS OF TIME SCALE DYNAMIC INEQUALITIES
SETTLED BY KANTOROVICH’S RATIO

MUHAMMAD JIBRIL SHAHAB SAHIR

ABSTRACT. In this research article, we present an interesting generalization of
dynamic Kantorovich’s inequality and investigate the additive versions of some
dynamic inequalities on time scales. The time scale dynamic inequalities extend

and unify some continuous inequalities and their corresponding discrete versions.

1. INTRODUCTION

We consider the Kantorovich’s ratio defined by

(h+1)?

(1.1) K (h) =

. h>0.

The function K is decreasing on (0, 1) and increasing on [1,+o00), K(h) > 1 for
any h > 0 and K(h) = K (3) for any h > 0.
Further, we note that

(k1 +1)* _ (ko +1)
451 4/12

Y

(1.2)

where 1 < k1 < Ks.
The following multiplicative refinement and reverse of Young’s inequality in terms

of Kantorovich’s ratio holds

(1.3) K’ (%) a0 < (1 —v)a+vb < KR (%) b,
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where a,b > 0, v € [0,1], r = min{1 — v,v} and R = max{1 — v, v}.

The first inequality in (1.3) was obtained by Zou et al. in [19] while the second by
Liao et al. [10].

An interesting generalization of Kantorovich’s inequality was given by Hao [12, p.
122], which follows:

Let o5, € (0,400), yx € (0,+00) and wy € [0, +00) for k = 1,2,...,n. Suppose
that 0 <my < xp < Mjand 0 < mg <y, < My, k=1,2,...,n for some constants

mq, mo, My and M. Further, let 0 < % < 1—12 < 1 and % + % = 1. Then

1
wk P 1 q 1
(zx—k) < oM (z)

Al

=1 (Mymy)s

(1-4) (Z wk«%)

and

(1.5) (Z wwi)

Now, we consider the following two additive versions of Cassels’ inequality as given

=

1
L a 1 (Mle) m1m2
(Z ka/ﬁ) <2 Zwklb“kyk -
k=1

(Mym ﬁ <M2m2>

in [6].
Let 25, € (0,400), yx € (0,+00) and wy € [0, +00) for k = 1,2,...,n. Suppose
that m = min {ﬂ} and M = max {ﬂ} Then

1<k<n | Yk 1<k<n LYk

2
n n 2 n <\/M - /m> n

(1.6) 0< <Z W Y wk?Jl?;) — ) wpmiyr < > wkrkys,

k=1 k=1 k=1 2v Mm

k=1
and

(L7) 0= wap Zwkyk (Z wk%%) < —— 4Mm (Z wkffkyk;>

We will prove these results from (1.4) to (1.7) on time scales. The calculus of
time scales was initiated by Hilger as given in [8]. A time scale is an arbitrary

nonempty closed subset of the real numbers. In time scales calculus, results are
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unified and extended. The theory of time scales is applied to unify discrete and
continuous analysis and to combine them in one comprehensive form. The three
most popular examples of calculus on time scales are differential calculus, difference
calculus, and quantum calculus, i.e., when T=R, T = Nand T = ¢"° = {¢' : t € Ny}
where ¢ > 1. The time scales calculus is studied as delta calculus, nabla calculus
and diamond—« calculus. This hybrid theory is also widely applied on dynamic
inequalities. Basic dynamic inequalities on time scales are given in [1]. Basic work on
dynamic inequalities is done by Agarwal, Anastassiou, Bohner, Peterson, O’Regan,
Saker and many other authors.

In this paper, it is assumed that all considerable integrals exist and are finite and
T is a time scale, a,b € T with a < b and an interval [a, ]y means the intersection of

a real interval with the given time scale.

2. PRELIMINARIES

We need here basic concepts of delta calculus. The results of delta calculus are
adopted from monographs [4, 5].
For t € T, the forward jump operator o : T — T is defined by

o(t) :=inf{s € T:s > t}.

The mapping g : T — R{ = [0, +00) such that u(t) := o(t) — ¢ is called the forward

graininess function. The backward jump operator p: T — T is defined by
p(t) ==sup{s € T :s < t}.

The mapping v : T — R = [0, +00) such that v(t) :=t — p(t) is called the backward
graininess function. If o(t) > t, we say that t is right—scattered, while if p(t) < t, we
say that t is left—scattered. Also, if t < sup T and o(t) = ¢, then ¢ is called right-dense,
and if t > inf T and p(t) = t, then ¢ is called left-dense. If T has a left—scattered
maximum M, then T* = T — {M}, otherwise T* = T.
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For a function f: T — R, the delta derivative f2 is defined as follows:
Let t € T*. If there exists f2(¢) € R such that for all ¢ > 0, there is a neighborhood
U of t, such that

[f(a(t)) = f(s) = f2()((t) = 5)| < elo(t) - s],

for all s € U, then f is said to be delta differentiable at t, and f2(t) is called the
delta derivative of f at t.

A function f: T — R is said to be right-dense continuous (rd—continuous), if it is
continuous at each right—dense point and there exists a finite left—sided limit at every
left—dense point. The set of all rd—continuous functions is denoted by C,.4(T, R).

The next definition is given in [4, 5].

Definition 2.1. A function F': T — R is called a delta antiderivative of f : T — R,
provided that F2(t) = f(t) holds for all t € T*. Then the delta integral of f is
defined by

b
/ F(H)AL = F(b) — F(a).

The following results of nabla calculus are taken from [3, 4, 5].

If T has a right-scattered minimum m, then T, = T — {m}, otherwise T, = T. A
function f : T, — R is called nabla differentiable at t € Ty, with nabla derivative
fY(t), if there exists fV(t) € R such that given any e > 0, there is a neighborhood
V of t, such that

[F(p(t) = f(5) = Y (0)(p(t) — s)| < elp(t) — s,

for all s € V.
A function f: T — R is said to be left-dense continuous (ld—continuous), provided
it is continuous at all left-dense points in T and its right-sided limits exist (finite)

at all right—dense points in T. The set of all ld—continuous functions is denoted by

C(ld(P]I‘a R)
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The next definition is given in [3, 4, 5].

Definition 2.2. A function G : T — R is called a nabla antiderivative of g : T — R,
provided that GV (t) = g(t) holds for all t+ € Tj. Then the nabla integral of g is
defined by

Now we present short introduction of diamond—« derivative as given in [1, 18].

Definition 2.3. Let T be a time scale and f(¢) be differentiable on T in the A and
V senses. For ¢ € T¥, where T{ = T* 0Ty, the diamond-a dynamic derivative f°(t)

is defined by
fert)y =aft )+ (1 -a)fY(t), 0<a <L
Thus f is diamond—a« differentiable if and only if f is A and V differentiable.
The diamond-«a derivative reduces to the standard A—derivative for o = 1, or the

standard V—derivative for o = 0. It represents a weighted dynamic derivative for

a e (0,1).

Theorem 2.1 ([18]). Let f,g: T — R be diamond—« differentiable at t € T and we
write f7(t) = f(o(t)), g7(t) = g(o (1)), f*(t) = f(p(t)) and g°(t) = g(p(t)). Then
(1) f£¢g:T — R is diamond—« differentiable at t € T, with
(f £g)°(t) = fo(t) £ g% (D).
(77) fg:T — R is diamond—« differentiable at t € T, with
(f9)°(t) = f(D)g(t) + af(t)g™ (1) + (1 — ) f*()g" (t).
(1ii) For g(t)g°(t)g”(t) # 0, 5 : T — R is diamond-« differentiable at t € T, with

(i)% (1) — L0970 (1) = el 70050 — (1 = a)f*(1)g” (05" (1)
. 9(t)g” (D971 |
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Definition 2.4 ([18]). Let a,t € T and h : T — R. Then the diamond-« integral
from a to t of h is defined by

/ath(S)oas:oz/ath(s)As+(1—a)/ath(s)Vs, 0<a<l,

provided that there exist delta and nabla integrals of h on T.

Theorem 2.2 ([18]). Let a,b,t € T, ¢ € R. Assume that f(s) and g(s) are ¢,

integrable functions on [a,bly. Then

(@) S, (s) £ 9(s)]0as = [, (5) 0asE [, g(s)0as
(i) [lc ()<>a3:cfafs<> s

(ii7) [' f(s)oas=—["f(s)oas

(1) [1f(s)oas= [ f(s)0as+ [} [(5)0ns;
() [T f(s)oas=0.

Lemma 2.1 ([2]). Let T be a time scale, a,b € T with a < b. Assume that f(z) and
g(x) are o,—integrable functions on |[a, b]t.

(i) If f(z) > 0 for all x € [a,b]r, then fabf(x) oq 1 > 0.

(i) If f(x) < g(x) for all x € [a,b]r, then ff f(x) oz < fabg(x) O T

(t3i) If f(z) >0 for all x € [a,b]r, then f(x) =0 if and only if f;f(:c) oo = 0.

3. MAIN RESULTS

In this section, we give an extension of dynamic Kantorovich’s inequality.

Theorem 3.1. Letw, f, g € C([a, b]t,R) be o,—integrable functions and neither f =0

nor g = 0. pr,qER,O<é§%<1and%+$:1, then

(3.1) (/ @) ) (/ﬂw(x)Hg(x)pw)%
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with some positive constants my, mo, My and My such that ﬁ— < ﬂfég“ <M on the

set [a, b]T.

Proof. We have

Glao| o) (5 ) =
- -t .
= sl s G ai) [
Multiplying by |w(z)||g(z)[*, we get
32) Sl P + @l < (5500 + ) @l )

Now, we note that

b

|’w(x)||f(x)|2<>ax);< \w<x>ug<x>\2%x)3

a

(
() (st (] (5o
< (%2) ([ Gt amivei@e) o)

) [l @)g(e)] o0

b

<

7N
S5
33
N——
T
VR
=N
IR
| =
=| 3

where we have used the well-known Young’s inequality ¢ %77% < % + Z, valid for

nonnegative real numbers ¢ and 7, and then (3.2). Thus,

63 (f i ) ([ wlate )
S(%Z)(% 1”“)/\ Dl @)g(@)] o0 =

Thus, (3.1) follows from (3.3). O
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Remark 1. [fwe set a« = 1, T=7Z,a=1,b=n+1, wk) = w, € [0,+00),
f(k) =z € (0,400) and g(k) = yx € (0,+00) for k =1,2,...,n, then (3.1) reduces
to (1.5).

Further, if we replace wy by Z;’—;“ and set mo =y = My =1 fork=1,2,...,n, then
(1.5) reduces to (1.4).

Remark 2. We obtain the following results.

(1) Ifwesetao=1,T=Z,a=1,b=n+1, xx >0, w(k):wk:x—lk, f(k) =y
fork=1,2,....n, my=9g= My, =1and p=q =2, then (3.1) reduces to
the inequality given by P. Schweitzer [17] such that

1 & I~ 1 (M; + mq)?
3.4 — - — <
(34) (n ;xk> (n;xk> - AMym,

(2) If we set T=R, 0 <my < f(x) < M, w(:p):ﬁ, me =g =My, =1 and
p = q = 2, then (3.1) reduces to the inequality given by P. Schweitzer [17]
such that

b b my)? ,
(3.5) /a f(x)dx/a f(lx)dx < (]\i[;]\sz (b —a)?,

where f(x) and ﬁ are integrable functions on [a,b].

B) Ifweseta =1, T=Z,a=1,b=n+1, w=1, f(k) =z € (0,4+0),
g(k) =yr € (0,400) for k=1,2,...,n and p = q = 2, then (3.1) reduces to

the inequality given by Pdlya—Szegi [13] such that

3 1'2) (n 2) MMy mimg
(3 6) (kzzzl i ch::lyk < m1ma + Mi Mo

n 2 —_— 2 9
(Z xk!/k)
k=1

where 0 <my < xp < My and 0 <mo <y < My fork=1,2,....,n.

(4) Ifwe seta=1,T=Z,a=1,b=n+1, 2 >0, yp € R, w(k):wk:éy,f,
f(k) =ap fork=1,2,....,n, my =g =M, =1andp =q =2, then (3.1)
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reduces to the inequality given by L. V. Kantorovich [9] such that

o () () )

and he pointed out that inequality (3.7) is a particular case of (3.6).

(5) Ifweset o =1, T=7Z,a=1b=n+1, 2z, € R, wk) = w, = 23,
f(k) =z € (0,400), g(k) =y € (0,400) fork=1,2,...,n and p = q =2,
then (3.1) reduces to the inequality given by Greub—Rheinboldt [7] such that

- (M1 My + mym
2.2 119 1Ms2)
(3.8) (;%%) (Z%«%) S UM Mmm, (Zl'k;ykzk;> ,

where 0 < my < xp < M; < 00 and 0 < mg < yp < My < 00 for k =

1,2,...,n

Now, we give here the following two additive versions of dynamic Cassels’ inequal-

ity.

Corollary 3.1. Let w, f,g € C([a,blt,R) be o,—integrable functions and neither
f=0norg=0. Then

39) o< {( [ wwls@ro.s) ([ wwlisr o.x) }5
_/ab|w<x>||f<x>g<x>|w< /| 2)[|f ()9 )| 0n @
and
310) o< ([ w@irPess) ([ i)
(J @)1 (@)@ o ) <O @) @) o )

where 0 < m < ‘|£Ea:)| < M on the set [a,blr.
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Proof. Let p=g¢ =2, m = 7t and M = Subtractlngf lw(z)||f(z)g(z)] 00 x on

both sides of the inequality (3.1), we get the desired inequality (3.9).

mi

Further, if p=¢ =2, m= 7l and M = M;, then inequality (3.1) reduces to

N

_ E @i )(f w@lg@P ear)” s m

3.11 .
1 f|’w I (@)g(x)] 00 2 - 2VMm

By taking the square and subtracting 1 on both sides of the inequality (3.11), respec-
tively, we get the desired inequality (3.10). O

Remark 3. [fwe set a = 1, T=Z,a=1,b=n+1, wk) = w, € [0,+00),
f(k) =a) € (0,+00) and g(k) = yx € (0,+00) for k =1,2,...,n, then (3.9) reduces
o (1.6) and (3.10) reduces to (1.7).

Next, we give the following two additive versions of the dynamic Pdélya—Szego

inequality:.

Corollary 3.2. Let w, f,g € C([a,blT,R) be o,—integrable functions and neither
f=0mnorg=0. Then

312) o< {( / @@l o) ([ lwwlis oz }é

- [ w@@wio s < R ITEL [y,

and

313 o< ([ )| F @) o )(/ () la() o0 ‘)

_ (/ il g“") E %%m) ( / )1 (@)a(a) o0 ) |

where 0 < my < |f(x)] < My < oo and 0 < my < |g(z)| < My < 0o on the set [a,b]r.
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Proof. Setting p = ¢ = 2 and subtracting f lw(z)||f(z)g(z)] 0o x on both sides of
the inequality (3.1), we get the desired inequality (3.12).
Further, if p = ¢ = 2, then inequality (3.1) reduces to

(3.14) < <f wio)llf (= > <f [wi@)llg(@)[* o x>§ < My M; + mymsy
| - f |w )£ (2)9(x)] 00 7 = 2V Moy

By taking the square and subtracting 1 on both sides of the inequality (3.14), respec-
tively, we get the desired inequality (3.13). O

Remark 4. Let o =1, T=7Z,a=1,b=n+1, w=1, f(k) =z € (0,+00) and
g(k) =yr € (0,400) for k=1,2,...,n. Then inequality (3.12) reduces to

NI

n \/7 /
(3.15) 0< (;%Z%) - ;xkyk < QW kayk

and inequality (3.13) reduces to

. © (M 2 (< i
3.16 0< < it~ T
( ) ; Ty, Z Ye — (; xkak) S UM Mymym, ; TkYk |

where 0 < my < xp < My <ocoand 0 < mg < yp < My < oo fork=1,2,....,n

?

Inequalities (3.15) and (3.16) are given in [6].

Remark 5. Let a=1,T=Z,a=1,b=n+1, w(k) = wy € [0,+0), f(k) =z} €
(0,400) and g(k) =y € (0,4+00) for k =1,2,...,n. Then inequality (3.12) reduces

to

n n % n
(3.17) 0< <Z Wi T} Z ww%) — Z WETEY
k=1 k=1 k=1

< T ) S
= kLEYk
2 M1M2m1m2
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and inequality (3.13) reduces to

n n n 2
(3.18) 0< Zwkxz Z wkyz - (Z wkxkyk>
k=1 k=1 k=1

2
(M1M2 — m1m2)2 "
<
>~ 4M1M2m1m2 ; W TEYk 5

where 0 < my < xp < My < oo and 0 < mg < yp < My < oo fork=1,2,...,n.
Inequalities (3.17) and (3.18) are two additive versions of the Greub—Rheinboldt in-

equality as given in [6].

Remark 6. If we set a = 1, then we get delta versions and if we set « = 0, then
we get nabla versions of diamond—« integral operator inequalities presented in this
article.

Also, if we set T = Z, then we get discrete versions and if we set T =R, then we
get continuous versions of diamond—« integral operator inequalities presented in this

article.

4. CONCLUSION AND FUTURE WORK

In this research article, we have presented many well-known dynamic inequalities
on time scales via the diamond—« integral, which is defined as a linear combination
of the delta and nabla integrals.

In the future research, we will continue to investigate generalizations of dynamic in-
equalities on time scales. Using this technique, we can also present higher dimensional
inequalities and in the fractional setting by using Riemann-Liouville type fractional
integral and fractional derivatives. A functional generalization is another technique
which is used to generalize inequalities. Quantum calculus and «a, f-symmetric quan-

tum calculus are also applied to yield inequalities.
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The first and second inequalities given in (1.3) may be used to find many dynamic
inequalities such as Rogers—Holder’s inequality, Lyapunov’s inequality, Radon’s in-
equality, Bergstrom’s inequality, Schlomilch’s inequality, the weighted power mean
inequality and Bernoulli’s inequality on time scales. Motivated by the works of

[11, 14, 15, 16], we can explore further results in harmonized and reconciled form.

REFERENCES

[1] R.P. Agarwal, D. O’'Regan, S.H. Saker, Dynamic Inequalities on Time Scales, Springer Inter-
national Publishing, Cham, Switzerland, 2014.

[2] M.R.S. Ammi, R.A.C. Ferreira, D.F.M. Torres, Diamond—« Jensen’s inequality on time scales,
J. Inequal. Appl., Volume 2008 (2008), 13 pages, Article ID 576876.

[3] D. Anderson, J. Bullock, L. Erbe, A. Peterson, H. Tran, Nabla dynamic equations on time
scales, Pan—-American Mathematical Journal, 13 (1) (2003), 1-47.

[4] M. Bohner, A. Peterson, Dynamic Equations on Time Scales, Birkhduser Boston, Inc., Boston,
MA, 2001.

[5] M. Bohner, A. Peterson, Advances in Dynamic Equations on Time Scales, Birkhauser Boston,
Boston, MA, 2003.

[6] S.S. Dragomir, A survey on Cauchy-Bunyakovsky—Schwarz type discrete inequalities, Journal
of Inequalities in Pure and Applied Mathematics, 4 (3) (2003), Article 63.

[7] W. Greub, W. Rheinboldt, On a generalization of an inequality of L.V. Kantorovich, Proc.
Amer. Math. Soc., 10 (1959), 407-415.

[8] S. Hilger, Ein MaBkettenkalkiil mit Anwendung auf Zentrumsmannigfaltigkeiten, Ph.D. Thesis,
Universitat Wiirzburg, 1988.

[9] L.V. Kantorovich, Functional analysis and applied mathematics (Russian), Uspehi Mat. Nauk
(N.S.), 3 (6) (28) (1948), 89-185 (in particular, pp. 142-144) [also translated from Russian into
English by C. D. Benster, Nat. Bur. Standards Rep. No. 1509. 1952, 202 pp. (in particular, pp.
106-109)].

[10] W. Liao, J. Wu, J. Zhao, New versions of reverse Young and Heinz mean inequalities with the
Kantorovich constant, Taiwanese J. Math., 19 (2) (2015), 467-479.

[11] D.S. Mitrinovié, Analytic Inequalities, Springer—Verlag, Berlin, 1970.



410

[12]

[13]
[14]

MUHAMMAD JIBRIL SHAHAB SAHIR

D.S. Mitrinovié¢, J.E. Pecari¢, A.M. Fink, Classical and New Inequalities in Analysis, Kluwer
Academic Publishers, Dordrecht, 1993.

G. Pélya, G. Szegd, Aufgaben und Lehrsitze aus der Analysis, Berlin, 1, p. 57, 213-214, 1925.
M.J.S. Sahir, Consonancy of dynamic inequalities correlated on time scale calculus, Tamkang
Journal of Mathematics, 51 (3) (2020), 233-243.

M.J.S. Sahir, Homogeneity of classical and dynamic inequalities compatible on time scales,
International Journal of Difference Equations, 15 (1) (2020), 173-186.

M.J.S. Sahir, Conjunction of classical and dynamic inequalities coincident on time scales, Ad-
vances in Dynamical Systems and Applications, 15 (1) (2020), 49-61.

P. Schweitzer, An inequality concerning the arithmetic mean (Hungarian), Math. Phys. Lapok,
23 (1914), 257-261.

Q. Sheng, M. Fadag, J. Henderson, J.M. Davis, An exploration of combined dynamic derivatives
on time scales and their applications, Nonlinear Anal. Real World Appl., 7 (3) (2006), 395-413.
H. Zuo, G. Shi, M. Fujii, Refined Young inequality with Kantorovich constant, J. Math. Inequal.,
5 (2011), 551-556.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SARGODHA, SUB—-CAMPUS BHAKKAR, PRIN-

CIPAL AT GHSS, GOHAR WALA, BHAKKAR, PAKISTAN

Email address: jibrielshahab@gmail.com



