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POMPEIU TYPE INEQUALITIES USING CONFORMABLE
FRACTIONAL CALCULUS AND ITS APPLICATIONS

SAMET ERDEN®) AND M. ZEKI SARIKAYA®)

ABSTRACT. We establish Pompeiu’s mean value theorem for a-fractional differ-
entiable mappings. Then, some Pompeiu type inequalities including conformable
fractional integrals are obtained, and the weighted versions of this Pompeiu type in-
equalities are presented. Finally, some applications for quadrature rules and special

means are given.

1. INTRODUCTION
In 1938, a famous integral inequality, which was named Ostrowski inequality, in-

troduced by Ostrowski [17] as follows:

Theorem 1.1. Let f : [a,b]— R be a differentiable mapping on (a,b) whose derivative
f: (a,b)— R is bounded on (a,b), i.e., |f'|l.. = sup |f'(t)] < co. Then the following

te(a,b)
inequality holds:
1 ; 1 (z— )2
1.1 — Hdt| < |-+ —-221](b— !
R i R Rl s e [ T

for all x € [a,b]. The constant 5 is the best possible.

2010 Mathematics Subject Classification. 26D10, 26D15, 26 A33.
Key words and phrases. Pompeiu’s mean value theorem, conformable fractional integral, numer-

ical integration, special means.

Copyright (©) Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.

Received: April 14, 2020 Accepted: Oct. 11, 2020 .
527



528 SAMET ERDEN AND M. ZEKI SARIKAYA

Inequality (1.1) has wide applications in numerical analysis and the theory of some
special means; estimating error bounds for some special means, some mid-point,
trapezoid and Simpson rules and quadrature rules, etc. Hence, the inequality (1.1) has
attracted considerable attention and interest from mathematicians and researchers.

In 1946, Pompeiu [19] derived a variant of Lagrange’s mean value theorem, which

is known as Pompeiu’s mean value theorem.

Theorem 1.2. For every real valued function f differentiable on an interval |a, b

not containing 0, there exist a point & between x1 and xo such that

x1f(22) — 22 f(21)

Ty — T2

= f(&) = &9,

for all pairs xy # x5 in [a,b]

In [6], Dragomir proved the following Pompeiu type inequality by using Pompeiu’s

mean value theorem.

Theorem 1.3. Let [ : [a,b] — R be continuous on [a,b] and differentiable on (a,b)

with [a,b] not containing 0. Then, for any x € [a,b], we have the inequality

(1.2) atbfl@ 1a/f(t)dt

b—a |1  (z— %) ,
—[4+W] 1f=1f >

where I(t) =t for all't € [a,b]. The constant § is sharp in the sense that it cannot be

replaced by a smaller constant.

In recent years, many authors have worked on the inequalities obtained by using
Cauchy’s mean value theorem and the above variant of the Lagrange’s mean value
theorem given by Pompeiu in [19]. For example, the authors presented some Os-

trowski type inequalities by using mean value theorem in [4] and [20]. In addition
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to the inequality (1.2), Pecari¢ and Ungar provided a new Ostrowski type inequality
for p-norm by using Pompeiu’s mean value theorem in [18]. What’s more, Dragomir
obtained some power Pompeiu’s type and exponential Pompeiu’s type inequalities
for complex-valued absolutely continuous functions in [8] and [9]. Also, Dragomir
gave some generalizations of Pompeiu inequality, and these results are used to obtain
some new Ostrowski type inequalities in [7]. In [25], Sarikaya obtained some new
Pompeiu type inequalities for twice differentiable mappings. Afterwards, some re-
searchers examined some new Ostrowski and Griiss type inequalities via a variant of
Lagrange’s mean value theorem for two-variable functions in [22]-[24]. On the other
side, Erden and Sarikaya established generalized Pompeiu mean value theorem and
Pompeiu type inequalities for local fractional calculus in [10]. For recent other results
obtained realated to similar inequalities, we refer the reader to [11], [15], [16], [12]

and the references therein.

2. DEFINITIONS AND PROPERTIES OF CONFORMABLE FRACTIONAL DERIVATIVE

AND INTEGRAL

Recently, the authors introduced a new simple well-behaved definition of the frac-
tional derivative called the ”conformable fractional derivative” depending just on
the basic limit definition of the derivative in [14]. Namely, for given a function
f :[0,00) = R, the conformable fractional derivative of order 0 < a@ < 1 of f at

t > 0 was defined by

Do () (0) —tim LA =S 0)

e—0 €

If f is a—differentiable in some (0, a) with a > 0, lim f(@) (t) exists such that
t—0

79 (0) = Tim £ (¢).

t—0t
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Also, we note that if f is differentiable, then one has

(2.1) Do (f) () =t'7f" (1),
where
f/(t) :li_r%f(t—'—ei_f(t)'

We can write f (¢) for D, (f) () to denote the conformable fractional derivatives
of f of order . In addition, if the conformable fractional derivative of f of order «
exists, then we simply say f is a—differentiable.

In order to prove the main results, we use the mean value theorem for conformable
fractional derivatives. This theorem is established by Iyiola and Nwaeze [13] as

follows.

Theorem 2.1 (Mean value theorem for conformable fractional differentiable func-
tions). Let o € (0,1] and f : [a,b] — R be a continuous on [a,b] and an a-fractional
differentiable mapping on (a,b) with 0 < a < b. Then, there exists ¢ € (a,b), such
that

Do (f)(c) = ——%—-

«

The following definitions and theorems related to conformable fractional derivative

and integral were referred in [1]-[3], [5], [13] and [14].

Theorem 2.2. Let « € (0,1] and f, g be a—differentiable at a point t > 0. Then, we

POSSESS

i. Dy (af +bg) = aD, (f) +bD, (g), for all a,b € R,
it. Dy (X)) = 0, for all constant functions f (¢) = A,

iii. Do (fg) = fDa (9) + gDa (f),
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v 0, (1) = 22l 1Delo)

Definition 2.1 (Conformable fractional integral). Let o € (0,1] and 0 < a < b. A

function f : [a,b] — R is a-fractional integrable on [a, b], if the integral

[ @ a= [ rwea,

exists and is finite.

Remark 1. We have

EOO=1e")= [ @,

xlfa

where the integral is the usual Riemann improper integral, and « € (0, 1].

Theorem 2.3. Let [ : (a,b) — R be differentiable and 0 < o < 1. Then, for all

t > a, we possess

LD f () = () = f(a).

Theorem 2.4. (Integration by parts) Let f,g: [a,b] — R be two functions such
that fg is differentiable. Then

[ 1@ D30 @ dar = o~ [ 90 D50 (@) dos

Theorem 2.5. Assume that f : [a,00) — R such that f"™(t) is continuous and

a € (n,n + 1]. Then, for all t > a we have
DRIRf () = [ (1)

Theorem 2.6. Let o € (0,1] and f : [a,b] — R be a continuous on [a,b] with

0<a<b. Then,

|1e () (2)] < I3[ f] (=) -
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In [5], Anderson provided Ostrowski’s a-fractional inequality using a Motgomery

identity as follows:

Theorem 2.7. Let a,b,s,t € R with 0 < a < b, and f : [a,b]— R be a-fractional
differentiable for o € (0,1]. Then, one has

IN

0 p— /f(t)dat WM—aa) (17— a®) + (b — 1) |

where

M = sup |D,f(t)] < 0.

te(a,b)

In this study, Pompeiu’s mean value theorem for conformable fractional deriva-
tives is obtained. Later, we present Pompeiu type inequalities involving conformable
fractional integrals with applications Ostrowski’s inequalities. Finally, by means of
the inequalities given in this work, some applications in numerical integration and

for conformable special means are given.

3. MAIN RESULTS

We prove Pompeiu’s mean value theorem for conformable fractional differentiable

functions.

Theorem 3.1. Let a € (0,1] and f : [a,b] CR — R be an a-fractional differentiable
mapping on (a,b) with 0 < a < b, for all pairs x1 # x5 in [a,b], there exist a point £

in (x1,x2) such that the following equality holds:

(5.) w5 Z B0 e - e Dal)(6)

e} «

Proof. We first define the function F on [, 1] by

(3.2) F () =t
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By using the third item of Theorem 2.2, we find that
(3-3) Dao(F) (1) = af(

In addition, by applying the mean value theorem given for conformable fractional

differentiable functions to F' on the interval [x,y] C [l l] , it follows that

b’ a
(3.0 PO =P _ pary o),

for all ¢ € (x,y).

Now, if we use the identities (3.2)-(3.4), we obtain

() =y f(;) 1 1
S~ af(0) ~ 5 DalN)
Let 2o =1 2y =1 and ¢ = % Then, since ¢ € (z,y), we have
T < f < T2,

and we can write

27 f(x9) — 25 f (1)

= ol =& Da(f)(©),
which completes the proof. -

Now, we give an Ostrowski type inequality by using Pompeiu’s mean value theorem
which is given for conformable fractional differentiable functions in the following

theorem.

Theorem 3.2. Let o € (0,1] and f : [a,b] — R be a continuous on [a,b] and an

a-fractional differentiable mapping on (a,b) with 0 < a < b. Then, for any z € [a, ],
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we have the inequality

(3.5)

t27o¢

where u(t) = ==, t € [a,b], and ||f —uDa(f)| o = P /(&) = uDa(f)(§)] < o0

Proof. Using Pompeiu’s mean value theorem for conformable fractional differentiable

functions for any x,t € [a, b] , there is a point £ between x and ¢ such that

= ID.@] -,

(3.6) Wﬂ@—wﬂﬂﬂ={ﬂ®—

Because of the equality (3.6) and the inequality

HO- D) < s |10 - 0.0)
= f ~uDal)e.

it follows that

(3.7) t°f (@) — 2 fF(O)] < [If = uDa(f)llo [t — 27
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Integrating both sides of (3.7) with respect to ¢ from a to b for conformable fractional

integrals, it is found that

b b
(3.8) f(x)/to‘dat—xo‘/f(t)dat
a ba
(3.9) < N = uDa (Dl [ 17 = 2 dut
x b
= If —uDa () / (2% — 19) dyt + / (1% — 1) dut

Using the definition 2.1 and the inequality (3.8), we obtain

an _

(3.10) T"m f(z) —a® / F(t)dat

< 1 —uDalP)l [(‘”a‘“a) (7~ ) ] |

2a

If we divide the inequality (3.10) by z* (b% — a®), we easily deduce the required result
(3.5). 0

Corollary 3.1. Under the same assumptions of Theorem 3.2 with x® = W Then,

éf((aa—;ba) )_baiaa /bf(t)dat

o - a)
T 2a(a™ +b%)

we have

Q=

If = uDa(f) -

We consider the weighted version of the inequality (3.5) in the following theorem.



536 SAMET ERDEN AND M. ZEKI SARIKAYA

Theorem 3.3. Let a € (0,1] and f : [a,b] — R be a continuous on [a,b] and an
a-fractional differentiable mapping on (a,b) with 0 < a < b. If w : [a,b] — R is

nonnegative and a-fractional integrable on [a,b], then one has

l»Ot

(3.11) /() / tw(t)dot — / F(Ow(t)dat

b

< 1f = uDa(Pl | [wdat = [l

a x

b T

1
+= / t*w(t)dyt — / t*w(t)dat | |

for each © € [a,b] and where u(t) = tQ;a, t € la,b], and

If = uDa(f)lloe = sup [f(£) —uDa(f)(§)] < oo.

£€(a,b)

Proof. Multiplying both sides of the inequality (3.7) by w(t), and later integrating
both sides of the resulting inequality with respect to ¢ from a to b for conformable

fractional integrals, we have

b b
f(:p)/to‘w(t)dat—xo‘/f(t)w(t)dat
b

< |If = uDa(f)ll / w(t) 1% — 2% dat

xT

= |f — uDa(f)] 2 / w(t)dat — / w(t)dot

a

b T

1 = uDa(f)]l /t“w(t)dat—/to‘w(t)dat ,

x a

by this way, we obtain the inequality (3.11). d
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Theorem 3.4. Let o € (0,1] and f : [a,b] — R be an a-fractional differentiable

mapping on (a,b) with 0 < a < b. Then, for any x € [a,b], we have the inequality

@1 [0,

(3.12) ar®  b* — a@ to
92 | P aO‘-Ql—bo‘ — > D
= oz(bo‘—ao‘) DW+ s Hf_u Ot(f)”oo)
where u(t) = tta, t € la,b], and
1f = uDa(f)lloo = Sup | £(§) — uDo(f)(§)] < oo

Proof. 1f we divide both sides of (3.6) by t*z*, we obtain the inequality

flz) [

:L-Ot o tOt

(3.13)

< |1f = uDa(/)l |-

for any t,z € [a,b].
Integrating both sides of the above result over ¢ € [a, b] by considering conformable

fractional integrals, we find that

b

(3.14) %#—/“};@dat
[f@)  F)
= / Tzt dat

a

1 1

dyt.
& te

b
< If —uDa(f)ll. /

a
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We observe that

b b b
1 1 1 1 1 1
3.15 — — —|d,t = — — — | dat — — — | dut
( ) / loOl tCM / (tOl CM) +/ (xa ta)
z % —a® bY —® b
= ln— — —In —
a ar® ar® X

for any = € [a,b]. If we sabstitute (3.15) in (3.14), then we deduce the desired
inequality (3.12). O

Corollary 3.2. Under the same assumptions of Theorem 3.4 with x® = @ Then,

we have

Q I~

r(=5)) gl
aaa;rba b — qo to @

a

2
a (b —a®

[e7 + bOt
(- vaEw ) Iy - wpal
We consider now the weighted version of the inequality (3.12).

Theorem 3.5. Let o € (0,1] and f : [a,b] — R be a continuous on [a,b] and an
a-fractional differentiable mapping on (a,b) with 0 < a < b. If w : [a,b] — R is

nonnegative and a-fractional mtegmble on [a,b], then one possesses

b

b
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for each x € [a,b] and where u(t) = &=, t € [a,b] and

«

If = uDa(f)lloe = sup [f(£) —uDa(f)(§)] < oo.

£€(a,b)

Proof. If we use the inequality (3.13), we attain

b

fggf) / w(t)dot — / ft(j)w(t)dat
< / %—% w(t)dt
< N = uDalPl [ |55 - 7| wlOrdat

By simple calculations, the required inequality can be easily deduced, and thus the

theorem is proved. O

4. APPLICATIONS TO NUMERICAL INTEGRATION

In this section, we obtain some estimates of composite quadrature rules by taking
into account the results given in the previous section.

We consider the partition of the interval [a,b], 0 < a < b, given by
IL,:a=xg<x1<..<xp_1<xy,=0>0,

and & € [x;,x41], 1 =0, ..., n — 1 a sequence of intermediate points. We also define

the quadrature

i

—
S
—~
o
~

1

ol g

(4.1) S(f,1,€) =

(x?+1 + xf‘) hi,

[\)

where h; = (¢, —2%),i=0, .., n—1.

Theorem 4.1. Let o € (0,1] and f : [a,b] — R be a continuous on [a,b] and

an a-fractional differentiable mapping on (a,b) with 0 < a < b. Then we have the



540 SAMET ERDEN AND M. ZEKI SARIKAYA

representation
/f S(f. 1 ©) + R(F.1,.)
where S(f, I,,,€) is as deﬁned in (4.1) and the remainder satisfies the estimation:
(4.2) |R(f In, €|
n—1 e 2
1 h? 1 & —
aHf—M%UNm;;§'1+<——7;——>

Proof. Applying Theorem 3.2 on the interval [z;, ;1] for the intermediate points &;,

we obtain

Ti+4+1

zl+x fgz
+204 /f

2
1Rz |1 e —2im
< af |1 + (T) 1f = uDo(f)| »

foralli =0, ...,n—1. Summing over ¢ from 0 to n—1 and using the triangle inequality,

we obtain the estimation (4.2). O

Now, we define the mid-point rule as follows:

i22f<(x'*%“)l>hh

— o o y
where h; = (¢, —2%),i=0, .., n—1.
zr+xl

Corollary 4.1. Under the same assumptions of Theorem 4.1 with &' =

Then, we have

/f M(f.1,) + R(f. L),

where the remainder satzsﬁes the estimation:

1
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5. APPLICATIONS TO SOME SPECIAL MEANS

We define conformable arithmetic, geometric, and p-logarithmic means, respec-
tively:
a® 4+ b*
5
Gola,b) = Vaode,
pa(p+1) _ jelp+l) 7
a(p+1) (> —a*)

In order to attain the results in this section, we will use inequalities obtained in

Anl(a,b) =

Ly(a,b) = , p e R\ {-1,0}.

Corollary 3.1 and Corollary 3.2.
Consider the mapping f : (0,00) — R, f(t) =t*?, p € R\ {—1,0}. Then, 0 < a <

a® + b
()
1
be — q«

b, we have

Q=

) = [Aa(a,0)]",

/ F(H)dat = [L2(a, 1))

a

and

b
1 ¢ .
b — go / ftgt)dat - [L;Ll(a, bﬂ g

Also, if we use the identity (2.1), then we obtain

If —uDa(f)lle = d(a,b)
(1 —pa®?*)a®, if pe (—o0,0)\{~1},

11— pb® 22 b, if pe (0,1)U(1,00).

Finally, if we use the corollary 3.1 and corollary 3.2, then we derive the inequalities

A0 b ~ (L)
(v —a®)
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and
L A = [ (e b))
a[ a(aa )] _[ D 1(@, )}
2
< 5(aab> In Aa(aab) ’
a(b® —a®)  [Gala,b)
respectively.
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