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SOME INTEGRAL INEQUALITIES OF (s,p)-CONVEX
FUNCTIONS VIA FRACTIONAL INTEGRALS

N. MEHREEN ) AND M. ANWAR @

ABSTRACT. In this paper, we introduce the notion of (s, p)-convex
functions and establish an integral equality and some Hermite-
Hadamard type integral inequalities of (s, p)-convex functions in
fractional form. Also give some Hermite-Hadamard type integral
inequalities of product of two (s, p)-convex functions in fractional

form.

1. PRELIMINARIES

Definition 1.1. Let K be an interval of real numbers. Then the func-

tion ¢ : K — R is called convex if the following inequality holds:

(1.1) Y(ru+ (1 —r)v) <rd(u) + (1 — 7)1 (v)

for all u,v € KL and r € [0,1]. On the other hand, 1) is called concave

if the inequality in (1.1) is reversed.

2000 Mathematics Subject Classification. 26D15, 26A51.
Key words and phrases. Hermite-Hadamard inequality, Riemann-Liouville frac-

tional integrals, harmonically convex functions, s-convex functions, p-convex func-

tions; (s, p)-convex functions.
Copyright (C) Deanship of Research and Graduate Studies, Yarmouk University,

Irbid, Jordan.

Received: Oct. 31, 2019 Accepted: Jun. 13, 2021 .
411



412 N. MEHREEN AND M. ANWAR

The Hermite-Hadamard inequality for convex functions ¢ :  — R

on an interval of real line is defined as:

1) () < b [ vt < MO0

where u,v € K with u < v.

Definition 1.2 ([6]). Let £ C R\ {0} be a real interval. A function

1 : K — R is said to be harmonically convex if

uv

1) (i) S - e

for all u,v € K and r € [0,1]. While, ¢ is harmonically concave if the

inequality in (1.3) is reversed.

Theorem 1.1 ([6]). Let ¢ : K C R\{0} — R be a harmonically convex
function and u,v € K with uw < v. If ¥ € Llu,v], then the following

inequalities hold:

(1.4) ¢( 2uv ) < [e) g, o P FYE)

u—+v v—u ), w? 2

Definition 1.3 ([5]). Let s € (0,1]. A function ¢ : K C Ry — Ry,
where Ry = [0, 00), is called s-convex function in second sense if the

following inequality holds:

(1.5) Y(ru+ (1 —r)v) <ryu) + (1 —7r)*p(v)

for all u,v € KC and r € [0, 1].

Theorem 1.2 ([3]). Suppose that ¢ : Ry — Ry be an s-convex function
in second sense, where s € (0,1) and let u,v € [0,00), u < v. If
Y € Llu,v], then the following inequalities hold:

(1.6) 251y <u+v) _U_u/ S(w)dw < LY

s+1
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Definition 1.4 ([7],[8]). Let  C (0,00) = R4 be an interval and
p € R\{0}. A function ¢ : K — R is said to be p-convex function if
A7) (e (=)o) ) S o)+ (1= 1))
holds for all u,v € K and r € [0, 1]. However, 1 is called p-concave if

the inequality in (1.7) is reversed.

Theorem 1.3 ([7]). Let ¢ : K C (0,00) — R be a p-convex function,
p € R\{0}, and u,v € KK with u < v. If ¢ € L[u,v], then we have

(18) o ((“p“’p);) <P [rew),, Y Te)

2 vP—up f, wl=P T 2

Definition 1.5 ([9]). Let ¢ € L[u,v]. The right-hand side and left-
hand side Riemann- Liouville fractional integrals [J;% ¢ and J;* 4 of

order o > 0 with v > u > 0 are defined by

Tdb(w) = ﬁ f:(w — ) p(t)dt, w > u

and

Teblw) = rs 21— w) (e, w < v
respectively, where I'(«) is the Gamma function defined by I'(a) =
J, ettt

Sarikaya et al. [10] and Set et al. [11] proved the following Hermite-
Hadamard type integral inequalities of convex functions and s-convex

functions, respectively, in fractional form.

Theorem 1.4 ([10]). Let ¢ : [u,v] — R be a positive convex func-
tion with u < v and ¥ € Llu,v]. Then the following inequalities for

fractional integrals hold:

19) ¢ (u;—v) . ;iajul)l

with o > 0.

P(u) +¢(v)
2 )

(T2 () + T (u)] <
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Theorem 1.5 ([11]). Let s € (0,1] and o« > 0. Let ¢ : [u,v] - R
be a positive s-convex function in the second sense with 0 < u < v

and 1) € Llu,v]. Then the following inequalities for fractional integrals

hold:
251y (u —; v)
(1.10) < % [Te(v) + Tyb(u)]
< L%LS +aB(a, s+ 1)} M

where B 1s Fuler Beta function.

Fang and Shi [4] introduced the notion of (p, h)-convex function as

follows:

Definition 1.6 ([4]). Let J be a real interval and K is p-convex set. Let
h :J — R be a non-negative and non-zero function. Then ¢ : K — R

is called a (p, h)-convex function, if ¢ is non-negative and

L11) (L= r)")F ) < (W) + h(L = r)u()

for all u,v € K and r € (0, 1).

In next section, we will define (s, p)-convex function which is subclass
of (p, h)-convex functions defined by Fang and Shi [4] and establish
some Hermite-Hadamard type inequalities for (s, p)-convex functions

via Riemann-Liouville fractional integrals.
2. INTEGRAL INEQUALITIES OF (s,p)-CONVEX FUNCTIONS VIA
FRACTIONAL INTEGRALS

Definition 2.1. Let s € (0,1], p € R\ {0} and K C (0,00) be an

interval. Then a function ¢ : K C (0,00) — (0,00) is said to be
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(s, p)-convex function, if

@1 (w1 =ne)P) <) + (1 =) ()
for all u,v € K with u < v and r € [0, 1].

Remark 1. In Definition 2.1,

1. if we take p = 1, then we have Definition 1.3,

2. if we take s = 1, then we have Definition 1.4,

3. if we take s =1, and p =1 then we have Definition 1.1.

We know that the Euler Beta function is define as:

Blu,v) = /1 w1 —w)" dw,
0

where u > 0 and v > 0. Through out the paper, we denote R, =
(0, 00).

Theorem 2.1. Let s € (0,1], 7 € [0,1] and p € R\ {0}. Let ¢ : K C
R, — Ry be a (s, p)-convex function, where KC is an interval, such that
W € Llu,v] foru,v € K°, where K° is the interior of K, with u < v and
a > 0. Then the following inequalities for fractional integrals hold:

(i) If p> 0, then

(2.2)
251y ((“p;‘vp)5> Tla+1) [ (on)(vp)+ja (@DOT)(UP)]

() + (0
| M,

where T(w) = we for all w € [uP, vP].
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(i) If p < 0, then

(2.3)
ot ((242)7) = et [ onier e ]
< [omLs +aﬁ(a,s+1)} M,

where T(w) = w? for all w € [vP, uP].

Proof. (i) Let p > 0. Since v is (s, p)-convex then for all z,y € I, we

. <<;y)> < @ +o)

Taking = = (ruf 4+ (1 — r)vp)% and y = ((1 —r)u? —i—rvp)% with r €

have

[0, 1], we get

(2.4) ( ) ( )
wr o\ P\ (0 =)o) ) 4 (L= r)ur 4 o)

((57))+ : .

Multiplying both sides of (2.4) by r*~! and integrating with respect to

r over [0,1], implies

(2.5)
2 () ) = g [ o a3 o]

Which is the left hand side of (2.2). Again applying (s, p)-convexity of
¥, for all r € [0, 1], we have

P ((rup +(1- r)vp)%) + (((1 —rjuf + Tvp)%>
(2.6) 23
(r* 4+ (1= r)*) (¥(u) +9(v))

< .
= o
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Multiplying both sides of (2.6) by r*~! and integrating with respect to
r over [0,1], yields

175 W or) )+ T3 W or)w)]
@7 25(vP — uP) +
< [a%s + Blas + 1)] w
Thus from (2.5) and (2.7) we get (2.2).
(72) The proof is similar with (7). O

Remark 2. Under the assumptions of Theorem 2.1 we have the fol-
lowing.

1. If p=1, then we get (1.10),

2. If p=1 and s = 1, then we get (1.9),

3. If s=1 and o =1, then we get (1.8),

4. If p=1 and a = 1, then we get (1.6),

5. Ifp=1and a=1 and s =1, then we get (1.2),

6. Ifp=—1anda=1 and s =1, then we get (1.4).

Lemma 2.1. Let p € R\ {0}. Let ¢ : K C Ry — R, where K is an
interval, be a differentiable function on K°, where K° is the interior of
IC, such that i)' € Lu,v] for u,v € K° with u < v and o > 0. Then

the following equalities for fractional integrals hold:

(1) If p> 0, then

e [Fawenn + T3 o))

1 vr

(2.8) = 7/ (w—uP)* (¢ o 7) (w)dw

2(vP — uP)® J

__ 1 / 0 — w)* (o 7Y (w)duw,

2(vP — uP)® Jop

where T(w) = we for all w € [uP, vP].
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(i) If p < 0, then

plw) +ol) ot l)a [jv(’é(w oT)(uf) + T (Y oT)(vP)

2 Q(UJD_U;D)
1 uP .
(2.9) Zm/vp (w— ") (Y o 1) (w)d
1 uP p ey o 7V (w)dw
- s [, @ =)o wdu,

where T(w) = w? for all w € [P, uP].

Proof. Consider,

e [ =)o)

2(vP — up)

(2.10) v /: (VP —w)*(¢ o 1) (w)dw

2(vP — up)>

=H, — H.

Then by integrating by parts, we get

1 na oP
Hy = gy (0~ W) W o)) 1
(2.11) - oz/: (w—uP)* (Yo T)(w)dw]
1 » MNa+1) _, »
= §(¢OT)(U ) — mjvz(¢07)(u )-
Similarly, we have
1 » o P
Hy = S —aye (0~ w) o) @) |1
(2.12) +a/p (VP — w)* (Y o 7)(w)dw
1 » MNa+1) _, ’
= —§(¢ o7)(u”) + mjui(w o 7)(v).

Thus from (2.10), (2.11) and (2.12), we achieve (2.8).
(77) The proof is similar with (7).
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Remark 3. In the above Lemma 2.1 if we take p =1, then we have

(2.13)
vty T+l X
2 e — gy V) IO W)
" 20 i w)e /”(w — )Y (w)dw — ﬁ /U(U — w)*Y (w)dw.

Theorem 2.2. Let s € (0,1], 7 € [0,1] and p € R\ {0}. Let ¢ : K C
R, — Ry, where K s an interval, be a differentiable function on K°,
where KC° is the interior of K, such that ¢' € L{u,v| for u,v € K° with
u<vand a>0. Let [{'| be (s,p)-convex function on [u,v]. Then the

following inequalities for fractional integrals hold:

(i) If p> 0, then

(2.14)
bu)+ ()  Ta+l) [ o ,
) e [ wenen + gz wenw)]|
< By (o, 5, )8 ()] + Bala s, p)|' ()],

2

where T(w) = wr for allw € [uP, vP].

(ii) If p < 0, then

(2.15)
b)+ o)  Ta+l) [ o ,
) et [ wentn)+ g5 wene)]|
< = By (o, 5, )8 (w)] + Bala s, p)|' )],

2

with T(w) = we for all w € [vP,uP]. Where

Bl — rs(1—r)* 1ild’r’—|—f1 pots 1ild’]”
plrur—(1—ryor)' plrur—(1—r)u)'

and

By = [l — U= gy [l 0 gy

plrup—(1—ryor)'~» O perur—(1=ryor)' ">
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Proof. (i) Let p > 0. Using Lemma 2.1(7), we get

(2.16)

e [ o) + T3 o))

2(vP — uP)

1 v P& o /
= 2(vP — up)™ /up (w —uP)*|(¢ o 7)"(w)|dw
1 vP D o OT/’UJ w
s | - wrlwe Y W)
1 vP o 1 /w% w
“iﬁiﬂﬁilpw‘”>lmkéw< )ld

1 v . 1 1
|0 = wr— vt dw.

2(vP — up)> pw'
Setting w = ru? + (1 — r)vP, we find

(2.17)
L vte) D [ v on)en) + 73 (o )
1 L (ru? 4 (1 — r)vP — uP)?
il

T 2(0P —wp p(rup + (1 — r)or)' s

., /1 (0P — ru? — (1 — r)o?)

p(ruP + (1 — r)vp)l_%

=y ! (1 —r)
2 [/0 p(rur — (1 — r)vp)l_%

(07

! r
+f -
o p(ruP — (1 —r)op) " »

P ((ruP + (1 — 7’)1}7’)%) dr

Y ((ru? + (1 — r)o?)7)

dr|

P ((ruP + (1 — 7’)1}7’)%) dr

O ((ra? + (1= r)o?)7)

dr].
Since || is (s, p)-convex function on [u,v|, we have

(P + (1= 7)oP)e) | <7t/ ()] + (1= )/ (v)].
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Then (2.17) gives

(2.18)

'¢(u) ;w(v) ~ Ple+1) T3 (o) (") + T3 (o T)(U’”)} ‘

2(vP — up)

P —uP ! (1_7,)a S| —r)® /U r
< [/ - (10 ()| + (1= 1) (0) )

2 ruP — (1 —r)vp) " »

+ ~ =(r* Y (u)] + (1 = 7)* ¢! (v)|)dr
/op(rup—(l—r)vp)l—p( W+ V@) ]

_ P — uP 1 Ts(l — ,,,.)a d’f’ + ! ,,,.a—l—s } |,¢/(u)|
2 [{/0 p(rup — (1 — r)vp)l_% /0 p(rup — (1 — r)vp)l_

' (1 —r)ors ! re(l —r)® )
+ 1 dr + T dr ’QD v
{/0 p(rur — (1 —r)or)' > /0 p(rup — (1 —r)op)' 7 } W ”]
= E Bl ) ()] + Bl s, )0 @]

Hence (i) is proved.

B =

(77) The proof is similar with (¢) by using Lemma 2.1(37). O

Theorem 2.3. Let s € (0,1], r € [0,1] and p € R\ {0}. Let ¢ : K C
R, — R, where K is an interval, be a differentiable function on K,
where K° is the interior of K, such that ' € Llu,v] for u,v € K° with
u<vanda>0. Let |9, ¢ > 1, be (s,p)-convex function on [u,v].
Then the following inequalities for fractional integrals hold:
(1) If p> 0, then
(2.19)
’@D(U) +¢)  Tla+1)
2

2(vP — uP)

: [73@enwn + g3 enw])

P — uP

< T [ (Bolass,0) 75 (1B (] + Byl s, )0/ (0) 7}

+ (B, ,)) 73 { Bl ()| + By(a5,p) [0/ ()7} 7],

where T(w) = we for all w € [uP, vP].
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(i) If p < 0, then

(2.20)
‘w(U) +¢@)  Tla+1)

2(up — vP)

5w + 73 (6 om)e?)]

up_fUp 1

<— [(Bg(oz,s p)) {B4W )|+ Bs(a, s,p) [0 (v)|*} «

+ (Bolevs,p)' ™ { Brlo! ()| + Bs(ev s, p) [0/ (0]} ]

with T(w) = w? for all w € [vP,uP]. Where

=0 dr, B =y
fO p(ruP— (1 7‘)1}1’)1 % P fO p(ruP—(1— T‘)Up)l % ’
f (1—r)ete dr Bg = f cdr,

0 p(ruP—(1— r)vp) 0 p(ruP— (1 7“)1)1’)1 3

and
1 a+s

= . dr, B dr.

fO p(ruP—(l—r)vP) 71) 5 fO p(ruP—(1— T‘)Up)l %

Proof. (i) Let p > 0. Using (2.17), power mean inequality and the
(s, p)-convexity of |¢'|?, we find

(2.21)
'w(U) +y)  T(a+1) [

2w — up)e

vP —uP 1 (1—r)
< 2 [/0 p(rup_ (1—7“)211’)1_%
<”p—“p[(/1 (1—r)" w)lé
S 2 o p(rur — (1 — T)Up)l—g

! (1—r)
’ (f P — (1— o)

75,6 ome) + 75 o))

dr

)’ <(rup +(1- r)vp)%)

Q=

Y ((rup +(1- r)vp)%> ‘qdr>
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i </0 p(rur — (1T °“_ r)vp)l‘idr>
. </0 plrup — (1T ‘”_ ryor)' s

P — P 1 (1 _ T)a 1_%
< —dr
-2 K/O prur — (1 —r)or)'~» )

( el

0 p(ruP — (1 —r)vp) " »

O + (1= r)o")?)

o)

(1 — r)a-i-s / %
i v (v)|%dr
/0 p(rup — (1 — 7ﬂ)vp)l—g |4 (v)] )
+ re i ~a
</0 p(rup — (1 —r)or)' s )
: - = (w)|9dr
</0 p(fr’up _ (1 _ T)Up)l_E | ( )|

s L
+ — | (v)|Ydr
/ o — (1 ) ) ]

—[(Balas.) THIBA (@) + Bole s )l (o)}

_1 1
+ (Bo(a 5,))' 4 (B! ()l + Bylaw s 9) |0/ ()1}
This completes the proof of (7).
(77) The proof is similar with (7). O

Q[

Theorem 2.4. Let s € (0,1], » € [0,1] and p € R\ {0}. Let ¢ :
K CRy — Ry, where K is an interval, be a differentiable function on
K, where K° is the interior of IC, such that ¢’ € Llu,v] for u,v € K°
with u < v and o > 0. Let |[¢'|9, where q,1 > 1 such that % —l—% =1,
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be (s,p)-convex function on [u,v]. Then the following inequalities for
fractional integrals hold:

(i) If p> 0, then

(2.22)
‘w(U) +9)  Tla+1)
2

_ [j;‘i (Wor)(v") + TS5 (Wo T)(up)]

2(vP — up)

2

[ ()] + W(v)q i
s+1 '

[(Bg(oz, p, )T + (Bio(a, p, l)ﬁ] [

Where T(w) = we for all w € [uP, vP].

(i) if p < 0, then

(2.23)

‘w(u) —5 ev) Q(F;:j;))a [ T (o) (W) + T (o T><vp>]

2

1
]

~=

+ (Blo(Oé,p, l))

Y

] [W(u)w Il W(vﬂq] ‘

(By(ap.1) —

with T(w) = we for all w € [vP,uP]. Where

1 l
1 (1 _ ,,,.)a 1 ro
BQ = 1 dT’, B10 = T dr.
/0 (p(rul’ —(1- r)vp)1_5> /0 (p(rup —(1- r)vp)1_5>

Proof. (i) Let p > 0. Using (2.17), Holder’s inequality and the (s, p)-

convexity of |¢’|7 implies,

(2.24)
'wu)—ng)_ Lot D Ta won) + 73 o))

2(vP — up)

P —uP | 1 (1—r)”
< 5 1
-2 [/0 plrup — (1 —r)or) s

dr

)’ <(7’up +(1- r)vp)%)
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(07

1 r
o p(ruP — (1 —r)vP)

<2 ({ G me) 2
X </01 qdr) !
. o ! 7
’ (/ (za(rup - r)vp)l‘i> dr)

: (/01 W <(T“p+(1 _T)Up)%ﬂqdr)%]

<L G ) #)
<([rwrs [a-r W(v)\qf

i (/ (za(rup = r)vp)l‘i> dr)
< ([ e+ [a- r)W(vﬂqﬂ

_ Y g - [(Bg(a,p, l))% + (Buo(a, p, l))%] PWW)Z ::-_ |1¢,(U)‘q} | .

)@D' <(rup +(1— r)vp)%> ) dr]

4 ((rup + (1 — r)v”)%>

This completes the proof of (7).
(77) The proof is similar with (7). O
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3. INTEGRAL INEQUALITIES OF PRODUCT OF TWO (s, p)-CONVEX

FUNCTIONS VIA FRACTIONAL INTEGRALS

Chen and Wu in [1] and [2] investigated the Hermite-Hadamard type
inequalities for products of two h-convex functions and products of two
s-convex functions in fractional form, respectively. In this section, we
will establish some Hermite-Hadamard type inequalities for products

of two (s, p)-convex functions in fractional form.

Theorem 3.1. Let s1,s2 € (0,1], r, A € [0,1] and p1,ps € R\ {0}.
Let ¢, : K C Ry — Ry, where K is an interval, be (s1,p;)-convex
function and (sq,ps)-convex function, respectively, such that ¥, €
Llu,v| for u,v € K°, where K° is the interior of IC, with v < v and

aq,ap > 0. Then the following inequalities for fractional integrals hold:
F(al)F(ag)
(Upl — upl)al (Upz — up2
- T5 (0 m) (W) T (0 ) ()]
< [ !
~ Llon + 1) + 52)

N Blag, s1 + 1) N Blag, s + 1)
042+82 (05} +Sl

oz [T (0 0 () TR (0 ) ()

+ Blag, s1 +1)(ag, 50+ 1) | M(u,v)

N(u,v),
where 71 () = o for allz € [uP*,vP'], o(y) = y% forally € [uP?, vP?],

and M(u,v) = (u)p(u) + P (v)e(v), N(u,v) = Y(u)p(v) + ¢ (v)e(u).

Proof. Since v is (s1, p1)-convex and ¢ is (sg, p2)-convex, then for r, A €

0, 1], we have

O ((rum o (1= o) ) < rotb(u) + (1= ) (o)
and

o (4 (1= 0em)% ) < Xp(u) + (1= X) (o).
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Then from above, we obtain

(3.2)

o (e + (1= ey ) o (Owr + (1= Aor) )

< rAPP(u)o(u) + (1 =1)* (1= X)%2P(v)e(v) + (1 = A)*2 ¢ (u)p(v)
+ (1 =) A% p(u)Y(v).

Similarly,

(3.3)

O (o + (1= ) ) o (v + (1= Ayu)n )

< PADIP() + (L= 1) (1= ) ()p(n) + 1 (1= N ()e()
= 1A () (a).

Then by combining the inequalities (3.2) and (3.3), we get

0 (rum + (1= o)) o (w4 (1= X))

0 (rom + (1= r)ur)in ) o (e + (1= Az )

< (A 4 (1 =) (1= A)%) [ (w)e(u) + ¢ (v)e(v)]
+ (1= A)2 4 (1= r)7A%) [(v)e(u) + i (u)e(v)].

(3.4)

By multiplying (3.4) by r®*~1X\*2~! and integrating with respect to r
and A over [0, 1] x [0, 1], we obtain

/ / oy (a4 (1= o)) o (b 4 (1 - Ay )

+ 9 (o + (1—r)up1)7’11)g0<(>\vp2+(1 NPz ) | drd
/ / e (4 (L) (1= X)) [u)e(n) + o0)e(w)]
SN (L)) [D(0)p(u) + (u)e(v)] | drd.
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By letting z = ruP* + (1 — r)vP* and y = AuP? + (1 — A\)vP?, we get

(3.6)
/o1 /01 per—lyea—1y, ((Tupl +(1- r)vm)%) ® <(>‘“p2 + (1~ )‘Wn)%) drdX
()T ()

o (Upl — upl)al (Upz — upz)

T (o m) (M) T (p 0 ) (7).
+ +

Similarly, by letting z = rvP* + (1 — r)uP* and y = AP + (1 — \)uP2,

we find

(3.7)
/01 /01 por—l \o2 =1y, ((T?f”l + (1 — r)upl)%) ® (O‘“pz +(1- )‘)upz)%) drd

(o) (a2) (o) (WP T (0 0 7o) (uP?).

o (Upl — upl)al (Upz — upz)OQ vo v

Also note that,

(3.8)
/0 /0 por—1yaz—1 (r 'A% + (1= 7)1 (1 — X)) [ (u)e(u) + ¥ (v)e(v)] drdX

{(al + 81)1(% )

+ B(aq, 81+ 1)B(ag, s+ 1) | M(u,v)

and

(39)
[ [ @ = 0+ =) (et + sy

_ Blag, so + 1) N Blag, s+ 1)
a1+ S1 Qg + S

N(u,v).
Hence by substituting values of (3.6)-(3.9) in (3.5), we get (3.1). O

Corollary 3.1. Under the assumptions of Theorem 3.1 we have the

following.
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1. ]fpl = P2 = 1, then

) 01Tz ol0) + T )T
< { !
- (041 -+ 81)(042 -+ 82)

N [5(a1>31 +1) n Bz, s+ 1)

(3.10) + Blaq, s1 4+ 1)B(ag, s2 + 1)} M (u,v)

]N(u,v).
Qo + So a1+ 51
2. If sy =s9 =1, then

F(al)F(ag)
('Upl — upl)al (Upz — up2)az
T (0 m) ()T (9 0 ) ()]
1
< |+ e Dlan ) M(uvo)

4 {5(041,2) 4 5(042,2)

[J%ﬁ (%0 m) (™) T (0 0 12)(v7)

(3.11)

] N(u, ).

0424—1 0414—1
3. If pr=py=1and s; = sy =1, then

INGCTINGTY
(/U I u)a1+052
1
(3.12) < {(041 Ny +B(a1,2)ﬁ(a2,2)} M (u,v)

+ [ﬁ(alaQ) + 6(a2a2)
Oég—l—l Oé1—|—1

(T2 () T2 e(v) + T b (u) Iy o (u)]

| (a0,

4. Ifpr=p2=1,81=5,=1and ay = ay =1, then

2 v v M (u,v) + N(u,v)
313) / b(z)dz / o(y)dy < : |

Theorem 3.2. Let s1,s2 € (0,1], r, A € [0,1] and p1,ps € R\ {0}.
Let ¢, : K C Ry — Ry, where K is an interval, be (s1,p;)-convex

function and (so,ps)-convex function, respectively, such that ¥, €
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Llu,v| for u,v € K°, where K° is the interior of IC, with v < v and

a1, > 0. Then the following inequalities for fractional integrals hold:

(3.14)

1 1
2S1+32w ((Upl‘;‘vpl)”) o ((um—;—vm)m>

oo + 1)
- (Upl — upl)Oél ('UP2 — up2)062

+ T (0 m) (W) T (0 ) ()|
5(0&1, S1 + 1) 4 5(0&2, So + 1)

Q9 + So a1+ 8
1
(Ozl + 81)(Oé2 + 82)

T (W om) ()T (e o ) (07?)

P
uy

+ o1 |i

] M (u,v)

+ ooy [ +ﬁ(a1,81+1)5(a2,82+1)} N(u,v),

where Ty (x) = o for all x € [uPr, vP'], To(y) = y% for ally € [uP?, vP?]

and M(u,v) = (u)p(u) + P(v)e(v), N(u,v) = (u)pv) + ¢ (v)e(u).

Proof. Since 9 is (s1, p1)-convex and ¢ is (s, p2)-convex, then

uPl + P2 ﬁ uP?2 + pP2 é
(())A05))

ruPt + (1 —r)vPr roPr + (1 — r)u? o
(3.15) < (( : + 5 ) )

((Aum + (1 =X P24 (1— )\)um) 1’12>
X © +

2 2
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1

TTes [w <(7“up1 + (1 —r)oPr)er ) + <(rv” +(1- r)upl)%ﬂ
[w ((W’ (1— A)ywP2)e ) +o ((w (1- A)um)i)]
81182[1#(7%#’ (1—r)v?) )@(Au” (1= o) )

251
X

o) + (= () (1 - 2)p(e) + Xp(w)]
e (o ey ) (O - )
9 (0" + (L =)o ) o (o + (1= Aur) ) |
LT — A (1 A ($(u)elw)

2
+P()p(v) + (1= 7)™ (1= A + 7782 (d(u)p(v) + P(v)p(u) |-
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Summing up, we have

1 1
R uPt 4+ pP1 P1 uP? 4 P2 >3

1

< [w ((rupl +(1— r)vpl)ﬁ> ") (()\um + (1 — >\)Up2)é>
+ P ((rvpl 41— r)um)i) ¢ ((wz +(1- A)um)é) ]
+ [(7’51(1 = A)% 4+ (1 =) A2) (P (u)p(u) + Y (v)e(v))

H (=) (1= A2 +77A%) (P(u)p(v) + P (v)p(u)) } :

(3.16)

Multiplying the above inequality (3.16) by r®*~t\®2~! and integrating
with respect to r and A over [0, 1] x [0, 1], we get (3.14). Hence the
proof is completed. O

Corollary 3.2. Under the assumptions of Theorem 3.2 we have the
following.

1. ]fpl = P2 = 1, then

(3.17)

re((457))((59)

L0 2 1) | o) 722 (0) + T () T ()]

Blag, s1+ 1) N Blag, s9+ 1)
Qg + S9 a1 + 51
1
(o1 + s1)(ag + s9)

<

+ s [ } M (u,v)

+ { +ﬁ(a1,31+1)5(a2,32+1)} N(u,v).
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2. If sy = s9 =1, then

(3.18)

281+52,¢ ((upl ‘2|"Up1>p11> @ ((UPQ—;—UPQ);Z>

N 2 1) [ (0 m) (@) T (0 0 m)(0)

~ (Upl _ um)m (Up2 _ upz)a2

+ T (0 m) ()T (0 ) (u)|

Bla1,2) | Blag,2)
_'_

az+1 a;+1

1
(a1 + 1)(ag+ 1)

+ aran { } M (u,v)

+ ajon l +B(a1,2)5(a2,2)} N(u,v).

3. Ifpr=py=1and s; = sy =1, then

w((59) (%))
[(oay +1) (T2 (0) T2 0(v) + T b (u) T2 (u)]

(’U — u)051+052

B(alv 2) B(OQ’ 2)
+
Oég"‘l Oél+1

(a1 + 1)1(a2 Y + B(a1,2)B(as, 2)} N(u,v).

<
(3.19)

+ { } M (u,v)

+ ai1an |:

4. If pr=p2=1,51 =8 =1 and a; = as = 1, then

w((5) (%) o
M(u,v) + N(u,0)

< ﬁ/uvqp(x)dx/ p(y)dy + 9

(3.20)

v
U
CONCLUSION

In Theorem 2.1, Theorem 2.2, Theorem 2.3 and Theorem 2.4, some
Hermite-Hadamard type inequalities for (s, p)-convex functions in frac-

tional form are obtained. Remark 2 provides some previous results for
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convex functions, p-convex functions, s-convex functions and harmon-
ically convex functions. Similary, in section 3, we gave some Hermite-
Hadamard type inequalities for product of two (s, p)-convex functions
in fractional form and also gave some Hermite-Hadamard type inequal-
ities for product of two p-convex functions, two s-convex functions and
two convex functions. All the results given in this paper can be ex-

tended for (p, h)-convex functions as well.
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