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COEFFICIENT ESTIMATE FOR CLASS OF MEROMORPHIC
BI-BAZILEVIC TYPE FUNCTIONS ASSOCIATED WITH LINEAR
OPERATOR DEFINED BY CONVOLUTION

A. NAIK @, T. PANIGRAHI @ AND G. MURUGUSUNDARAMOORTHY )

ABSTRACT. In the present paper, we propose to investigate a new subclass

SvP (R, piy A, k, ) of meromorphic functions associated with linear operator defined
by means of convolution in the exterior of the unit disk V := {z € C: 1 < |z| < oo}.
We study the behaviour of initial coefficients by, b; and by for the function in this
newly constructed class. Some interesting remarks of the results presented here are
discussed. Our results generalize and improve some of the previously known results

of other researchers.

1. INTRODUCTION AND MOTIVATION

Let ¥* be denote the family of all functions of the form
(1.1) f(z)=z+b —l—ib—"
. - 0 o zna

which are meromorphic univalent defined in the exterior of the unit disk V := {z €
C : 1 < |z| < oo} except for a simple pole at oo with residue 1. Since f € ¥* is

univalent, it has an inverse f~! = g that satisfy the condition

[T fR) =2 (z€V)
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and

f(fHw) =w, (M<]|w|<oo, M>D0).

The inverse function g = f~! has a series expansion of the form

[e%S) Bn
g(w) = w+Z—n
n=0 w
bl bg"‘bobl
w w
2 2 2
(1.2) _ bt bob2w+3 WO < ] < o)

For a function f € ¥* given by (1.1) and the function h € ¥* defined by
[e%S) dn
(1.3) Wz)=z+do+» —, (dn>0)
n=1 “
we define the Hadamard product (or convolution) of f and h , written as f x h as

bnd,
o (z € V).

(1.4) (f*h)(z) =2 +body + >

n=1
For the function f € ¥* given by (1.1), we define the linear operator ’Hfj X — B

defined as follows:
HIf(2) = [(2)
H f(2) = Hif(2) = (1 =f(2) +72f'(2)

- by 1
= Z+Z[1—(n+1)7]z_n (0§7<n—+1)
n=0

0 bn
Hf(2) = HyH f()] =2+ [1—(n+1nP2
n=0
In general, for k € Ny :={1,2,3,---}
HEF(2) = M A(2)

> b 1
1.5 = 1-— DAFE (0 < — - keNp).
(1.5) Z+;[ (n+1)9] o ( _7<n+17 € Np)
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We say that the function f € ¥* is bi-univalent in V if f~!(w) has univalent analytic
continuation to V. The class of all meromorphic bi-univalent functions in V given
by (1.1) is denoted by ¥3,. Estimates on the coefficient of classes of meromorphic
univalent functions were widely investigated in the literature. For instance, Schiffer
[16] obtained the sharp estimate [bs| < 2 for meromorphic univalent function f € ¥*

with by = 0. Duren [2, 3] gave an elementary proof of the inequality |b,| < ﬁ for

J € X" with b, = 0 for 1 < k < 7. For the coefficient of inverse of meromorphic

univalent function, Springer [18] prove that |Bs| < 1, |B;+ 1 Bf| < % and conjectured

that
(2n —2)!

Bon1| < -,
1B 1|_n!(n—1)!

n=34,5--.

Kubota [12] has proved that Springer conjecture is true for n = 3,4, 5 by an elemen-
tary application of Grunsky’s inequalities and subsequently Schober [17] obtained a
sharp bounds for the coefficient By, 1, 1 <n < 7. In 2007, Kapoor and Mishra [11]

considered the inverse function g = f~! where g € B(c;0) and obtained the bounds

2(1—a)
n+1 7’

if 21 < o < 1. Hamidi et al. [7] (also see, [6]) improved the coefficient
estimate given by Kapoor and Mishra [11]. Recently, Orhan et al. [13] introduced
the following two subclasses of the meromorphic bi-univalent function class ¥}, and

find estimates on the coefficient |by| and |b;| for the function in each of the subclasses.

Definition 1.1. ( see [13]) For >0, A>1, A > u; 0 < a <1 a function f € X3,

given by (1.1) is said to be in the class X3, (a, i, A), if the following conditions are

R [(1 ) (@)u FAF(2) (@)“_1 > a,

satisfied:

and
> a,

-0 (22) g (22)

for some where z,w € V and g is given by (1.2).
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Theorem 1.1. (see [13], Theorem 2.1) Let the function f(z) given by (1.1) be in the
class 33, (a, i, ) Then

2(1 - «a)
A —

1—pp(i-ap 1
E7 C Gy e el

|bo| <

, and |by| < 2(1 —a)\/

> T

where 0 < a <1, A>1, u>0, A > pu.

Definition 1.2. (see [13]) For p >0, A > 1, A > p; a function f € ¥},, given by

(1.1) is said to be in the class 3, (e, u, A) if the following conditions are satisfied:

a1 n(22) +ari(22)"
i) ()

where z,w € V and ¢ is given by (1.2).

QT

2

and

T
< —

Theorem 1.2. (see [13]|, Theorem 2.2) Let the function f(z) € i}kw(a,,u, A) giwen by
(1.1). Then

2 1 (1 —p)?
< — < 202 .
|bO|_)\—M and |by] < a\/(Q)\—M)2+()\—M)4

The unexpected and unusual behaviour for finding bounds for the coefficients of
f and its inverse map g = f~! makes the task challenging.Various researchers (see
[4, 5, 6, 7, 10, 14, 15, 19]) introduced and investigated the coefficient bounds for
different subclasses of meromorphic bi-univalent function. Recall from [9] that a
meromorphic function is said to be bi-Bazilevi¢ in a given domain V if both the
functions and its inverse map are Bazilevic.
Motivated by the aforecited works, in this paper we introduce certain subclass of
meromorphic bi-Bazilevi¢ type function and obtain estimates on the initial coefficients

|bo|, |b1] and |by| of function in the newly introduced subclass. Our results generalize
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and improve some recent works of Orhan et al. [13], Hajiparvaneh and Zireh [4] and

Halim et al. [5].

2. THE cLAsS X370 (hy i, A K, )

In this section, we define the generalize class of meromorphic bi-Bazilevi¢ type
functions which includes the two classes of bi-univalent function introduced in [4, 5,

13,
Definition 2.1. Let the functions p,q: V — C be analytic and

p(Z)=1+]£+p—§+---,
v ¥4

such that

For 0 < v < n%rl;k: € Ny a function f € X3, given by (1.1) is in the class

S hy uy A Ky y) if the conditions

20 fa-n (PO gy eny (PN T ¢y,

and
22 -] (P o (”“‘QUJM)} & 4(V)

are satisfied where the functions ¢ and h are defined in (1.2) and (1.3) respectively.

For suitable choices of functions p(z), ¢(z), h(z) and parameters A, i,y and k, the
class of meromorphic bi-univalent function ¥37(h, i, A, k,7y) leads to certain well-
known class of meromorphic bi-univalent function studied by earlier researchers in

literature.
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Example 2.1. If we take

1-28 B B
p(Z)Zq(Z)ZHﬁZHQ(lZ 5)+2(122 CU (0<B<1;2€V),

then the conditions of Definition 2.1 are satisfied for both functions p(z) and q(z).
Now,for 0 < <1, A>1, A>pu, pu>0,v< %H,k € Ny a function f € X3, given

by (1.1) is in the class f € X7 (hy i, A\, ky ) if

%{(1 —)\) (M)u FAHES ) (2) (M)“_l] > 8

z z

and

> 3

w w

o= <<Hf§g* h><w>> oty (240 h)(w))“—l

z,w € V. We denote the above class as 3%5,(h, B, pu, A\, k, 7).

Example 2.2. Taking k = v =0,

z 1 1
h = = 1 — J— e
(2) % z+ 1+ . + = +
in class X5, (h, B, 1, A, k, ), it reduce to class 34,(5, i1, A, ) as discussed in Definition

1.1 (also see [4, 8]).

Example 2.3. Letting A=1 and =0 in the class ¥3,(5, u, X), we obtain the class
¥3,(B), the class of all meromorphic bi-univalent starlike function of order 8 studied

by Halim et al. [5]( also see, [6]).

Example 2.4. Taking p =1 in the class 35,(5, u, \), we get Bx(B; ), the class of

meromorphic bi-univalent function introduced by Hamidi et al. (7], p.350).

Example 2.5. Putting A\=1in 3%,(5, 1, A), we get Bx (5, 1), the class of bi-Bazilevi¢

function of order 5 and type u, studied by Jahangiri and Hamidi [9] (also see, [1]).
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Remark 1. If we set

1+ 2\° 20 207
P(Z):C.I(Z):<1_i) —l+—+ 4+ (0<a<l zeV)

it is easy to verify that the functions p(z) and q(z) satisfies the condition of Definition
2.1.
FOT,LLZO,AZl,O<a§1,7<%H,/{:€N0andf€2}‘wthen,f€
S (s A k) if

arg [(1 - ) <w)u +AHEF % h) (2) (mf—zh)(z))”_l} <o
and
aryg [(1 - ) (Wﬁg;ﬂ)“ +A(HEg* h) (w) (%ﬂ)“_l} - 04_;

where z,w € V and g and h are defined in (1.2) and (1.3) respectively. We denote

the above class as i}*w(h,a,u, Ak, y).

Example 2.6. Taking k = v =0, h(z) = “1 in E*M(h,a,,u, Ak, ), it reduce to

_1
z

class ij\/[(a, i, A) as discussed in Definition 1.2(also, see [4]).

Example 2.7. Putting A=1, u=0in class 3%, (a, 1, \) it reduce to 3%, (a), the class
of bi-univalent strongly starlike meromorphic function of order o studied by Hamil et

al.[5].

Example 2.8. Letting A\=1 in i’}w(a, , A) we get o8 (1, @), the class of meromorphic
strongly Bazilevi¢ bi-univalent functions of type p and order a (see [5]).
3. MAIN RESULTS

The initial coefficient bounds |by|, [b1] and |bs| for the class X3/ (h, p, A, k, ) is

given by the following theorem.
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Theorem 3.1. If the function f given by (1.1) is in the class 37 (h, u, A\, k, ), then

the coefficients by, by and by satisfy the inequalities

[p1|* + |a|? [p2| + ||
3.1 bl < , ,
o ol = (1= 7)*|do| |do {\/ (A=p)? "\ @A=L — gl

1
3.2 b _
@2l = g
2 2 _ 2 2 2)2
B (T R PV T PR O |
220 =)\ 22X — p)? 16(A — p)?
and
1

|b2]

= B =0 =30

[I(u —1)(1 =)k = 29)*dods — (1 — 37)kda||ps| + |(1r — 1)(1 — ) (L — 2y)kdod, ||gs|
12(pn — 1)(1 — ~)F(1 — 2v)*dody — (1 — 3y)kdy|

(1T —p)(2 — )| (BN — )

(3'3) 6()\ — #)3 ’p1‘3:| :

Proof. Let the function f given by (1.1) be in the class 3,7 (h, p, A, k,7). Then there

X

exists two functions p,q: V — C satisfies the condition of Definition 2.1 such that

(3.4)
(1—=X) <Wzﬂ) + )\(’H,ﬁf * h),(z) (M) =p(z), (z€V)

and

(3.5)

- [Pz 00

} + A(HEg * h) (w) (M)H—l

w

:CI(w)v (we V)

w
Further, the functions p(z) and ¢(w) have the following form:
(3.6) p(z)=1+—+—=+---

and

(37) gy =1+ By By
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It follows from the relations (1.2), (1.3) and (1.5) that

HEF « h)(2)\# HEF % h)(2)\ 1
(1_A)(( vfz ) )) +A(H,§f*h),(z)<( vfz )( ))
— g o A)il =~ 4,
L 2p =20 = 29)hids + (p = (e = 20 = 9)*"b5dg
222
L B3N - 37)" bady + 6(p — 1)(1r = 3N (1 = )" (1 = 29)*bobidod,
623

L == 2)(/16—3%)(1 —)Pbd
(3.8)
and

) (PRI ity o (P20

w

PGSO v)kbodo L 227 = (1= 29) iy + (p = 20 (i = (1L = 5)*"

w 2uw?
n 6(p — 1) (= 3N)(1 = 9)"(1 = 29)*bodobrds + 6(3\ — p1)(1 — 37)*bady
Gw?
e D D 3N )+ 61— 33 s
6w3
(3.9)

Making use of (3.8), (3.6) in (3.4) and (3.9),(3.7) in (3.5) and comparing the initial

coefficients, we obtain following relations:

(3.10) (h =N =) body = p1

CRR = U KU LRSI LA
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6(p — 3N (1 — 37y)*bady + 6(p — 1) (1 — 3N) (1 — )k (1 — 27)¥bydobydy

6
(3.12) L= D= 2)( . BN =)y
and
(3.13) - N )ds =
gy 22N e e DU DTG

6(n — 1) (1 — 3X) (1 = )" (1 — 29)Fbodobrdy + 6(3X — 1) (1 — 37)*bydy

6
(3.15) (1= D) (= 2)(p = 3N (1 = )* b3 + 6(1 — 3N (1 = 37)*bobrdy
: - 6 - q3'

From (3.10) and (3.13), we have

(3.16) o= —q

(3.17) 200 = p)*(1 = 7)**3dy = pi+dqf
which implies

2 +q2
3.18 B = hta .
S A0

Adding (3.11) and (3.14) we get
(= )i = 20) (1 = )*bgdg = p2 + g2

which implies

P2+ @2

1) KPS R s

By virtue of triangle inequality the estimate (3.1) follows from (3.18) and (3.19).

In order to determine the coefficient bound for |b;], we subtract (3.14) from (3.11)
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which gives

2(,“ - 2)\)<1 - 27)kbld1 = P2 —(Q2

P2 — @2
2 by = .
(3.20) U Si—ani -2

By squaring and adding (3.11) and (3.14) one may get

2 2 o 2 o 4k1.4 74

T @2 -2)F T A2

Upon substituting the values of b3 from (3.18) in (3.21), it follows that

1 2 2 1 — 1)2(p2 2\2
(3'22> b% o [2172 + 45 ( N) (p1 "‘%) ]

S (T—29)%d 220 —p)? 160N —p)?

Applying triangle inequality to equations (3.20) and (3.22) we respectively obtain

Ip2| + |
3.23 b <
529 = 2o - 2
and
| P 1wl (=2 + [aP)?
3.24 b < .
B2 bl g wan 2@m—nr T 60—

The assertion (3.2) follow from (3.23) and (3.24). Next, we have to find the bound
for the coefficient |by|. Adding (3.12) and (3.15) after simplifying we get

D3+ @3
2(p = 1) (= 3N)(1 = 7)*(1 = 2y)kdods — (= 3N)(1 — 3y)kdy

Subtracting (3.15) from (3.12) we have

(3.25)  boby =

2(pt — 3N)(1 — 37)Fbady + (11 — 3N) (1 — 37)Fbob1da
1

+ 3= D= 2)(r = 30)(1 - Vb3S = ps — gs,

which implies

2(p—3N)(1 = 37)*bads = ps—qs — (1 — 3X\)(1 — 37) bobydy
1

(3.26) = gl =D = 2)(p = 33)(1 = 7)™ bgd.
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Substituting the relation (3.10) and (3.25) into (3.26) and after simplification we

obtain

1
(1= 3N)(1 = 37)kdy
(= 1)(1 —7)F(1 = 2y)*dody — (1 — 3y)Fda]ps — (1 — 1)(1 — )" (1 — 29)*dodigs
2(p —1)(1 = 7)k(1 — 2y)kdody — (1 — 37y)kdy
B (n—1)(u—2) 3
6(it— A)3(1— 37)Fdy -
(3.27)

by =

Applying triangle inequality to equation (3.27) we obtain desire estimate (3.3). This
complete the proof of Theorem 3.1. O

Remark 2. Putting v = k = 0 in Theorem 3.1 we obtain the bounds for |by| and
|b1| due to Hajiparvaneh and Zireh (see [4], Theorem 2.3).

Taking
1+ 21—-8)  2(1-8)
p)=q(2) = ——f=1+=—F+=5 7+ (0<p<L2¢€V),

in Theorem 3.1, we get the following corollary:

Corollary 3.1. Let the function f(z) given by (1.1) be in the class X4, (h, B, p, A\, k, 7).
Then

;mm 2= 5) St
lbo| < (1 — )k[do| { A — ’2\/(2)\—M)|(1—N)|}’

1 fo1-p) 1 (1—p)2(1—pB)?
b < (1—27)k\d1\mm{ ox 2! 5)\/(2A—u)2+ (A= p)! }
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and
2(1-5)
(3A = 1) (1 — 37)¥|dy|
(1= D)1 =) (1 = 29)*dods — (1 = 3y)"da| + [(1r = 1)(1 = 7)*(1 — 2)*dod|

o] <

X

12(p0 — 1)(1 = 7)k(1 = 27)*dody — (1 — 37)kdy|

2[(p = 1) (k= 2)[(3X — )

) 2
+ 30 ) (1-08)7.

Remark 3. Taking v = k = 0 and h(z) = =1 in Corollary 3.1 we obtain the

1
1-2

coefficient bounds for |by| and |by| due to Hajiparvaneh and Zireh (see [4], Corollary
3.4).

Taking h(z) = 1 in Corollary 3.1 we obtain the following results

z

Corollary 3.2. Let the function f(z) given by (1.1) be in the class ¥3,(5, u, A\, k, 7).

Then
4(1-P) - =
1bo| < 1 < @A —p)[(u—1)] if 0sp<l [1=p|(2A=p)
T (1=~ 2(1-5) ; (A—p)?
(1= 29)R(2A — p)
and

T BA =) (1 =3y)k
(= 1)1 —9)F (1 —29)% — (1= 39)"| + | — 1|(1 — 7)*(1 — 27)*

) 2(p = 1)(1 — )" (L = 27)F — (1 = 37)*|
e 1;(& - i))lg(3A — 1) (1- )
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Remark 4. For v =k =0, Corollary 3.2 is an improvement of estimates obtained

in Theorem 1.2 (also see [10], Corollary 3.5) because

201—5) _2(1—5) 2\ — (1 -1 -p8)7°
2 1 S<2A—u>\/”{ |

Remark 5. Our results in Corollary 3.2 with v = k = 0 is coincident with the

results of Hamidi et al. ([8], Theorem 3.2, p.281) but the estimation was derived by

making use of Faber polynomial.

Taking v =k =pu =0 and A =1 in Corollary 3.2 we obtain the following.

Corollary 3.3. Let f(z) € ¥3,(8) (0 < < 1). Then

b < -
2(1-p) if §<p<1
by < (1-5)
and
o] < w<1+4(1—5)2).

Remark 6. Corollary 3.3 is an improvement of estimate obtained by Halim et al.

(see [5], Theorem 1) because (1 — ) < (1 — 5)/45% — 80 + 5.

It may be noted that the estimate given in Corollary 3.3 is an improvement to the

bound given by Hamidi et al. (see [6], Theorem 2(i)).

Taking A =1, k=~ =0and 0 < u < 1 Corollary 3.2 we obtain the following results.
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Corollary 3.4. ( see [9], Theorem 2) Let f € B(B, ) be bi-univalent in V. Then

4(1-8) ; 1
ety 0 (0=8<4Y).
<

lbo| <
20-6) if (<8<
20 p)
‘b1| = ﬂ
20-5) [, 22-p)B= 0= 5P
ml < Gy e

where 0 < <1, 0< pu< 1.

Taking v = k = 0 and g = 1 in Corollary 3.2, our results coincidence with the

results obtain by Hamidi et al.[6] as follows:

Corollary 3.5. Let the function [ given by (1.1) be in the class Bx(f, \). Then

2(1-5)
< — 7 <
|bo| < P |br] <

2(1 = B)
2\ — 1

2(1-p)

< .

1\ :
By setting p(z) = q(z) = (ii) :1+27a+2;%2+2;%3+-~-(0<a§1) in Theorem

3.1 we conclude the following result.

Corollary 3.6. Let the function f(z) given by (1.1) be in the class Sy (h, o, p, A, k. 7).
Then

- 1 min{ 200 200 }
= (1= 7)*|do] A= A=) (1= p)] )

b < 1 , 20 4ot N dat(1 — p)?
———————min ,
A N LT B2 Sl A Cywn i pen T

B 220 f 1 \/ L ey
(1= 29)k[dy] 20— p \ A —p)? (A —p)!

|bo|
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and

203
= B — )|
(1= 1)(1 = 4)*(1 = 29)*dody — (1 — 3y)*da| + |( — 1)(1 — )" (1 — 29)*dyd,|
12(1 — ) (1 = y)*(1 = 2)kdody — (1 — 3y)*dsy|

2/(1 = p)(2 — p)|(BA — p)
3(A—p)?

|ba|

X

_l_

Taking v =k =0, h(z) = {71 in Corollary 3.6, we obtain the bounds for [by| and

_1
z

|b1| due to Hajiparvaneh and Zireh [4] as follows:

Corollary 3.7. Let the function f be in the class iM(a,,u, A).Then

IN

2 2
bol mm{ o o }
A= /(2N = p)[1 — gl

: 1 1 (1 —p)?
< 2a?
by < amm{2)\—u’\/(2)\—u)2+()x—,u)4 and

207 [lp—1+[p—2[ 2/1—p)2—p)|Br—p
L e e |

Remark 7. Corollary 3.7 is an improvement of estimate obtained in Theorem 1.4.

(see [4], Corollary 3.1).
Taking A=1 in Corollary 3.7 we get the following result.

Corollary 3.8. Let the function f given by (1.1) be in the class EM(a,,u). Then for

0 < o<1 we have

\b0| < (2—p)(1—p)



COEFFICIENT ESTIMATE FOR CLASS OF MEROMORPHIC.... 303

o] < 20‘27’””{\2— i (2—1u)2+(1—1”)2}
B
- Kl—jﬁ; ;oW””{“"““Vﬁﬁfigﬁig}
- g0 VAT el
_ |2qu| and

bl < ‘32f3u| Pﬂ—élf_\g'—ﬂ 2\(2?)?1#_)(2);#)\}

The last line in |by| follows from the well-known fact that if a, b > 0 such that

a®> < b®> = a < b. Note that

{G—uf—(%ﬂl—M@—uH4>T<0

Taking ¢ = 0 in Corollary 3.8 we get the following deduction:

Corollary 3.9. Let f € ¥3,(«). Then for 0 < o < 1, we have

10
bol o fbi[ <o and by < o

Remark 8. Corollary 3.9 is an improvement of the result obtained by Halim et al.

(5], Theorem 2) because

o < 2 and a? < V5a?.
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