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A GENERALIZATION OF JACOBSTHAL AND
JACOBSTHAL-LUCAS NUMBERS

ALA’A AL-KATEEB

ABSTRACT. In this paper, we study a generalization of Jacobsthal and Jacobsthal-
Lucas numbers. We describe their distinct properties also we give the related matrix

representation and sum of terms of the sequences.

1. INTRODUCTION

Fibonacci and Lucas sequences and their generalizations/extensions have many
interesting, pretty and amazing properties and applications in many fields of science
and arts [1, 10, 11, 12, 13, 15]. The Fibonacci and Lucas numbers are defined by the

following two recurrence relations
Fo=F, 1+ F,» and Lp=1Ln 1+ Lpo

where n > 2, F5 =0, F) =1, Ly =2 and L; = 1. These sequences are special cases of

the Lucas sequences [18].

Un(P,Q) and V,(P, Q)

given by the recurrence relation
Ty = Pr,_1 — an72
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where P and @ are fixed integers and initial values Uy (P, Q) = 0, Up(P, Q) = 1, Vo(P, Q) =
2 and Vi(P,Q) = P. There are other famous examples of Lucas sequences such as

(14,9, 16, 17)).

e Pecll and Pell-Lucas numbers:

Pn = 2Pn—1 + Pn—2 and Qn = 2Qn—1 + Qn—2

wheren > 2, Pp=0,P =1,0Qy =@, = 1.

e Jacobsthal and Jacobsthal-Lucas numbers:

Jn = Jn—l + 2Jn—2 and jn = jn—l + 2jn—2

where n > 2, Jy=0,J; =1,j9 =71 = 2.

The sequences mentioned above satisfy many common properties and identities for
example Binet formulas, Catalan identities and matrix representation. Recently,
these sequences were generalized or extended for example see [2, 3, 5, 6, 7, 8, 19]. In
[14] a new one-parameter generalization of Pell and Pell-Lucas numbers numbers is
given and its properties and related matrix representation are studied.

In this paper we introduce and study a generalization of the Jacobsthal and
Jacobsthal-Lucas numbers. This paper is structured as follows in section 2, we in-
troduce the generalized Jacobsthal and Jacobsthal-Lucas numbers and derive their
generating functions and binet formulas. In section 3, we find the matrices of the
generalized Jacobsthal and Jacobsthal-Lucas numbers. In section 4, we find many
properties of the sequences like the Cassini, Catalan and d’Ocagne’s formulas. In

section 5, we find the sum of terms formulas of the generalized sequences.
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2. DEFINITION, GENERATING FUNCTIONS AND BINET FORMULAS

Definition 2.1. Let k > 2,n > 0 be two integers. The generalized Jacobsthal and

Jacobsthal-Lucas numbers respectively are defined by:
Jk,n = (k - 1)Jk,n—1 + ka,n—Q and jk,n = (k - 1)jk,n—1 + k.jk,n—Q
where Jy0 = 0,51 =1 and jro = jr1 = 2.

When k = 2, we have the classical Jacobsthal and Jacobsthal-Lucas numbers. These

sequences can be extended to negative indices as follows, for n > 1
Jon = (=" and g, = (=1)"
which satisfy the recurrence relations
Jp—n = kdyo—n — (k — 1) Jp1-n and jx_p = kjpo—n — (k — 1)jg1-n

Example 2.1. The following two tables present the values of Jy,, and jy, for some

selected k and n values.

TABLE 1. Generalized Jacobsthal numbers

no| 5| 4|32 -1l0l1]2|35|4]| 5

Jon | 11| -5 | 3 |-1] 1 1/1) 31| 5| 11

I3 | 161 -20] 7 |-2| 1 1121 7|20 161

SIS || S

Jon | 205 -51113|-3| 1 118]13|51| 205

TABLE 2. Generalized Jacobsthal-Lucas numbers

n| -5 -4 |-3|-2|-1l0l1| 2|38 4| 5
Jom | 42| =22\ 10| -6 | 2|2\ 2| 6| 10| 22| 42
Jan | 242] -82 | 26| -10| 2| 2| 2| 10| 26| 82 | 242
Jan | 8181 -206| 50| -14| 2| 2| 2| 14| 50| 206 818
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In the following theorem we derive the generating functions for the sequences Jj ,,

and Jg .

Theorem 2.1 (Generating functions). The generating functions of the sequences Jy

and j ., respectively are

(1)

J(z) = 1—(k—1)x — ka?
(2)
i) 2 +2—k)

:1—(k—1)x—kx2

Proof. Let J(x) and j(z) represents the generating functions of Jj,, and jj , respec-
tively.
Note,

J(z) = Jpna"
n=0
= Jpo + Jp17 + Z Jpnt"
n=2
=2+ (k=1 Jen1 + kJpn 22"
n=2

=z+(k— 1)z Z Jk,n,lxnfl + ka? Z Jk,n,ﬂ"’z
n=2 n=2

=xz+ (k- 1)3:2 Jena" + ka? Z S nx" ko =0
n=0 n=0

=x+ (k—DaJ(z) + ka*J(z)
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Thus, z = (1 + (1 — k) — kz?)J(z) and J(z) = TR
Similarly,
§(@) =) et =242+ ((k—1Djkn-t + kjtnz)z”
n=0 n=2

=242z+(k— 1z ij,n_lx”_l + ka? Zj;m_gzzc”_2
n=2 n=2

=2—2kz+4r+ (k— D2 ) jent” +ka® Y jrna”
n=0 n=0

by adding and subtracting 2(k — 1)x

Thus, 2 — 2kz +4r = (1 — (k — 1)z — kz?)j(z) and j(x) = % O

Theorem 2.2 (Binet formulas). The n—th terms of the generalized Jacobsthal and
Jacobsthal-Lucas sequences are given by

kr— (—1)"

2.1 =
( ) Jk:,n k’—f-]_ ;

and

Ak 420k — D(=1)"
- k+1

Proof. We will use mathematical induction to prove the formulas above. To prove

equation 2.1.

e For n = 0: Jkyozi—jrl:(].

kn_(_l)n

e Assume that Ji, = B

e Note

Jk,n+1 = (k - ]-)Jk,n + ka,n—l

= (k= ) G )

R R R (D) R — k(=)
N k+1 kE+1
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_ kn—f—l _ (_1)n+1
B k41

Similarly, we prove equation 2.2.

_ 4k04(2k—2)(—1)°

e For n = 0: jk,O ET1 = 2.
e Assume that ji, = W

e Note

Jema1 = (B = 1)k + kfen—1

ey (2kk+—12)(—1)”

B 4k3n+1 + (2/{3 . 2)(_1)n+1
N k+1

4R 4 (2% — 2)(= 1)
k+1

)+ k(

)

as desired O

3. MATRIX REPRESENTATION

As we know classical Jacobsthal numbers can be derived from the matrix F' =

In 2J,
for which F» = | """ (the Jacobsthal F-matrix). Also the Jacobsthal-
10 I 2Jp1
1
Lucas numbers can be derived from the matrix R = (the Jacobsthal-Lucas
2 -1
. . jTL+1 2jn .
R-matrix) for which we can define R, = RF" = , these matrices
jn anfl

were introduced and studied in [7, 8]. In this section we derive the Jacobsthal Fy
and the Jacobsthal-Lucas Ry matrices that generates the generalized Jacobsthal and

Jacobsthal-Lucas numbers.
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k—1 k
Lemma 3.1 (Matrix of generalized Jacobsthal numbers). Let Fj, = .
1 0
Then for n > 2 we have
Fl? _ Jk,nJrl kt]k,n
Jk,n kt]k,nfl
Proof. We will use mathematical induction:
e For n = 2:
2 (k—12%+k k(k—1) Jko+1 kg2
k pu— pu—
k—1 k Je2  kJka
Jin kJgn
e Assume that F}' = Rt "
Jk,n kt]k,nfl
e Note
Fitt = BFy!
Jin kJgn
=F} fontl " by induction
Jk,n kt]k,nfl
kE—1 k Jk,n-l—l ka,n
1 0 Jem  EJgn—1
B (k‘ — 1)<]k;,n+1 + /CJkyn k‘(k‘ — 1)<]k;,n + k?kayn_l
| Jk,n+1 k:(]k,n
e ki
_Jk,nJrl kt]k,n
as desired O
Lemma 3.2. Forn > 1, Tt | Fy I
jk,n jnfl

Proof. Immediate ]
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Proposition 3.1. Forn > 1 we have

(1) jk,n = Q(Jk,n + kt]k,n71>
(2) jk,nfl = 2(Jk,n + (2 - k>Jk,n71)

Proof. From the Binet formula we have:

1)
T VYt G

ntkdpn1= k
i+ K1 K1 k+1
2 — k(=) — (=)
B kE+1
2k 4 (k= 1)(=1)
B k+1
1.
2.]k,n
(2)
kn — (_1)71 kn—l _ (_1)n—1
2 2—k ) =2 ———— 2—k
(2]%'”_1 + k(—l)n_l _ (_1)n—1)
=2
kE+1
(2k"14-(k-1)p—1)"1)
=2
kE+1

= jk,nfl

g

Lemma 3.3 (Matrix of generalized Jacobsthal-Lucas numbers ). Let n > 0 and

1k kn Ejin
Ry = | Then RyFp =L [Tt R
12—k jk,n kjk,nfl
Proof.
Jin kJyn
RiE}' = Ry, hot & from Lemma 3.1

Jk,n ka,n—l
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1 k Jk,n+1 k:(]k,n
1 2= k| | Jun  kJinos

Jent1 + kJkn kZJk-,nq +kJin
_kaﬂ +2—k)Jen EJen+ (2—k)kJgn

1 |Jkntr Kk
=3 Jhyn+1 Tk, from Proposition 3.1
jk,n kjk:,n—l

Remark 1. Rka = FkRk

4. MORE PROPERTIES AND IDENTITIES

In this section, we derive some identities for the generalized Jacobsthal and Jacobsthal-

Lucas sequences.

Theorem 4.1 (Catalan’s Identities).
(1) Jk,n+er,n—r - le,n = (_]—)nirknir‘]lir
(2) jk,n—l—rjk;,n—r - J/?,n = 8(_1)nirkn(k‘ - 1)‘]13,1"

Proof.

(1) Note

R G ) IO g "Ly B DLA

Jensr Thner = Jpn = Zi 1 . Zi 1 - ( Zi 1 ) )

LR ()RR 4 (1) R 1 (k: + (—1)n>2
(k+ 1) k+1

(= 1)k (1) TR 2(— 1)k
(k+1)2
24 (-1)k"+ (—1)%)
(k+1)2

— (—1)"" (
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C(=D)mEr (2(=1) (k)T + 14 K2
N kr ( (k+1)2 )

= ()RR,

(2) Note
, , 9 4" 4+ 2(k — 1) (=)™ 4k 4 2(k — 1) (=),
Jkntrlen—r = Jen = k1 : L1 — Jkn
16k 4+ 8K~ (k = 1)(=1)"" + 8k (k = )(=1)" " +4(k —1)*
= CESE — Jkn
8k (k — 1)(—=1)"*" + 8k (k — 1)(—1)" " — 16(k — 1)k™(—1)"
- (k+1)2

=8(—=1)"k"(k—1) - (E7"(=1)" +k"(—1)7" —2)

(k+1)2
(g qy, 2R DT R
=8(—1)"k"(k —1) 1)
el vy, 1y KT =2(=1)7R +1
=8(—1)" k" (k — 1) e

=8(=1)""k"(k - 1)J,

U
Theorem 4.2 (Cassini’s identities). We have
(1) Jrns1Jem—1 — Jf, = (=1)"k"
(2) Jrns1dkn-1 = Jin = 8(=1)"k"H(1 — k)
Proof. Immediate from Lemma 3.1 and Lemma 3.3 O

Theorem 4.3 (d’Ocagne’s Identity identities). Let n,m be two integers. Then
(1) Jk,an;,m—f—l - Jk,n+1<]k,m - (_1)mkmjk,n—m
(2) jk,njk,m-‘rl - jk,n-l—ljk,m = 8(_1)m(1 - k)kmjk,n—m

Proof. First using equation 2.1 in Theorem 2.2 we have

kn — (_1)n karl _ (_1)m+1 o (_1)m knJrl _ (_1)n+1

JenIbm+1 — Jent1em = 1 1 1 1
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_ kn-{—m—l—l _ (_1)nkm+1 _ (_1)m+1kn + (_1)m+n+1

(k+1)2
Jmntl _ (_)nlm (1) mpetd g (<)t
- (k+1)?
B (_1)n+1km _ (_1)nkm+1 + (_1)mkn+l _ (_1)m+1kn
(k+1)°
C(=D)"EM (=1 = k) + (=1)"EM (k4 1)
(k+1)2

_ (DR = (DR

(k+1)

e (S5

= (—1)"k" Jkn-m

Second using equation 2.2 in Theorem 2.2 we have

8K (—1)™ + 8k (—1)" — 8k (—1)" — 8kTH(—1)™

JknJkma1l — Jent1Jkm = (k+1)?
(=1)™k"(1 — k:z) + (—1)”km(k2 - 1)
=8
(k+1)?
—1)mE" + (=1)"k™
= 8(1 — k* (
( ) (k+1)
k,nfm ‘I‘ (_1)nfm

=8(1 — k*)(=1)"k™ CEE

= 8(=1)"™(1 — k)K" Ty

Theorem 4.4. For any two integers m,n > 2 we have

(1) Jk,m-i—n = Jk,ka,n-i-l + k:(]k,m—ljk,n—l

(2) jk,m-ﬁ-n = jk,ka,n-i-l + kjk,m—ljk,n
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Proof. (1)

Fm+n . Jk,m-‘,—n-‘,—l ka,m—f—n . Jk,m—l—l ka,m Jk,n+1 k:(]k,n
A = =
Jk:,m—i—n k:(]k,m-l—n—l Jk,m k:(]k,m—l Jk,n ka,n—l
thus Jk:,m—i—n = Jk,ka,n-i-l + k:(]k,m—ljk,n—l

(2) Similar to number 1

5. SUM OF TERMS

Theorem 5.1. For all integers k > 2 and n > 0 we have

(1) >0 Ini = ﬁ(kﬂ]kn + Jems1 — 1)
(2) > o dhi = ﬁ(k’]kn + ki1 +2(k = 3))

Proof. We prove the first formula using mathematical induction
(1) For n =0, the result is trivial.
(2) Assume that Y ", Jp; = ﬁ(kﬂ];m + Jine1 — 1)
(3) Consider

n+1 n
Z Jk,i - Z Jk,i -+ Jk,n+1
=0 i=0
1
- m(kjk" + Jin+1 — 1) + Jint by induction
1
= m(%,n + Jpmsr + 2k = D) Jppsr — 1)
1
- m(k‘]k,n—kl + (k= 1) Jrngr + kdppn — 1)
1

— m(k(]k’n—’—l + Jk,n+2 — ].)

The second formula can be proved in a similar way to the first one so we omit its

proof. O

Remark 2. Theorem 5.1 also can be proved directly from the binet formula.
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Theorem 5.2. For all integers k > 2 and n > 0 we have

(1) 22 Jk2i = k+1)(k cJkoni2 —n— 1)

(2) D20 o kit = (k+1 (k = Jkonse T+ 1)

(3) Sty dnoi = G (P Jhonta + 2(k — 1)(n+ 1))
(4) 3 iz Jr2it1 = (k}rl)(ka,gnH —2(k—1)(n+1))

Proof. We will prove the first and third equations. For the first one

n n k,?i_ -1 24
;JMFZ%

=0
n sz‘ _
k+1

1=0

< n+1)>

1—k2 (n+1)>

Joomsz —n— 1
(k+1)(k—1“+2 " >

For the third one

4k + 2(k — 1)(=1)*
Zm—Z ;H)( )

=0

Z 4k% +2(k — 1)
N E+1

1 2
= <4Z (k?) +2(l<;—1)(n—|—1)>

(1.2yn+1
:kil(z; 1(_kk)2 +2(k—1)(n+1))

-7 i 3 (k . i +2(k = )0+ 1))

Proving the second and forth equations is similar. U
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Remark 3. Theorem 5.2 also can be proved by mathematical induction.

6. CONCLUSION

We present a generalization for two well-known Lucas sequences, namely the Ja-
cobsthal and Jacobsthal-Lucas sequences. Also, we find the matriz representation of
both new sequences, these matrices can be used in coding theory and cryptography to
create new codes and ciphers. Also they may be combined with some known codes
or ciphers like [11, 12, 13, 15] in order to improve their security levels and error

detection/correction abilities.
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