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SOME NEW RESULTS ON CONTROLLABILITY AND
OBSERVABILITY FOR IMPULSIVE DYNAMIC SYSTEMS

SAFIA MIRZA M, AWAIS YOUNUS ) AND ASIF MANSOOR ()

ABSTRACT. This paper introduces a new transition matrix for impulsive dynamic
systems on time scales and establishes some properties of them for the study of the

controllability and observability of such systems.

1. INTRODUCTION

Many interesting natural phenomenons are represented by smooth differential equa-
tions. But the situation becomes quite different when a physical phenomenon has
sudden changes in its state as mechanical systems with impact, biological systems
like heartbeats, blood flows, population dynamics [2, 29|, chemistry, engineering and
control theory [3, 11]. Mathematical models of such processes are systems of differ-
ential equations that undergo instantaneous changes in the state are called impulsive
systems.

We describe an impulsive differential equation by three components: a continuous-
time differential equation, which governs the state of the system between impulsive;
an impulse equation, which models an impulsive jump defined by a jump function at
the instant an impulse occurs; and a jump criterion, which defines a set of jump events
in which the impulsive equation is active. Impulsive differential equations involving
impulse effect appear as a natural description of observed evolution phenomena of
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several real-world problems. The theory of impulsive systems has been given extensive
attention [17, 23, 32].

In recent years, some research dealing with the study of controllability and observ-
ability for impulsive systems [24, 27, 33, 34]. Interest in impulsive control systems has
grown in recent years due to its theoretical and practical significanc [3, 8, 15, 25, 34].
Some authors studied the stability, controllability, and observability for dynamical
systems on time scales [4, 5, 9, 10, 13, 17, 30, 31], but the few authors have stud-
ied the controllability and observability of impulsive dynamic systems on time scales
(12, 24, 27, 28]. Some authors studied and established new results on controllability
for Volterra integro-dynamic systems [22, 35].

Nevertheless, the necessary and sufficient conditions on controllability and observ-
ability were not addressed for the impulsive adjoint dynamic system. Moreover,
the Gramian matrices for controllability and observability are independent impulsive
conditions.

We should note that research in this paper is strongly motivated by the work of

Lupulescu [28], and [26]. In [28], the authors examine the following dynamic system

22 = A (t)x+ By () u, t € [tp_1,tr)Ty,
x(tZ) :([_'_Ck)x(tk),t:tk,k:l’Q"
l'(to) = To,

with scalars impulse c.
In this paper, we give some results of controllability and observability for an im-
pulsive dynamic system of the form

(

A=A () x+ B () u(t), t € [tp_1,tr)ro,
N=I+Coa(te), t=t) k=1,2,---,
t)=Dy(t)z + B (t)u(?),

to) = o,

x(t

Y

(
(
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and its adjoint dynamic system

(

z (1) = —AT ()27 () + B, () w(t), t € [ti_y, t)my,
e(tf) =T+ Chz(ty), t=ty, k=1,2,---,
t) =Dy (t)x + By (t)u (t),

to) = o,

(1.2)
Yy

(
[ =

with the following conditions:

(i) Time scale T is unbounded above with bounded graininess (i.e. sup T = oo and
w(t) < 00), [tk—1,tx)t, C To := [to, 00) NT.

(ii) to <t < tg < -+t < -+, with limg_,o tx = 00, where , t;, € Ty are right-
dense.

(iii) () := limy,_or z(tx + h), x(ty) = limy,_o+ 2(tx, — h)

(iv) Ak (1) € CrgR(To, M, (R)), B (-) € CraR(To, Mysxm(R)), Crx () € My(R),
Dy (1) € CraR(To, Myxn(R)), Ex(-) € CraR(To, Mpxm(R)), x(-) € R™ is the state
variable, and u (-) € R™ is the control input and y (-) € R? is the output.

The primary purpose of this paper is to derive Gramian matrices with relates
impulsive conditions. The fundamental difficulty is to drive conditions for impulsive
systems in time-varying coefficient matrices.

We organize the rest of this paper: Section 2 presents the preliminary results.
Section 3 and Section 4 investigate the controllability and observability of linear
impulsive dynamic systems and its adjoint systems, respectively. We present some
numerical examples to show the effectiveness of the proposed methods. We present

the conclusion in the last section.

2. PRELIMINARIES:

In what follows, we recall some notions about time scale analysis. We can find an

extensive study of the analysis on time scales in [1, 6, 7].
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A time scale, denoted by T, is an arbitrary, non-empty closed subset of real
numbers. The operator 0 : T — T called the forward jump operator is defined
by o(t) := inf{s € T,s > t}. The step size function p : T — R, is given by
wu(t) == o(t) —t. We say a point t € T is right dense if o(t) = t i.e. (u(t) =0),
and right scattered if u(t) > t i.e. (u(t) > 0). The operator p : T — T called the
backward jump operator is defined by p(t) := sup{s € T,s < t}. A pointt € T
is said to be left dense if p(t) =t and left scattered if p(t) < ¢. A point t € T is
called dense if it is left and right dense at the same time. That is p(t) =t =0 (f). A
point t € T is called isolated if p(t) <t < o (t). If T has a left-scattered maximum
M, then T* =T —{M} ; otherwise set T* = T.

Example 2.1. Let T =R, then for anyt € T
o(t)=inf{se€T:s>t}=inf(t,00) =1
and
p(t)=sup{seT:s<t}=sup(—o0,t)="t.
So every point of T is dense. Also p(t) =0 for everyt € T.
Let T = 7Z then for any pointt € T
o) =inf{seT:s>t}=inf{t+1,t+2,t+3,..}=t+1>t
and
p(t)=sup{seT:s<t}=sup{.,t—=3,t—2t—1}=t—-1<t.
So every point t € T is an isolated point. Also in that case p (t) = 1.
If T={2":neZ}U{0} then for anyt =2"#0€ T
o(t)=inf{s € T:s >t} =inf {27+ 272 273 1 =2t > ¢
and

p(t) = sup {3 c T s < t} = sup {.“’2”*3’2n72, 2n—1} _ 27L71 < ‘
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So everyt # 0 € T is an isolated point of T. But fort=0 € T we have
o(t)=inf{se€T:s>0}=inf{2" :neT} =0

hence 0 € T is right dense point.

The delta derivative of a function f: T — R at a point ¢t € T* is defined by
s#a(t)

A function f is called rd-continuous provided that it is continuous at right dense
points in T, and has a finite limit at left-dense points, and the set of rd-continuous
functions are denoted by C,q(T,R). The set of functions C';(T,R) includes the
functions f whose derivative is in C,4(T, R) too.

For s,t € T and a function f € C,4(T,R), the A-integral is defined to be

| 1mar=rw - Fo).

where F' € CL,(T,R) is an anti-derivative of f, i.e., F* = f on T*.

A function f € C,4(T,R) is called regressive if 1+ u(t)f(t) # 0 for all t € T*,
and f € Cyyq(T,R) is called positively regressive if 1 + pu(t)f(t) > 0 on T*. The set
of regressive functions and the set of positively regressive functions are denoted by
CrqR(T,R) and C,.yR*(T,R), respectively.

Let f € C.yR(T,R) and s € T, then the generalized exponential function
es(-,s) on a time scale T is defined to be the unique solution of the following initial

value problem

x(s) = 1.
Forh e RT,set Cp, :={2€C:2+# —1/h},Z, . ={2€C:—n/h < Im(z) < xw/h},

and Cy := Zg := C. For h € R and z € Cy, the cylinder transformation &, : C;, — Zj,
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is defined by

z, h=20
En(z): = X
#Log(1+ zh), h >0,

and we can also write the exponential function in the form

er(t,s): =exp {/ £M(T)(f(7'))AT} for s,t € T.

A function f : T — R" is piecewise rd-continuous (we write f € C,q(T,R™)) if it is
regulated and if it is rd-continuous at all, except possibly at finitely many, right-dense
points t € T.

We denote by C},(T,R") the set of all functions f : T — R" that are differentiable
on T and its delta-derivative f& € C,q(T,R"). The set of rd-continuous (respectively
rd-continuous and regressive) matrix-valued functions A : T —M,,(R) is denoted by
Cra(T, M, (R)) (respectively by C.qR(T, M,(R))). We recall that a matrix-valued
function A is said to be regressive if I + u(t)A(t) is invertible for all ¢ € T*, where I
is the n x n identity matrix.

In order to define the solution of

l'A = Ak (t) z, le [tk—lvtk)TOa
(2.1) x(t;):(l%—(]k)x(tk),tztk,kzl,Q,“',

xr (to) = 2o,

we introduce the following spaces

z:To = Rz € C((te, trsr)p,  R") b =0,1,---, z (&)
and z (t;) exist with = () =z (t),k=0,1,---,

and

QW .= {ZEGQII’GCI ((tk,tk+1)To,Rn),k‘:(],l,"'},
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where C ((tk,tkﬂ)% ,R”) is the set of all continuous functions on (tk,tkH)To and
C" ((tr, trr1) , R™) is the set of all continuously differentiable functions on (tx, tx41)q, , b =
0,1,--.

A function 2 € QW is said to be a solution of (2.1), if it satisfies 22 () = Ay, (t) z (¢),
everywhere on T\ {7', th(r), th(r)+1, " - } and for each j =k (7),k (1) + 1, - satisfies
the impulsive conditions (1) = (I 4+ C;) x (t;) and the initial condition x (1) = ,
where k (7) :=min{k =1,2,---: 7 < ) }.

Consider the following system on time scales:
(2.2) 8 =At)x(t),

where A(-) € C,yR (T, M, (R)). This is a homogenous linear dynamic system on

time scales. Now we present some auxiliary propositions to prove our major results.

Proposition 2.1. [6] If A() € C.qR (T, M,, (R)) and h € C,q (T,R"), then for each

(1,m) € T x R™ the initial value problem
2% = A(t)x +h(t), x(r) =n,

has a unique solution given by

t

x(t):@A(t,T)n—i—/CDA(t,a(s))h(s)As, t> T,

T

where ® 4 (t, T) is the transition matriz at initial time T € T.

Along with (2.2), consider its adjoint equation
(2.3) Yt = —AT (1) y°.

If A() € Cr.gR(Ty, M,(R)) and h € C,q(T,,R™), then the initial value problem y* =
—A(t)y?, y(T) = n, has a unique solution y : Ty — R™ is given by y(t) = ®r(t, 7)1,

t>T.
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Proposition 2.2. [6] If A € C.yR(Ty, M,,(R)), and h € C,q(To, R™), then for each

(1,m) € Ty x R™ the initial value problem

y2t = —AT )y + h(t), y(r) =,

has a unique solution y : Ty — R", is given by

y@) = (I)GAT (ta 7)77 + f: CI)@AT(ta S>h (8) AS, te P]I‘O-

If A e M,(R) is a constant matrix, then we use the notation e,(t,7) instead of

@A(t,T).

Proposition 2.3. [6] For the system (2.2) with A € M, (R) constant matriz, there
are scalar functions yo(t,7), -+, Yn-1(t,7) € C5(Ty,R) such that the unique solution

has representations

Let us define a matrix Sa, (¢,7),t € [ty_1,tx)r, associated with {Cy, t;}7-, ,glven

by:

@Ak (t,T), ift 1 <7<t<ty.
Dy, (85) (I + Crr) Pay, (e, 7),

iftk_l <7<t <t < tht1-

(2'4) SAk (t’ T) = +
D4, (ta tk—l) [T (I+C)) Py, (tj’t;'tl)

T<t;<t

X ([—i—C’Z) CI)AZ, (ti,T),

ifti,1§T<ti<"'<tk<t<tk+1,

\

where ®y, (t,7), 0 < 7 < t, is the transition matrix of system (2.2) at initial time

TET().



CONTROLLABILITY AND OBSERVABILITY FOR IMPULSIVE DYNAMIC SYSTEMS 51

If Ax(-) = Ay and By (1) = By are constants matrices, then we use the notation

Sa, (t,7) instead of Sy, (¢, 7) and written as:

(
€A, (t,T), ift,_ 1 <t<rt <ty
€4, (t,tZ) (I + Ci_1) €A,_y (te, 7)

iftr 1 <7t<tr<t< Tht1-
(2.5) S’Ak (t,7):=
€A, (t,tﬁ_l) [T (I+Cj)ea,, (tj’t;r—l)

T<t;<t
X (I —+ Cz) €A, (tz‘,T) s

ifti_l§T<tz‘<"'<t1§<t<tk+1

\

Remark 2.1. If Ay(I + Cy) = (I 4+ Ci) Ay, for all k, then
SAk (t,T) (I—|— Ck) = (I—|— Ck)SAk (t,T) s

and also

€A, (t,T) (I—|— Ck) = (I—|— C’k)eAk (t,T) .

Remark 2.2. By equations (2.4) and (2.5), fort; 1 <1 <t; < -+ <ty <t <tpy1,

we obtain

(2.6) Sa, (t.7) = Pa, (6,8]) (I + Ck) Sa, (e, 7)
and

(2.7) Sa, t,7) = ea, (t,1]) (I + Cx) Sa, (te, 7).

Moreover, the following properties hold:

(i) Sa, (t5.7) = L+ Cp)Sa, (b, 7) s e >7, k=1,2,--- .

(i1) Sa, (t 7)) = Sa, (6 t) [+ Cp) ™ b <t k=1,2,---.

(i11) Sa, (t,6) Sa, (G5, 7) =Sa, (¢, 7), to <7<t <t k=1,2,---.

By using mathematical induction we have the following results for the solutions of

systems (1.1) and (1.2).
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Theorem 2.1. If Ay (-) € C,qR (To, M, (R)). Then for each (ty, xg) € Ty x R™, the

initial value problem (1.1) has a unique solution given by

Sac(tto) o+ S [ Sa, .0 (7)) Bi(r)u(r) Ar
(2.8) T (t) = . =1t
+ [ Sa, (t,0 (7)) B (1) u (1) AT.

le—1

Remark 2.3. If T=R, A, (t) = A(t), and By (t) = 0, then we obtain results of
[34].

Theorem 2.2. If A () € CoyR (To, M,, (R)), By (t) and Cy, € My, (R) 2 € R is
the state variable, and w € R™ is the control input for k = 1,2,---. Then for each

(to, z0) € Ty x R™, the initial value problem (1.2) has a unique solution given by

5,741;C (to,t) xo + kill } Szk (7,1) Bi (T)u (1) AT
(2.9) xT (t) = . =1t
| Sk (r0) Be(u(r) Ar.

k-1

3. CONTROLLABILITY

Definition 3.1. The impulsive system (1.1) (or (1.2))is called controllable on [to, tf]y, ,
with ¢y > to, if given any initial state o € R", there is a piecewise rd-continuous
input signal u (-) : [to,ts];, — R™such that the corresponding solution of (1.1) or

(1.2)satisfies x (t7) = 0.
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Let us define the following Gramian matrices for (1.1), which are adopted from

[10]:

G 1= G (for . 1y) = f Sa, (ty.0 (7)) B (r) BT (7)

ngl (tp o (1)) AT, ty € [to, t1]r,-
For 2 <1 <k—2, and t; € [t;_1, 1)1,
Gi:= Gy (tia, ty ty) = [ Sa, (ty,0 (7)) B (1) Bl (1) S}, (ty, 0 (1)) AT.

(3.1) E
Gro1 =G (thz, by, ty) = [ Sap, (ty,0(7)) Bro1 (7)
th_

2

XB[_ (1) Sh,_ (tr,o (7)) AT, ts € [te—a, teo1)T,-

t
Gy = Gy (th-1, by, ty) = f Say (tg,0 (1)) B (7)
T —

1

x BI (1) SZk (tr,o (7)) AT, t5 € [th1,ti)Ty-

Similarly, for the adjoint system (1.2), the Gramian matrices are as follows:

Gy = [S4, (1,t5) B1 (1) BY () Sa, (7,15) AT, t € [to, t1]y, -
For2 <[ <k — 2, and tf € [tlfl,tl)qro

G = [ Szl (1,t7) By (7) Bl (1) Sa, (1,t;) AT.
ti—1

1—

(3.2) ,
Gro1:= [ Sh,_, (1.t5) Beo1 (7)

tp—2

XB.Z;—l (7’) SAk—l (7’, tf) AT, tf € [tk_g, tk—l)To~

_ b
Gr= [ S84, (7,tg) Bu(7) Bi (1) Sa, (1,5) AT, 5 € [tro1, 1),
t

k—1

Theorem 3.1. (1) If for alll € {1,2,---  k}, rank (G;) = n, then the impulsive
system (1.1) is controllable on ([to, 5]y (ty € [tr—1,tk)T,) -

(1) If the impulsive system (1.1) is controllable on [to,tsly (tf € [tk—1,tk)1,), and
assume that (I + C;) are invertible fori = 1,2, ..., k, then rank (Gy - -- Gy) = n.
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Proof. (I) Let [ € {1,2,3,---,k} be such that rank (G;) = n, that is G (to, t;_1, ;) is
invertible. Then for a given xy € R™, choose a control function u (t) define as

;

—BT (1) S84, (ty,0 (1)) Gy Sa, (ty,to) mo; k=1

—Sa, (tr,t0) B (1) 84 (tr,0 (1)) G Mg, if t € [y, b))y, for 2 <1<k —2
0, if ¢ € [to, 7]y, \[tio1, to)m,

u(t) =9 —Sa,, (ty,to) Bl (1) S%_ (ty,0 (7)) Giliwo, if t € [ty—o,ti1)m,

0, if ¢ € [to, t7ly, \[te—2s ti1)mo

—Sa, (tg,t0) BF (1) S%, (ty, 0 (7)) Gy wo, if t € [tioy, i),

O, ift e [to, tf]']l'o \[tkfl, tk)To-

\

Subtituting ¢t = t; and input u (¢) in the solution of equation (2.8), we obtain

x(ty) = Sa, (tyt0) wo — /5A1 (tr,0 (1)) By (1) B (1) Sk, (t7,0 (7))
><G1’15A1 (tf, to) :L'OAT
= Sa, (tr.to) 2o — /5A1 (ty,0 () By () BY (1) S%, (t7,0 (1)) AT

to

xG1 'S4, (tr,to) To
= SA1 (tf,t()) xro — GlGl_lsAl (tf,to) xq

— 0,
and for t € [t;_1,t)1,, 2 <1 < k — 2, we obtain

xr (tf) = SAl (tf,to) o — GlGl_lsAl (tf,to) ZTo

= 0.

Similarly, for all other cases, we have x (¢;) = 0. Thus the system (1.1) is controllable

on [to, tfly, (ty € [th—1,tk)m,)
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(IT) Suppose that (1.1) is controllable on [to, ;] (tf € [tr—1,tk)T,) . We have to
prove that rank (Go G ... Gg) = n. Suppose the contrary that rank (Gy Gy ... Gi) <

n, then there exist a nonzero x, € R" such that
T 0
2, Gize =0,1=1,2, .., k.

For ¢ = 1, it follows that

ty

[t 5. (7)) B (7) B (7) S5, (27,0 (7)) a7 =0

to
As the integrand in this expression is the nonnegative rd-continuous function, so we

obtain
2
| B () Sk, (tr, o () za|” =0,
which follows that
(3.3) xlSa, (tr,0 (1)) By (t) = 0;t € [to, t1)T,-

For2<[I<k-2

tf

[ 5t (tr.0 (1) B (1) B (1) 83, (81,0 (7)) st =0

ti—1

it follows that

(3.4) xlSa, (tr,0 (1) By (t) = 0;t € [ti—1, )1,
Next for ¢ € [tr_2,tk_1)T,

(3.5) a2l S, (ty,0(t) Bey (t) =0,
similarly for ¢ € [tx_1, tx)T,

(3.6) ToSa, (L, 0 (t)) By (t) = 0.



56 SAFIA MIRZA, AWAIS YOUNUS AND ASIF MANSOOR

Since the impulsive system (1.1) is controllable on [to,tf];, , so choosing z¢ = .,

there exist a piecewise rd-continuous input « (-) such that

— 7,

sz( ) SAk(tfatO To + Z f SAk tfv ))Bi(T)u(T)AT

(3.7)

+ ff SAk (tfaa(T))Bk(T)U(T)AT.

th—1

Multiply through by Sa, (to,t;) zl to the equation (3.7), we obtain

T _
T,o,To = 0,

2
lzal™ =0,
which contradicts that z, # 0 and so, we conclude that

rank(Go Gy -+ Gy) =n.

Let us define new matrices:
(3.8) W; = [B; AiB; -+ Ar7'B] fori=1,2,-- k.

Theorem 3.2. If Ay (t) = Ay and By (t) = By, are constants matrices. Then the

impulsive system (1.1) is controllable on [to, tfly, (ty € [tk-1,tr)T,) if and only if
(3.9) rank (W, Wy -+ W) = n.

Proof. Suppose that the system (1.1) is controllable on [to, ts]y (tf € [tx—1,tk)r,) - If

the rank condition (3.9) does not hold, then there exists nonzero x, € R" such that
(3.10) tTAIB; =0

fori=1,2,--- .k, 7=0,1,2,--- ,n— 1.
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By using (3.1) for constant Ay and By, and Proposition 2.3, we obtain

ly
TG (to,tr, ty) = /xZeAl (t;.0 (1) BiBTE (1,0 (7)) Ar

to

= 0.
For2<I<Ek-2
ty
xh Gy (o1, ty ty) = /ﬁggAl (tr,o (7)) BB SY (ty,0 (1)) AT,
ti—1

by using the Remark 2.1, it follows that

tr
ngl (tl—lv lf, tf) = / :Eg (I + Cl) €4 (tf’ tlJr) gAl (t17 o (T))

ti—1

X BZBZTSZZ (tr,o (1)) AT.

Again using Remark 2.1 and Proposition 2.3, we have

tr n—1
Ta Gt tyty) = / (I +C) Y iy (b, t) S, (t1,0 (1)) A BB
=0

ti—1

ng;l (tr,o (1)) AT

= 0.
Similarly,
ty
whGrot (thea, ty,ty) = /ngAk_l (ty, o (7)) Broa Bl Sk (tg,o (1)) AT
tk—2

= 0,
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and

ty
ey G (b, by, ty) = /xggAk (ty,o (7)) B (r) BL (1) Sk (ts,0 (7)) AT

te—1

= 0.

which is a contraction to (II) [to, ts]y (tf € (tr—1,%k]T,) , then it follows from the Thm
3.1 that the Gramian matrices defined above are not invertible. Thus there exists

nonzero x, € R" such that

tr
0= 2Ty (to, by, ) e = /xZS’AI (t7.0 (1) BiBTST (1,0 (7)) 2aldr.

to

Exactly as in proof of Theorem 3.1, it follows that
(3.11) alSu, (ty,0 () Bi =0, t € [to, ta]y, ,

for2<i<k-2

(3.12) xSy, (tr,o () By =0, t € [ti_1,t),-
Similarly,

(3.13) al'Sa,  (tr,0 (1)) By =0, t € [ty_o, te1)1,
and

(3.14) xS, (tr,o (1) B =0, t € [ty_1,t7)T,-

By continuity of S4. (t;,-) and density of o ([ti—1, tily,) in the interval [o (1) , 0 (t;))1, =

[tifl, ti)'ﬂ‘o for all t € [tz;l, tz’)'ﬂ‘oa we obtain

(315) .%'TSAZ, (ti,T) Bz =07T¢€ [tifl,tﬁ'ﬂ‘o,i = 1,2, cee ,]{] — 1.

o
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Also, by continuity of S’Ak (tf,-) and density of o ([tk,l, tf]%) in the interval
[O' (tkfl) , O (tf))jyo = [tkfl,tf)jyo for all ¢t € [tkfl, tf)jyo, we obtain that

(3.16) xS, (tp,t) By =0, t € [tr_1,t5)T,-

In particular, if we are taking ¢ = ¢; in (3.15) and ¢ = ¢; in (3.16), then it follows
that 27B; = 0 for i = 1,2,---, k. Since Sy, (t;,-) is delta differentiable [26], then

subsequent derivatives and density arguments as above gives

(317) (—1>] l'g:gAi (tz, t) Ang = O, te [tifl, ti)'ﬂ‘oa

fori=1,2,--- . k—1,and j =0,1,2,--- ,n — 1. Similarly,

(3.18) (1) 2L S, (t7,t) ALBy = 0; t € [ty1,ts)m,

for j=1,2,--- ,n—1.1f we take t =¢; in (3.17) and t = ¢; in (3.18), then it follows
that nggBi =0fori=1,2,--- k,and 7 =0,1,2,--- ,n — 1. Therefore,

Which implies that the rank condition (3.9) fails, which gives contradiction. So the

impulsive system (1.1) is controllable on [to, 5]y (¢ € [tk—1,tk)T,) - O

Our next results are for controllability of the adjoint system (1.2) for both time-
variant and time-invariant cases. Proofs are like the proofs of Theorems 3.1 and

3.2.



60 SAFIA MIRZA, AWAIS YOUNUS AND ASIF MANSOOR

Using the following control function u (+)

(

—BT (t) Sa, (t,t;) GT'SY (to.ty) xo; k=1

—BI'(t) Sa, (t,tg) G HSE (o, ty) wo, for 2 <1<k —2;t € [ti_1,t]m,
0ift € [to, trlp, \[ti-1,t)m,

u(t):=9q =Bl (t)Sa,, (tty) GiLSh, , (to.ty) o i t € [tz tii]y,

0if t € [to, tglp, \[tr—2, te—1)T,

=B (t) Sa, (t.t7) G ST, (to tg) wo if t € [th1, ey,

0ift € [t07tf]11‘0 \[tk_l,tk)To.

\
Theorem 3.3. (I) If for alll € {1,2,---,k} rank (G)) = n, then the impulsive
adjoint system (1.2) is controllable onlto, tsly (t7 € [tr—1,tr)T,) -

(11) If the impulsive adjoint system (1.2) is controllable on [to, tsly (ty € [tr—1,tr)T,),
and assume that (I + C;) are invertible fori = 1,2,--- |k, then rank (Gl Gy - C_Jk) =

n.
Let us define the following matrices for adjoint dynamic system (1.2)
W; = [BZT BIA; - BZ-TA?_I} fori=1,2,--- k.

Theorem 3.4. The time invariant impulsive system (1.2) is controllable on [to, 5]y

(ty € [th—1,tk)Ty) if and only if
(3.19) rank (WiWs---Wy) =n
Example 3.1. Consider the following time-invariant impulsive dynamic system:

2 =A, )z + B () u, t € [te_1, i),
(3.20) () =T +Cp)a(ty), t=ty k=123,
)

x (0) = o,
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where
20 3
(3.21) A = , B1 = ;
1 3 0
1 2 0
A2 - 9 32 - )
0 3 3
-3 =2 0
AB = ) B3 =
3 4 -2

We have to compute rank[W, Wy W3], where

6
Wi = [B AiBy| =
0 3
6
Wy = [By AyBs),=
39
simalarly,
0 4
Wgz
-2 -8

By using equation (3.19) we obtain rank[Wy Wy W3] = 2. It follows that the system
(3.20) is controllable.

Example 3.2. Let us consider the following population model with impulse

PA(t) = mPt)+aU(@), t#t
P (t;r) = (’rkJrl —’I“k)P(tk)
P0) = R,

where P (t) is the rate of population growth between two consecutive impulsive points

and U(t) is the control input. Such a model can describe the evaluation of Cicada
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Magicicada Septendecim. Using the Theorem 3.2 it is easy to see that the system is

controllable.

4. OBSERVABILITY:

In this section, we establish the results of observability for the systems (1.1) and

it’s adjoint system (1.2) for both time-variant and time-invariant cases.

Definition 4.1. The impulsive system (1.1) (or system (1.2))is said to be completely
observable on [to, tf]y (tf > to) if any initial state z(ty) = xo, € R", is uniquely de-
termined by the corresponding system input u(t) and the system output y(¢) for

t € [to, tf]’ﬂ"

Theorem 4.1. For i = 1,2,--- k, the impulsive system (1.1) is observable on
to, tyly, (tr € [tk-1,tr)1,) s if and only if the matriz

k—1
M (to,tf) = M (to,to,t1) + > M (to,ti1,t;) + M (o, ty1,ts)

i=1
18 1nwertible, where

t1
M (to, to, 1) := / Sk, (,to) DY (1) Dy (7) Sa, (7, t0) AT,

to

t;
M(to,tz;l,ti) = / SZ;Z (7', to) D;T (7') Dz (7') SAi (T, to) AT, 1= 2,3, cee ,]{7 - 1,
t

i—1

and

ty
M (to, tp_1,t7) = / Sk, (T.to) DL (7) Dy (1) Sa, (T, t0) AT.

th—1
Proof. Suppose that M (o, ts) is invertible. By using equation (2.8) and system (1.1),

we obtain
y(t) = Dy (t) Sa, (t,t0) xo + Dy (%) / Sa, (t,o (7)) By (1) u (1) AT + Dy (t) u (t)

to
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fort € [to,tl]To, and

y (1) = Di(t) S, (t,t0) 2o + Dy (2) l_Zl } Sa, (0 (7)) Bi (1) u (1) AT

i=1t; 4

D1(0) [ S (1.0 (7)) Bi(7)u (1) A7 + Ei (0 1)

11
fort € [tlfl,tl)jyo, [=2,--- k.

From Def 4.1, the observability of system (1.1) is equivalent to the following output

Dy (t) Sa, (t.to) zo t € [to, t1]r,
D, (t) SAZ (t,to) To, t € [tlfl,tl)jyo, = 2, ..., ]{],

(4.1) y(t) =

as u (t) = 0.
Now, multiply with S} (t,to) D] (t) both sides of above equation and integrate

from ¢y to ty, we get

[S% (1,t0) DT () Dy (7) Sa, (1,t0) AT

to

57, o) DF 0y 2 = |
(4.2) + kz: fti_l SZ;Z, (,t0) DT (1) D; (1) Sa, (1,t0) AT

+ [ 8% (7,to) DI (7) Dy (7) Sa, (7. 10) AT} 2o,
which follows

fsz;l (t,to) DF (t)y (t) AT =

(4.3) io o

M (to,to, 1) + > M (to, tio1,t:) + M(to,tk—l,tf)] 7p.
i=2

Since the matrix M (to,t;) is invertible, and it can easily be seen that left side of
equation (4.3) depends on y(t), t € [to,ts]y, - So from equation(4.3), we deduce
that x (tp) = zo is uniquely determined by the corresponding system output y (t) for
t € [to, tr]y, -

Conversely, suppose that the matrix M (to,tr) is not invertible, then there exist a

nonzero x, € R", such that

(4.4) zl M (to,t5) To = 0.
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Since M (to, to,t1) , M (to, ti—1,t;), @ = 2,...,k — 1, and M (to,t,_1,ts) are positive

semidefinite matrices, we have

.fL'g;M (to,to,tl)xa = O,
(45) .CL'?;M (t()atiflati) Lo 2072:27 7k_ 17
xl M (to, tg—1,t5) To = 0.

Choose zy = x,, and using the equations (4.1), which follows that
fy AT—fxTSAl (1,t0) DT (1) Dy (7) Sa, (7, t0) 2o AT
+th TSA (7, t0) DI (1) D; (1) Sa, (T, t0) xa AT
+j;k ) TSAk T, tO)D (1) D (1) Sa, (1, t0) o AT.
Furthermore, we have
ty
Syt (1) y () AT = 2l M (to, to, t1)
k-1
+ 3wl M (to, ti1,ti) To + LM (o, tra, ty)
i=2

By using equation (4.5) we obtain

tr
GRS
to

it follows that y (t) = 0 for all i = 1,2, - - , k. Which contradict Definition 4.1, so the

given matrix M (o, ts) is invertible. O

The next result gives a sufficient and necessary criterion for a time-invariant case.

For an impulsive system (1.1), let us defined the following matrix:

Vi
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where
D;

| DiAP™ |

Theorem 4.2. Assume that Ay (t) = Ay, and Dy (t) = Dy, are constant matrices.
Then impulsive system (1.1) is observable on [to,ts]y (ty € (tr—1,tk]m,), if and only
iof rank (V) =n.

Proof. Suppose that rank (V) < n. Then there is a nonzero vector x, such that

Vx, = 0. It implies that
(4.6) DAz, =0,i=1,2---k j=0,1,---,n—1.
By using equations (4.5) and (4.6)
t1 ~
M (t(), t(), tl) To = f SZ;l (7', to) D’{DlsAl (7', to) l'aAT
to
=0.
By the same arguments, for i = 2,--- |k — 1, we have

M to,tifl,ti Lo = b gT, T,to DTDZSA T,to l'aAT
Al (2 7

ti—1
b SZ;Z (7', to) l)ZTl)Z(QAZ (T, t;r) ([ + CZ)S'AZ (tl, to) l'aAT.

T Jti

From Proposition 2.3, equation (4.6) and Remark 2.1, we obtain

t; B
M (to, tifl, tl) Lo — / SZZ (T, to) DZT([ + Cz)
t;

n—1
X Z /Yij (T, t:_) DzAigAz (7’, to) l'agAi (ti, T) AT
7=0
= 0.

Similarly,
M (to, tg—1,tf) To = 0,
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and so we obtain M (ty,ts) zo, = 0. Since z, is nonzero, the matrix is not invert-
ible, then system (1.1) is not observable which is contradiction to assumption. So,
rank (V) =n.

Conversely, suppose that rank (V) = n, and we have to prove that the impulsive
system (1.1) is observable on [to, tly, (ty € [th-1,tk)T,)-

Otherwise, it follows that the matrix M (o, ;) is not invertible, then there exists

a nonzero vector z, such that aZ M (to,t;) zo, = 0. From Theorem 4.1, we obtain
(47) DlgAl (t, to) Ty — O,

fori=2,---  k—1

(4.8) DiSa, (t,t0) o =0,
and
(49) DkSAk (t, to) To = 0.

Obviously, at t = ty, we have Dz, = 0,i = 1,2,...,k, and delta differentiating
equations (4.7),(4.8) and (4.9), we obtain

DiAlz, =0,i=1,--- kandj=0,1,---,n— 1.

Therefore, we have Vz, = 0, which implies that rank (V) < n which leads to con-

tradiction. So system (1.1) is observable. The proof is completed. U

Example 4.1. Consider the following impulsive time-invariant dynamic system

22 =Ay () x+ B () u(t), t € [te_1,tr)ro,
() =T +Cp)x(ty) t =te, k=1,2,3,
t) = Dy (t)x + Ei () u(t),

0) = m,

(4.10)
Y (
(

T
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with

2 0

Al = aD1:<2 3>a
1 3
1 2

Ay = ,D2:<O 1),
0 3
-3 =2

Az = >D3:<—2 1)-
3 4

D;
V; = ,1=1,2,3.
D; A;
So that
2 3
‘/1 = )
79
01
‘/2 = )
0 3
-2 1
Vo =
9 8
Now we compute V, defined as
2 3
79
Vi
_ 0 1
V = Vs =
0 3
Vi
-2 1
9 8

We obtain rank (V) = 2. Therefore, the system (4.10) is observable.

67
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Our next results are for complete observability for the adjoint system (1.2).

Theorem 4.3. For i = 1,2,--- ,k, the impulsive system (1.2) is observable on

Lo, trlp, (tr € (tk—1,tilT,) if and only if the matriz

N

-1
M (to,tg) := M (to,to, t1) + » M (to, ti—1,t;) + M (to, tg—1,Lf)

i=1

18 tnvertible, where

t1
N (to, to, 1) = / S, (f0,7) DT () Dy (7) ST (tg, 7) A

to

t;
M(to,ti_l,ti) :/ SAZ- (tQ,T)D?(T)DZ(T)Sil (to,T)AT, Z:2,3, ,k’—l
ti—1
and

_ ty
M (to, tp—1,ty) = / Sa, (to,7) Df} (1) Dy (7) Sik (to,7) AT.
le—1

For the time invariant varsion of theorem (4.3) we define the following matrices:

Vi
Vo=
Vi
And
e
Vi = =12,k
A;DT
AP-1pT

Theorem 4.4. Assume that Ay (t) = Ay, and Dy (t) = Dy, are constant matrices.
Then impulsive system (1.2) is observable on [to, tfly (ty € [tk-1,tr)1,) if and only if
rank (V) =n.
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Remark 4.1. [fT = R, then we obtain results of [36] and [16] for Fy, = 0. If Ay () =
A(t) and By, (t) = B (t), then we obtain the results of [27] and in [14] if T = R. We
can find the nonimpulsive versions on time scales in [4, 10]. Most of our results are

new for discrete time scales.

Remark 4.2. The Gramian matrices for time-varying sysems in [28] are without
impulsive, however, our controllability and observability criteria for time-varying sys-

tems depend on impulsive behavior.

5. CONCLUSION

In this paper, we addressed the controllability and observability criteria for linear
impulsive and its adjoint time-varying systems on time scales. We established sev-
eral necessary and sufficient conditions for state controllability and observability of
such systems, respectively. A comparison with some existing results shows the lower
conservativeness of the proposed results. As we have shown that we consider a large

class of systems, the results generalize some known results in [4, 10, 14, 16].
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