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PERTURBATIONS AND NEW CHARACTERIZATIONS
OF WOVEN P-FRAMES

M. S. ASGARI ) AND S. HASHEMI SANATI (2

ABSTRACT. In this paper, we prove several functional-analytic properties of weav-
ing p-frames. We first prove that Banach woven p-frames are stable under small
perturbations. This is inspired by corresponding classical perturbation results for
bases. We introduce new and weaker conditions that ensure the desired stability.
We then present several approaches for identifying and constructing of woven p-
frames. To this end, we present some conditions under which a p-frame and a finite

family of operators constitute a woven p-frame.

1. INTRODUCTION

1.1. Background on p-frames. The concept of Banach frames was introduced in
1991 by Grochenig [8] as an extension of the notion of frames for Hilbert spaces
to the Banach space setting. Before the notion of Banach frames was formalized,
it appeared in the foundational work of Feichtinger and Gréchenig [6, 7] related to
atomic decompositions. Aldroubi, Sung and Tang in [1] proposed the notion of p-
frame which is a type of Banach frames and generalizes usual frames. Banach frames
and atomic decompositions have played a fundamental role in the development of
wavelet theory and Fourier analysis. Aside from their theoretical appeal, frames in
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L? spaces and other Banach function spaces are effective tools for modeling a variety
of natural signals and images. For more studies on Banach frames, p-frames, and its
applications, the interested reader can refer to [5, 9, 10, 12].

Let X be a separable Banach space with dual X*. If I is a countable set then a
family {f;}ier € X*is a p-frame for X (1 < p < 00), if there exist constants A, B > 0

such that

(L.1) Allzll < (Y Ifi@)lP)> < Blal,  VeeX.
iel

The constants A and B are called the lower and upper p-frame bounds, respectively.
If there exists a reconstruction operator S : ¢ — X such that S({fi(x)}icr) = z
for all x € X then ({fi}ies, S) is called a Banach p-frame for X with respect to (7,
where (7 = (P(1) is the space of all scalar-valued sequences that are p-summable over
the set I. Also, the sequence {f;}ics is called a p-Bessel sequence with bound B for
X, when it satisfies at least the upper p-frame inequality for all z € X. From [12,
Theorem 3.1] we know that if there exists a p-frame for X, then X is reflexive. For

a p-Bessel sequence {f;}ic; C X* for X, we define two operators:

(12) U:X — fp, Uxr = {fi(l')}ie],
(13) T:01 — X*, T({Ci}iel) = Zcifi,
1€l
where 11? + é = 1. The operator U is called the analysis operator, and T is the

synthesis operator. It is clear that U is a bounded operator. Moreover, if X is a
reflexive Banach space. Then {f;}ics is a p-frame for X if and only if 7" is a well
defined mapping and U* =T (see [12]).

During the last ten years, some generalizations of Riesz basis to Banach spaces

were done. In [1], p-Riesz bases for shift-invariant subspaces of LP(IR) are considered.
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Definition 1.1. A family {h;},c; C X is a p-Riesz basis (1 < p < o) for X if
span{h; }ic;r = X and there exist constants 0 < A < B < oo such that
(1.4) A(Z|ci|p)% < HzcihiHy SB(ZMV’)% for all ¢ € (7.

iel iel iel
The numbers A, B are called lower and upper p-Riesz basis bounds. The sequence
{h;}ier is called a p-basic sequence in X, if it is a p-Riesz basis for its closed linear

span.

1.2. Background on woven p-frames. Recently, Bemrose et al. [2] have intro-
duced the notion of weaving Hilbert space frames due to some new problems arising
in distributed signal processing and wireless sensor networks. Casazza and Lynch
assessed the principal properties of weaving frames in [4]. Casazza, Freeman, and
Lynch [3] extended the concept of weaving Hilbert space frames to the Banach space
setting. Weaving frames were further studied in [14, 11, 13]. This subsection is ded-
icated to a brief introduction to weaving p-frames and giving some examples for it.

We begin with the formal definition in full generality.

Definition 1.2. Let J be a finite subset of N. A family of p-Bessel sequences
{{fij}ier + j € J} for X, (1 < p < 00) is called a woven p-frame for X if there
are universal constants 0 < A < B < oo so that for every partition o = {0;};es of I,
the family ;¢ ;{fij}ico, is a p-frame for X with p-frame bounds A and B. In this
case any family ;¢ ;{fij}icr, is called a weaving p-frame for X and the constants
A, B are called the woven p-frame bounds, respectively. If every weaving is a p-Bessel
sequence, it is called a woven p-Bessel sequence for X. A family of p-Bessel sequences
{{fij}iel tJ€ J} for X is said to be weakly woven if every weaving is a p-frame for

X.

Example 1.1. Let {g;}icr C X* be a p-frame for X with p-frame bounds 0 < C' <

D < oo. Let {\i}ier be a bounded sequence with A < infer |N;| < sup,er|Ni| < B.
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Let J be a finite subset of N. We define f;; = jhig; for all j € J, i € I. Then
{{fl-j}l-el 1 j € J} is a woven p-frame for X. Indeed, for any partition o = {0,};es

of I, we compute

(min J)PAPC?||z]|” < (min J) > [Ngi(@)P <> iAege(@)]”

iel jeJ keo;
= E E | fij ()P < (max J)P E E [ Aegr(z
j€J keoj jeJ keoj

= (max J)pz |Aigi(x) [P < (max J)?BPDP||x||P.

1€l
Therefore, the sequence {{fl-j}l-el : g € J} s a woven p-frame for X with woven

p-frame bounds (min J)AC' and (max J)BD.
We leave the easy proof of the proposition below to the reader.

Proposition 1.1. Let {{fij}ig D J € J} be a finite family of p-Bessel sequences for
X with Bessel bounds B;. Then {{fij}ig tJ € J} 1$ a woven p-Bessel sequence with
woven p-Bessel bound ZjeJ B;.

Definition 1.3. A woven p-frame {{fij}ie[ cC X*: je€ J} is called a Banach
woven p-frame for X, if for any partition o of I there exists a reconstruction operator
Sy : /P — X such that (UjeJ{fij}iEUj, Sg) is a Banach p-frame for X with respect

to /P.

Remark 1. Let {{fl-j}l-el NS J} be a Banach woven p-frame for X with woven

p-frame bounds A and B. Then for any partition o of I, ||S,||”' and ||U,| are a
choice of p-frame bounds for the Banach p-frame (UjEJ{fij}iEUj, Sg). Therefore, A
and B satisfies A < ||S,||7* < ||U,|| < B.

The following proposition establishes an equivalent characterization of the weakly
woven p-frames in terms of the synthesis operator associated to weaving p-frames.

This is a consequence of [5, Theorem 2.4].
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Proposition 1.2. Let X be a reflexive Banach space and {fi;}ier € X*, (j € J)
be a finite family of p-Bessel sequences for X. Then {{fl-j}l-el CJE J} 1S5 a weakly
woven p-frame for X if and only if for every partition o = {o;};cs of I, the synthesis

operator

T, 00— X*, T,({di}ier) = > > difij,

j€J i€oj

1s a well defined mapping of £7 onto X*.

Definition 1.4. A finite family of p-basic sequences {{hz’j}iel CX: je€e J} for X
is called a woven p-Riesz basis for X if there are constants 0 < A < B < 400 so that
for each partition o = {0, };es of I, the family UjeJ{hij}iegj is a p-Riesz basis for X
with p-Riesz basis bounds A, B respectively. In this case any family J i sthijtieo, 1s

called a weaving p-Riesz basis for X.

Example 1.2. Let {h;},c; C X be a p-Riesz basis for X with p-Riesz bounds C' and
D, respectively. With the assumptions in Example 1.1, define h;; by hi; = jA\:h; for
all j € J, i € I. Then the finite family {{hij}ig D j € J} is a woven p-Riesz basis
for X with woven p-Riesz bounds (min J)AC' and (max J)BD.

The organisation of the paper is as follows. Section 2 is devoted to demonstrating
that weaving p-frames and the related concept of p-frames are stable under small
perturbations. This is inspired by corresponding classical perturbation results for
bases. We introduce new and weaker conditions that ensure the desired stability. In
Section 3, we first prove some new weaving properties of p-frames and give sufficient
conditions under which a p-frame and a finite family of operators constitute a woven

p-frame.
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2. BANACH WOVEN P-FRAMES AND PERTURBATIONS

In this section, we study the stability of the Banach woven p-frames under small
perturbations. The first result is a sufficient condition for the perturbation of a

Banach woven p-frame by a bounded scalar-valued sequence.

Theorem 2.1. Let {{fij}ig . j € J} be a Banach woven p-frame for X with
woven p-frame bounds A, B and let {{gzj}ie[ D J € J} be a finite family of p-Bessel
sequences for X with Bessel bounds Bj. Let {\;j}icrjes be a bounded sequence with
Supie[j€J|/\ij| <D. IfD < 22 5 then the family {{fw + NijGijtier ¢ J € J}

1s a Banach woven p-frame for X with woven p-frame bounds (A D>’ ) and

(B +D ZjeJ Bj)'

jeJ

Proof. Assume that U, and S, are the analysis and reconstruction operators associ-
ated to Ujgj{fij}iegj and V,, W, denote the analysis operators of Ujej{gij}iegj and
UjeJ{fij + Xijgij bieo,, for all partition o = {o;};cs of I, respectively. Then for each

z € X we have

IWo(@)ller = [[Us(2) + (J{Ais935}iew, | oo < (10s(@)ller + DIV ()l er)

jeJ
<(B+D) By)lll.
jed
This gives the required universal upper woven p-frame bound. For the woven p-frame

lower inequality, we compute

IWo(@)ller = [|Us(2) + (J{ X915 }iew, |0 = [|Us (@)l]er — DIV ()]s

jed

> (A-D) Bl

jed



PERTURBATIONS AND NEW CHARACTERIZATIONS OF WOVEN P-FRAMES 383

Hence the family {{fij + NijGijtier © J € J} is a woven p-frame for X. On the other
hand, the hypotheses imply that
S,U, = Idy, and |Us =W, <D> " B;.
jeg

This yields

1
[dx — SoWoll < [1S:/[[1Us = Wol < I1S,ID> " B; < S AlS I < 1.
jeJ
Therefore, S,W, is invertible. Now, if we set S’ = (S,W,)~1S,, then S/ W, = Idx.
Hence (UjeJ{fi_j + XijGij ieo, Sé) is a Banach p-frame for X. dJ

We now show that Banach woven p-frames are stable under small perturbations of

the Banach woven p-frame elements.

Theorem 2.2. Let {{fij}ig . j € J} be a Banach woven p-frame for X with
woven p-frame bounds A, B and let {{gij}l-el CJ € J} be a finite family of p-Bessel
sequences for X. Assume that there exist X\, > 0 such that for every partition
o={o;}jes of I, x € X

(1) 2T + w16l < 5,

(i1) || UjesA i (@) = i (@) Yieo, Ml oo < M Ujesd fis(@)ieo, | + willll,
where U, and S, are the analysis and reconstruction operators associated to UjeJ{fij}iegj,

respectively. Then the family {{gij}l-el ©J € J} is a Banach woven p-frame for X

with woven p-frame bounds W and (1 4+ X\)B + p.

Proof. Let V, denote the analysis operator of UjeJ{gij}iegj, for all partition o of I.
By the hypotheses V, is bounded and satisfies ||U, () =V, (z)||ow < AUy ()] 00+ 2] 2],

for all x € X. We also have

Vo (@)ller < [(1+ NUs|l + plllzll < [(1+X)B + plfjz]]
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This gives an universal upper woven p-frame bound. For the universal lower woven

p-frame bound, we observe that S,U, = Idx, so

A
1 dx = S, Vall < 1 1Us = Vall < MU + )14l < 55 < 1.

This implies that S,V is invertible and

1
L= AU+ ISl

Finally, if we set S/ = (S,V,)'S,, then SV, = Idx, and

15,1
VO‘ T ¢p.
A AL

1(Se Vo) M <

[zl < NSGIIIVe (@)l <

This yields

1 — (A\||Us|| + p)||Ss 2B — A)(ANA+
Vot > L= AN S, REZ DAL
156 || A
This shows that (Ung{gij}iegj, S!) is a Banach p-frame for X. O

The following theorem gives a precise statement of how a perturbation of the

Banach woven p-frames similar to a result given by Jain et al. in [9)].

Theorem 2.3. Let {{fi;j}icr : j € J} be a Banach woven p-frame for X with woven
p-frame bounds A, B and let {{gij}l-el NS J} be a family of p-Bessel sequences for
X. Assume that U, and S, are the analysis and reconstruction operators associated
to UjeJ{fij}iEUj and V, is the analysis operator associated to Ujej{gij}i€dj7 for all

partition o = {0;};es of I. If there exist constants A, i, v > 0 such that
(@) (UGN + Vel + 1) v/max{A, p, v} < [[Se[I7,
(i) [|Us () = Vo(@)l7e < MUs(@)[17 + 206l Us (@) e [|Vo (@) [ler + v[[Vo (2)]17,
for all xz € X, then {{gij}ig CJ € J} 1s a Banach woven p-frame for X with woven

p-frame bounds

Wi-ma+d) (4 @B
1+ /n (1—-y/m)
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Proof. Let ¢ = {0,};es be an arbitrary partition of I and n = max{\, u,v}. Then

(17) can be restated as:

1Us () = Vo (@)ller < /0| Us (@) [ler + [V (2) [l er)-

By the hypotheses, we have

Vo (@)ller < [Us(@)ller + 1Us(2) = Vo (@)l er
< (L+ VUs (@)l + V/0lIVo () |-

This yields

(I = vlIVe(@)[ler < (1 + /MU (@)]ler < (14 /)| Us||l|]]-
Now we observe that

O+ VDI, L+ VDB,
V@l < el < Sl

This gives the required universal upper woven p-frame bound. To prove the lower

woven p-frame bound, we compute

IVo(@) e = |Us (@)l = 1Us(2) = Vo(2)ler
> (1= v)lUs ()l = /1l Vo (@) -

This implies that

A+ VDlVa@)lle > (1= VDU (@) e = (1= /D)1 S6lI |-

Now the lower woven p-frame bound follows from

(1= S| o] > (v —n) 1+ ||Us]])
1+ /7 = L+ /1]

S Win- 77)(1+A)H I

- 1+/n

For the Banach woven p-frame part, we have S,U, = Idx, |[Idx — S,V,|| < 1, so

S,V is invertible. Therefore if we put S’ = (S,V,)~1S,, then S/ V, = Idx. O

Vo (2)ller = ]
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Similar to Banach woven p-frames, woven p-frames are stable under small pertur-

bations. Specifically, we have the following.

Theorem 2.4. Let {{fij}ig ] € J} be a woven p-frame for X with woven p-frame
bounds A, B and let {{gij}ig tJ€ J} be a finite family of p-Bessel sequences for X .
Assume that there exist constants 0 < A\, p < %, n > 0 such that for every partition
o={oj}tjes of I,z € X

ZZ|fZ]( — gij(@ <)\ZZ|fU )P +MZZ|QU )P+l

Jj€J i€ Jj€J i€ao;y Jj€J i€ao;y

Then, the family {{gij}l-el S J} 1s a woven p-frame for X with woven p-frame

bounds

1 _9p D _ 9Py L D 1
_((1 2PA\) AP — 2 n>p and 2<(1—|—/\)B —|—77>p.
2 1+p 1—2rp

Proof. For every partition o = {o;},c; of I, we have

ZZ‘Q@J ‘p_ZZ‘gw — fij(x) + fij(2)[?

Jj€J 1€ j€J i€oy
<SP S @P +27 )Y lgi(@) = fiy (@)l
Jj€J i€ao;y j€J i€oj
<2+ NI D @) P20 0> gi(@)” + 20z

Jj€J i€0; Jj€J i€0;

It follows that

(L=270) ) Y lgy(@)P <221+ 0 Y > 1 fiy(@)” + 2]l |)”

j€J i€o; Jj€J i€0o;

< 2[(1+ ) B + ]| =]]”-

Hence

S Sl < ZEAT e

jeJ ico;
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To prove the lower woven p-frame bound, we compute

D2 @l =30 ) 1 fi@) — gi@) + gij (@)

Jj€J i€ao;y Jj€J i€
< 2° § E |f2] gm |p +2° § § |gm
Jj€J i€o; Jj€J i€0;

This yields

223N gy (@) P =)D [ fu@) P —22) 0> [ fi(z) — gi@))?

Jj€J i€0o; j€J i€oj Jj€J i€ao;

> (1=220) ) 3 @) =220 ) Y gy ()P — 27|

jeJ ico; jeJ icao;

Employing this relation, we obtain

L) DD lag(@)P > (1=20) 303 7| fig(@)l” = 2]l

j€J i€o;y j€J i€o;y

> [(1=2°A) A7 = 2] || []".

Hence

» [(1 —2PX)AP — 2Pp)] »
>3 o)l > e s

Jj€J i€ao;

3. CONSTRUCTING WOVEN P-FRAMES

This section is devoted to developing the construction of weaving p-frames. As a
result, we construct a woven p-frame using a p-frame and a finite family of operators.
The following proposition shows that adding some elements to a woven p-frame leaves

a family that is still a woven p-frame.

Proposition 3.1. Let {{fij}l-el RS J} be a finite family of p-Bessel sequences for
X. Let A C I such that the family {{fij}l-e,\ 1] € J} be a woven p-frame. Then

{{fl-j}l-el cJ € J} is also a woven p-frame for X.
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Proof. Let 0 = {0;};es be an arbitrary partition of I. Then {o; N A # 0};c; is a
partition of A. Suppose that A is the woven p-frame lower bound of {{fij}l-e,\ D J €

J}, then for any x € X we have

AP <> Y @ <D @)l

J€J i€oNAFD jeJ i€o;

The upper bound condition follows from Proposition 1.1. This implies the family

{{fl-j}l-el 1j € J} is a woven p-frame for X. 0

The following result gives a condition under which the removal of some elements

of a woven p-frame leaves a family that is still a woven p-frame.

Proposition 3.2. Let {{f;j}icr : j € J} be a woven p-frame for X with woven
p-frame bounds A, B. Let A C I such that the family {{fi;j}ien : j € J} be a woven
p-Bessel sequence for X with woven p-Bessel bound 0 < D < A. Then {{fij}igl_/\ :
JE J} is also a woven p-frame for X with woven p-frame bounds /AP — DP and B,

respectively.

Proof. Let 0 = {0,};es be an arbitrary partition of I — A and w = {w;}je; be a
partition of A. Then {o; Uw,};e, is a partition of /. For every j € J and z € X, we

have

(A =DP)|z|” <> Y U@l =D Y @)l

J€J i€o;Uw; Jj€J i€w;
=D D f@P <Y Yo Ifs@P < Bl
Jj€J i€ao; j€J i€o;jUw;

n

The next theorem gives a sufficient condition for constructing a weaving p-frame.
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Theorem 3.1. Let {{fij}l-el < J} be a finite family of p-frames for X with
p-frame bounds A;, B;, and there exists M > 0 such that for any subset A C I

> fislw) = fa@)| < Mmin { 1@ D inl@)F},

ieA ieA ieA
for all j,k € J and x € X. Then the family {{f;j}icr : j € J} is a woven p-frame

. AP
with woven p-frame bounds { % and ¢/>_;c; Bj.

Proof. Let 0 = {0,};es be an arbitrary partition of /. Then for z € X, we have

ZkEJ P <
2p|J|(M+1)|| 7" < = 2| J|(M +1) M+1 22 ule)

kGJ el

~ 2J|(M+1) M+1 222 (@)

kEJ jeJ i€oj

ST M+1 SO alx) = f@)P + > i)

kEJ Jje€J i€oj 1€0;
< T o o MU @ + Y @)
kEJ jeJ i€0; i€o;
=D D @ <D 3 1 fu@P <Y B
jeJ i€a; jeJ iel jeJ
Hence
Z]EJ P < p < Bp p
WH || ZZ\fu )| —Z HIE
Jj€J i€ao; jed
Thus the proof is completed. O

The following result gives a sufficient condition for constructing a woven p-frame

using the effect of invertible and bounded operators on a p-frame.

Theorem 3.2. Let J be a finite subset of N and let { f;}icr be a p-frame for X with

p-frame bounds A, B. LetT; : X — X be an invertible operator on X for each j € J
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and there exists M > 0 such that for any finite subset A C I

> AT

€A

) — fiTi(x)|" < M min { > T

ST

1€EA LIS\

forall j,k € J and v € X. Then the family {{fT;}ic; : j € J} is a woven p-frame

with woven p-frame bounds

Proof. Let 0 = {0,};es be an arbitrary partition of /. Then for z € X, we have

o miney [T and B/ 7 maxie; |75

AP mine |77 p” I” < AT il < AP kes HkalH_p”pr
2°|J|(M + 1) - 2P|J|(M—I—1) - 2P|J|(M+1)
Ty (x
- 2p|j‘ M+ ZZ‘JC i
k;EJ el
Ti(x
2p|j‘ M+ ZZZV i
kEJ j€J i€aoj
< ST o o (S Te) = L@ + YTl
kGJ JEJ €0y i€0;
722 (MY L@ + X I T @)
|J| M+ ,
kGJ jeJ 1€0; 1€0;
=Y D AT@P <Y D TP < BT
jeJ ica; jeJ i€l jeJ
<> BITIPl«|” < B J| ma || T[]
jed
Hence
AP minng ||T 1||7
P < p )P < BPlJ TP ||| |7
s < 2 AL @ < B max T el

Jj€J i€ao;

Thus the proof is completed..

Remark 2. We further observe that if {{ fi;}ier :

g

Jj € J} s a woven p-frame for

X with universal woven p-frame bounds A, B and T : X — X is a bounded invertible

operator on X, then the family {{f;T}ier :

X with woven p-frame bounds A||T~

1”—1

J € J} is also a woven p-frame for

and B||T||, respectively. This claim follows
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from the fact that composing members of a p-frame with a bounded invertible operator

s also a p-frame for X.

In the following theorem, we give a characterization of woven p-basic sequences for

X.

Theorem 3.3. Let {{hj;}ic; : j € J} be a finite family of p-basic sequences for X
with p-Riesz bounds A;, Bj, respectively. Then the following are equivalent:
(i) There are constants 0 < A < B < oo so that {{hi;}icr = j € J} is a woven
p-basic sequence for X with woven p-basic sequence bounds A and B.

(it) There exists a constant M > 0 such that for each partition o = {o;};es of 1
and d € (P,

M2y || D dihigll < 11D D dibis
jeJ i€o; jeJ ica;
Proof. Fix the partition o = {0;};c; of I and let d € (. If (i) is satisfied, then we

have

SN dibglfh < BPY S (il = BPY |dif?

Jje€J i€0; j€J i€o;y el
B
12D dig
j€J i€o;y

Thus also (i¢) holds.
On the other hand suppose that (ii) holds. Then we have

1
Dl =3 D 1 <> g5l D ditll

el jeron jeJ = I i€y
D
< 7 EiHEidhuH

1 P
SMl”(minj pHZZdh”H

j€J i€o;
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To prove the upper woven p-frame bound, we compute

1203 ditislle <22 30 D |l <273 By D Il

jeJ ica; jEJ i€o; jeJ  i€o,

maXB ZZM P < 27( maXB) Z|di|p

Jj€J i€o; i€l

g

Casazza and Lynch [4] proved a characterization theorem for woven Riesz basic
sequences in Hilbert spaces. In this direction, we have the following result for woven

p-basic sequences in X.

Theorem 3.4. Let {u;}ic; and {h;}icr be p-basic sequences in X with p-Riesz bounds
Ay, By and As, By respectively. Then the following are equivalent:

(1) There are constants 0 < A < B < oo so that for every o C I the family
{u; }ico U{hiticoe is a is a p-basic sequence for X with woven p-Riesz bounds
A and B.
(17) There exists a constant C' > 0 such that for every o C I and all d € (P
p P
7| 3 diwille < |1 diwi+ D il
€0 i€o 1€0¢
(7ii) There ezists a constant D > 0 such that for every o C I and all d € (7
D (|| 2o diwill + 11D diful ) < || - i+ D didul [
€0 1€0°¢ 1€0 1€o°
(iv) There ezists a constant E > 0 such that for every o C I and all d € 7 if
1 e, diwilly =1, then
€0 1€0°
Proof. Fix o C I and d € (. First note that (iii) = (i) and (i7) = (iv) is always

true.
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Next to prove (i) = (iii) by (ii), we have

D ditulle < 271 D diwi+ D dihll' + 27 D [

i€0¢ 1€0 1€0¢ 1€0
1€0 1€0° 1€0 i€o¢
2P(1 4 CP
e DI DL 18
1€0 1€0°

This yields

sty (| S ol +szhup)

1€0¢

< (VT ol | Sl

1€0

< H Zdiui + Zdihin;-

€0 1€0¢

To prove (iv) = (i¢). This is obvious if ) .. d;u; = 0. So assume not and by (iv),

we have

Hzlegduz ’p HZdul—l—Zdh Hp

1€0 1€0¢

Thus (i7) follows. These show the equivalences of (i7), (iii), and (iv).

For the implication (i) = (ii) by (i), we have

1D diwil’ < BPY |l < B (DY 1dil + ) ldif?)

1€o i€o 1€o 1€0C

< (OIS dis+ Y i

1€0 i€0¢



394 M. S. ASGARI AND S. HASHEMI SANATI

Finally, to prove (iii) = (i) we have

Sl = 1l + Xl < ol Sl + | X il

icl ico i€oc L eo icoe
1 1
< max {7~ b (I daw[y + || 2 it )
Al A2 €0 1€0C
1 1 1
< gy | 5 S

This gives the required lower woven p-frame bound. To prove the upper woven p-

frame bound, we compute

D divi+ D ditulle <27 D diwi[ + 2| 3 it

€0 1€0° 1€0 i€0C
< PBYY |diP +2°BY Y |dif?
i€0 1€0¢

< 2”max { BY, B} } Z |d;|P.

icl
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