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A NEW VIEW ON FUZZY #*-STRUCTURE HOMOTOPY AND
ITS #*-FUNDAMENTAL GROUP

V. MADHURI () AND B. AMUDHAMBIGAT @

ABSTRACT. In this paper, the concept of fuzzy .Z*-structure isomorphisms be-
tween .Z*-fundamental groups are studied. Also it is shown that, for every fuzzy
Z *-structure continuous function, there is an induced fuzzy .# *-structure group ho-
momorphism between their % *-fundamental groups. Further in fuzzy % *-path con-
nected space, all the #*-fundamental groups m ((X,J), ) are fuzzy % *-isomorphic.
Also in fuzzy % *-path connected space, the % *-fundamental group m ((X,7J),x))
is independent of the fuzzy base point x) up to fuzzy .#*-structure isomorphism of

groups.

1. INTRODUCTION

Zadeh [18] innovated the concept of a fuzzy set in 1965 and Chang [1] gave a note
to the fuzzy topological space which provided a natural framework. There are many
different approaches to define fuzzy homotopy concept of fuzzy topological spaces.
The main problem is to introduce the appropriate definition of fuzzy unit interval.
In [15], [16], Salleh and Tap defined fuzzy topology of the unit interval. A fuzzy
set in this topology is fuzzy open if only and only if the support of this fuzzy set
belongs to usual topology of unit interval. On the basis of this, fuzzy path and
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their production is being introduced and proved that the set of fuzzy path (fuzzy
loop) creates groupoid (group). In [14], following the studies of unit interval [6], [17],
Salleh defined fuzzy homotopy and proved homotopy invariance of singular homology
group of fuzzy topological spaces that have been determined in study [14]. In [8],
Klawonn, definition of homotopy groups of fuzzy topological spaces elucidates the
definition of homotopy groups of ordinary topological spaces on the basis of Huber’s
[5] categorical approach. For this, Kan’s approach of homotopy. This approach
is based on embeddings of complete semi-simplicial complexes into the topological
space. Cuvalcioglu and Citil [2] introduced another definition of fuzzy homotopy for
the fuzzy sets.

In this paper, first section contains some basic definitions and propositions nec-
essary for the paper. In the second section, fuzzy #*-loop and fuzzy .#*-loop
homotopy are defined. This section contains an equivalence relation defined on a
certain collection of fuzzy .#*-loops in a fuzzy % *-structure space. Further fuzzy
Z*-path connected spaces is introduced stating an important property that the .#*-
fundamental group m((X,J);x,) is independent of the fuzzy base point =, up to
fuzzy Z#*-structure isomorphism of groups. Also it is proved that, for every fuzzy
F *-structure continuous function, there is an induced fuzzy % *-structure group ho-
momorphism between their .#*-fundamental groups. Some properties of the F* fun-

damental group of fuzzy % *-structure space (X, J) are established.

2. PRELIMINARIES
In this section, some basic concepts of fuzzy homotopy have been recalled. Also
some related results and propositions are studied from various research articles. Some
definitions and preliminary results are presented in this section in our form. Through-

out this paper, the set of all fuzzy points of X will be denoted by FP(X). Also the
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closed unit interval [0, 1] will be denoted by I and the set of all fuzzy points of I will
be denoted by FP(I).

Definition 2.1 ([10], Definition 3.1, p. 42). Let (X, 7) be a fuzzy topological space.
A fuzzy set p € IX is called fuzzy irreducible if u # Ox and for all fuzzy closed sets
7,8 € I with u < (y V), it follows that either u <~ or pu < 6.

Remark 1 ([10], Remark 3.1, p. 42). Let (X, 7) be a fuzzy topological space. Any
A € I¥ is said to be fuzzy irreducible closed if it is both fuzzy irreducible and fuzzy

closed.

Definition 2.2 ([10], Definition 3.2, p. 42). Let (X, 7) be a fuzzy topological space
and let o € IX be a fuzzy open set in (X, 7). Then the collection § = {o € I* : a g
o and 1 — o is a fuzzy irreducible closed set in (X, 7) }. Then the collection § which
is finer than the fuzzy topology 7 on X is said to be a §-structure on X. A nonempty
set X with a §-structure denoted by (X,§) is said to be fuzzy §-structure space.
Each member of § is said to be fuzzy §-structure open set and the complement of
each fuzzy §-structure open set is said to be fuzzy §-structure closed. A F-structure
on a nonempty set X together with Oy is said to be fuzzy §*-structure. Then (X, §*)

is called a fuzzy §*-structure space generated by 7.

Definition 2.3. [13] Let (X, §*) be a fuzzy §*-structure space. If Y C X and yx, is
the characteristic function of Y, then the collection §3 = { Ay = AAx, : A€ F* }is
a fuzzy §*-structure on Y, called the fuzzy §* subspace structure and the pair (Y, §3 )
is called a fuzzy §*-structure subspace of (X, §*).

Definition 2.4 ([10], Definition 3.5, p. 42). Let (X1,J7) and (X, §5) be any two
fuzzy §*-structure spaces. A function f : (X1,§7) — (X2,§5) is said to be a fuzzy
§*-structure continuous function if for each fuzzy F*-structure open set A € X2,

F7H(N) is a fuzzy F*-structure open set in (X1, §}).
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Definition 2.5 ([10], Definition 4.1, p. 43). Let (X, 7) be any topological space
and (X, F*) be fuzzy §*-structure space. Let U be the subset of X and yy be the
fuzzy characteristic function of U. Then the fuzzy g—structure introduced by 7 is
§ (1) = {xv : U € 7} and the pair (X,F*(7)) is said to be fuzzy g—structure space
introduced by (X, 7).

Note 2.1. Let I be the unit interval. Let ¢ be an Euclidean topology on I, then
(1,8°(C)) is a fuzzy §*-structure space introduced by the (usual) topological space

(Z,¢).

Definition 2.6 ([10], Definition 6.1, p. 51). Let 7, ((X, §*), zx) and 7, ((X, &), z},) be
any two fuzzy §*-fundamental groups of (X, §*) at x) and ), respectively. A function
fom((X1,807),20) = m((Y,3.7), 7),) is said to be fuzzy §* structure homomorphism
if f([6] o [n]) = f([6]) o f([n]) for all [6],[n] € m1((X1,8."),25). Moreover the fuzzy

$* structure homomorphism is said to be a fuzzy §* structure isomorphism if it is

bijective.

Proposition 2.1. ([10], Proposition 5.3, p. 47). Let (X,§*) be any fuzzy §*-
structure space and let x\ € F P(X). Let ng,m, 0,01 € T((X,T*), ) be any fuzzy

§*-loops in (X,§"). If no =g m and 0y =g 61, then ny * 01 Zq 1o * 0.

Proposition 2.2. ([10], Proposition 5.4, p. 48). Let (X,§*) be any fuzzy §*-
structure space. Let [, [B],[v] € m((X,§),z\) where x) is a fuzzy point in X.
Then ([a] o [B]) o [v] = [o] o ([8] © [4])-

Proposition 2.3. ([10], Proposition 5.5, p. 48). Let (X,§*) be any fuzzy §*-
structure space and let (I,§*(C)) be any fuzzy §F*-structure space introduced by (1, ().
Also let e : (I,5*(C)) — (X,T*) be the fuzzy §* -path defined by e(t;) = xy for each
te in (1,§°(C)) and xy is fuzzy point in X. Then [a] o [e] = [e] o [a] = [a] for each
o] € m((X, 3, 22).
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Proposition 2.4. ([10], Proposition 5.7, p. 49). Let (X,§*) be any fuzzy §*-
structure space and xy) be fuzzy point in X. Let [a] € m((X,T"),z). There ezists
[a] € m((X,8%),x\) such that [a] o [@] = [a] o [a] = [e].

Remark 2. From Proposition 2.2, Proposition 2.3, Proposition 2.4, it is seen that
m1((X,F"), z,) forms a group under an operation (namely : multiplication).It is called

fuzzy §*-fundamental group of (X, F*) based at z,.

Definition 2.7 ([10], Definition 5.1, p. 45). Let (X,F*) be any fuzzy §*-structure
space and let a : (I,F*(¢)) — (X,F*) be a fuzzy F*-path. If the initial point equals
the terminal point (i.e) a(0) = a(l) = z,, then the fuzzy F*-path is called as fuzzy

§*-loop at x,.

Notation 2.1. Let (X, §*) be any fuzzy §*-structure space. We denote the collection
of all fuzzy §*-loops in (X,§*) by Y((X,F*),xx). Then the fuzzy point x is called
fuzzy base point of (X,§"). If a« € T((X,T%),z)), then [a] denote the fuzzy §F*-
structure path homotopy equivalence class that contains a and m ((X,§*), x)) denote
the set of all fuzzy §*-structure path homotopy equivalence classes on Y((X,F*),zy).
Also we define an operation on w1 ((X,F*),z)) by [a] o [5] = [a * f].

Definition 2.8 ([10], Definition 5.3, p. 46). Let (I,§*(¢)) and (I, §*(w)) be any two
fuzzy §*-structure space introduced by (7, () and (I,w) respectively. Let (X,§*) be
any fuzzy §*-structure space. Any two fuzzy §*-paths n and 6 in (X,F*) from z, to
z,, are said to be a fuzzy §*-structure path homotopy (denoted by, n =, 0) if there
exists fuzzy §*-structure continuous function G : (1,F*(¢)) x (I,F*(w)) — (X,F")

such that

G(0,t,) = =y and G(1,t,) = 2, for all t,, € (I,F"(w))
G(te, 0) = n(te) and G(te, 1) = 0(t) for all tc € (I,57(C))
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3. #*-FUNDAMENTAL GROUP AND ITS PROPERTIES
Throughout this paper, the .#*-fundamental group of fuzzy .#*-structure space
(X,7) at x, will be denoted by 71((X,J),x,). In this section, fuzzy % *-structure
isomorphism between . *-fundamental groups are studied. Also it is proved that, for
every fuzzy .Z*-structure continuous function, there is a induced fuzzy % *-structure
group homomorphism between their .%*-fundamental groups. Some properties re-

lated with .#*-fundamental group are also discussed.

Definition 3.1. Let (1,73(¢)) and (I,J(w)) be any two fuzzy .#*-structure spaces
introduced by (I,() and (I,w) respectively. Let (X,J) be any fuzzy % *-structure
space and x) € FP(X). Any two fuzzy .#*-loops [} and b in (X,J) at z, are said
to be a fuzzy .#*-loop homotopy at x, (denoted by, l; =¢ k) if there exists fuzzy
F*-structure continuous function ¢ : (1,73(¢)) x ({,I(w)) — (X, T) such that

4(0,t,) = x) and 9(1,t,) = x) for all t, € FP(I) in (I,T(w)),
G(t.,0) = L(t:) and 4(t., 1) = h(t.) for all t. € FP(I) in (1,73(C)).

Proposition 3.1. Let (X1,731) and (X2,T33) be any two fuzzy F*-structure spaces.
LetY and Z be any two subsets of Xy and (Y,Jy), (Z,3z) be two fuzzy F*-structure
subspaces of (X1,731). Let 1x, = (xy V X,), where x, and x, are the characteris-
tic functions of Y and Z and also fuzzy F*-structure closed sets in (X1,T31). Let
v (Y,JOy) = (Xo,32) and ¢ : (Z,3z7) — (Xa,T2) be any two fuzzy F*-structure

continuous functions. If ¢|ynz = ¥|ynz, then ¢ : (X1,71) — (X2,T2) defined by

o(x), T€Y,

U(z), x€Z,

\

is a fuzzy F*-structure continuous function.
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Proof. Let o € I*2 be any fuzzy .Z *-structure closed set in (X, Js). Let x,.,x, € I

be any two fuzzy .#*-structure closed sets in (X, J;). Then,

¢~ (o) =07 (o) ANlx, =7 (0) A Xy V X,)

= (@ (@) AXy) V(T (0) Ax,) = ¢ (o) V(o)

Since ¢ and ¢ are fuzzy % *-structure continuous functions, ¢~'(o) and ¥!(0o)
are fuzzy F*- structure closed sets in (Y,Jy) and (Z,Jz) respectively. Thus ¢~ !(o)
is a fuzzy Z*- structure closed set in (X3,J;). Hence ¢ is a fuzzy % *-structure

continuous function. O

Proposition 3.2. Let (1,3(¢)) and (I,3(w)) be any two fuzzy F*-structure spaces
introduced by (1,() and (I,w) respectively. Let (X,J) be any fuzzy F *-structure space
and let 1y and ly be any two fuzzy F*-loops in (X,T) such that 1| =g ly. Then the

Ny 0

relation "=¢” is an equivalence relation.

Proof. Let (X,J) be a fuzzy .Z*-structure space and (I,7(¢)) and (I,J(w)) be any

two fuzzy . *-structure spaces introduced by (7, () and (I,w) respectively.

(i) Reflexive: Let [: (1,73(¢)) — (X,J) be any fuzzy .#*-loop. Define a function
G:(I1,3(¢)) x (I,3(w)) — (X,T) such that G(t.,t) = [(t.) for any fuzzy point
te € FP(I) and t € I. Then by Proposition 3.1 , G is a fuzzy % *-structure
continuous function, G(t.,0) = I(t.) and G(t.,1) = I(t.). Hence [ =¢ l.

(ii) Symmetric: Let I, & : (1,73(¢)) — (X, 3J) be any two fuzzy . *-loops. If [} =g
l, then there exists a fuzzy .#*-structure continuous function G : (1,3(¢)) x
(1,3(w)) — (X,T) such that G(t.,0) = L(t.) and G(t.,1) = k(t.) for each
fuzzy point t. € FP(I) in (1,3(¢)). Let H : (1,3(¢)) x (I,T(w)) — (X,T) be
such that H(t.,t) = G(t.,1 —1t), for all t. € FP(I) and t € I. By Proposition
3.1, H is a fuzzy .# *-structure continuous function. Now H(t.,0) = G(t.,1) =
b(t.) and H(t., 1) = G(t.,0) = li(t.). Therefore, b =g [;.
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(iii) Transitive: Suppose b, b, 5 : (1,3(¢)) — (X,T) are three fuzzy % *-loops.
Let I Z¢ b and , =g 3. Since ; =g b, then there is a fuzzy .#*-structure
continuous function H : (I,73(¢)) x (I,J(w)) — (X,T) such that H(t.,0) =
L(t.) and H(t., 1) = k(t.), for all t. € FP(I) in (1,3(¢)). Similarly, b =g
I3 which implies there exists G : (I,7(¢)) x (I,J(w)) — (X,T) such that
G(t:,0) = h(t.) and G(t.,1) = K(t.), for all t. € FP(I) in (1,3(¢)). Let
P:(1,3(¢)) x (I,3(w)) = (X,T) be defined by

H(t,2t), 0<t<1/2
Ggt.,2t —1)), 1/2<t<1

Plt.,t) =

forallt. € FP(I)in (I,3(¢)) and t € I. Since H and G are fuzzy .Z *-structure
continuous functions and by Proposition 3.1, P is a fuzzy .% *-structure con-
tinuous function. Now P(t.,0) = H(t.,0) = L(t.) and P(t.,1) = G(t.,1) =
l3(t.). Therefore, I} =g Is.

Thus the relation "=¢” is an equivalence relation. U

Remark 3. Let (X,J) be any fuzzy .#*-structure space and let xy,y, € FP(X). Let
$ be any fuzzy .#*-path joining xy with y,. Also let I, 1, : (1,3(¢)) — (X,T) be
any two fuzzy % *-loops defined such that
L, (ty) =z forall t, € FP(I) in (1,3(C))
by, (to) =y, for all t, € FP(I) in (1,3(C))
Then
(1) [ley]o[B] = [l * B8] = [B]. {On replacing [e] by [/, ] in the proof of Proposition
2.3}
(ii) [B]o[l,] = [B*1L,] = []. {On replacing [e] by [4,,] in the proof of Proposition
2.3}
(i) 5] o (3] = (8 % B] = [&y). where B(t) = A(1 — ) {On replacing [¢] by [L,] in
the proof of Proposition 2.4}
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(iv) [Blo[8] = [B* B] = [L,]. {On replacing [e] by [4,,] in the proof of Proposition
2.4}
(v) If ) =2¢ b, then (B ) * B =2 B * (L) * B)

Therefore, [, serves as the left identity and [,, serves as the right identity for any

[0].

Definition 3.2. Let (X,J) be a fuzzy % *-structure space and let (I,73(()) be any
fuzzy F*-structure space introduced by (I,(). Let z),y, € FP(X) be any two
fuzzy points. A fuzzy .Z*-structure space (X,J) is said to be a fuzzy .%*-path
connected space if for each fuzzy points xy,y, € FP(X), there exists a fuzzy .#*-

path 8 : (1,3(¢)) — (X, J) such that (0) =z, and (1) = y,,.

Remark 4. The following proposition 3.3 proves that if (X, J) is a fuzzy .% *-path con-

nected space, all the . *-fundamental groups 7 ((X,J), z,) are fuzzy .% *-isomorphic.

Proposition 3.3. Let (X,J) be a fuzzy F*-path connected space and let xy,y, €
FP(X) be any two fuzzy points. If m((X,T),z)) and m ((X,T),y,) are two F*-
fundamental groups of (X,J) at x) and y, respectively, then there is a fuzzy F*-

structure isomorphism 7 from m ((X,J),zy) onto m((X,T),y,).

Proof. Let (1,3(C)) be any fuzzy .#*-structure space introduced by (1, (). Let 5 be a
fuzzy F*-path, that is, 8 : (1,3(¢)) — (X, J) be such that 5(0) =z, and B(1) =y,
and 3 is the inverse fuzzy .%#*-path of 3, that is, 5(t) = 3(1 —t) for each t € I. If lis
fuzzy F* loop based at xy, then B [* 3 is a fuzzy .Z* loop based at y,. Hence let
us define a function 75 : 11 ((X,J), xz) — m((X,7),y,) such that J5([1]) = [3 * [* 3]

where [[] € m((X,7),z)).
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To prove 73 is well defined. Suppose [, and k are any two fuzzy .#*-loops at .

Let I} Z¢ b,that is [j is fuzzy .%*-loop homotopic to l at z,. Thus

h =l
Bxl =2 Bxlyxf3 {By Remark 3 (iv)}

(Bl x 8] = [B* b * B] {By using Proposition 2.2}

Vs([l]) = Vs([R])

Thus, 75 is well-defined.

To show that 75 and 7z are fuzzy #*-structure homomorphisms.

Vs([h] o []) = Fslh * ] =[5+ (h * k) * f]

= [(B*I) * (I, *x B)){By Notation 2.1}

=[Bxhlo[b*xp]=[B*h*1,]o[kx*p]

=[B* L *xpx*p]o[lx*p] {by Remark 3(iii)}

= [(B* L *B)* (B * b pB)] {By using Notation 2.1}

= [BxhxBlo[Bx b * FRp([h] o [k])

= p([L]) 0 s ([L])-

Hence, 73 is a fuzzy % *-structure homomorphism.

Similarly, if 3 is replaced with 3, then 75 m((X,7),4u) = m((X,T), 25) is defined

as ([l ]) = [B* I B]. Thus F5([h] o [k]) = F5([h]) 0 V5([L]). Hence, 77 is also a fuzzy

F*-structure homomorphism.
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Further for each [l ] € m((X,7J), ),

T3 096) (1) =35(6([1])) =58+ L * B] = [B* (B * ) * ]
= [(B* B) x 1 % (3% B)] {by Proposition 2.2}

= [l, * | * 1] {by Remark 3(iii)}

—[i]

Hence 75 075 is an identity function on 71 ((X,J),xy). Similarly, 73 0 73 is also an
identity function on 7 ((X,J),xy).

Therefore, 75 is a fuzzy .#*-structure isomorphism. O

Remark 5. From Proposition 3.3, it is clear that for a fuzzy .%*-path connected space
(X,7), the .#*-fundamental group m1((X,J),z,) is independent of the fuzzy base

point xy up to fuzzy .Z*-structure isomorphism of groups.

Proposition 3.4. Let (X,J) be a fuzzy F*-structure space and let x,y, € FP(X)
be any two fuzzy points. Let By and Ps be any two fuzzy F*-paths joining two fuzzy
points xy and y,, in (X,T). If By Zq o, then the fuzzy F*-structure isomorphisms

s, and s, are identical.

Proof. Let 1 =g B2. Then it follows that the inverse fuzzy .#*-paths B and (3, are

also fuzzy Z*-path homotopic (i.e.,)3; =y B2. For any fuzzy #*-loop [ based at ),

Bi mﬁ2
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Therefore from 3; =y B> and B x1 = Bs % I, by Proposition 2.1, we get

E*l*ﬁl =g E*l*&

[B1 % Lk B1] = [B2 * L% (o]

Ve ([1]) = 7, ([1])

Therefore, the fuzzy % *-structure isomorphisms 75, and 73, are identical. O

Proposition 3.5. Let (X,J) be a fuzzy F*-path connected space and let xy,y, €
FP(X) be any two fuzzy points. Then m((X,7T),xy) is abelian if and only if for each
pair of fuzzy F*-paths By and By joining xx with y,, 7a, ([1 ]) =75, ([1 ]).

Proof. Let m((X,7J),xz,) be a F*-fundamental group at x,. Suppose m ((X,T),z))
is abelian. If B, is a fuzzy .Z*-path from y, to z,, by Remark 3 (iii), (8, * B2) is a
fuzzy F*-loop based at x,. Then for each [ ] € m((X,T), x)),

[Br#Bo) o [1] = [1] o [B1 % ]
[B1# Ba# 1] = [1% b1 * Bo]
[B1 % Bax L] 0 [Bo] = [ By % Ba] o [ 3o]
By # Bz * L Bo] = [Ux By * Bz * Bo]
By # B % 1% Ba] = [Ix By * 1] {by Remark 3(iv)}

By % Ba 1% Bo] = [1% B1] {by Remark 3(ii)}
[Bi] o [B1 By * Lx Bo] = [Bi] o [1x 1]
(B % Bu o+ Ba % Lx Bo] = [Br + 1x 1]
(L, * Ba x 1% Ba] = [B1 % 1% Bu] {by Remark 3(iv)}

[Ba % L% Bo] = [B1 * 1% B1] {by Remark 3(ii)}

77\51([1 D = //7\52(“ ])
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Conversely, suppose [l1], [k] € m((X,T),z)). Let 5 be a fuzzy .#*-path in (X,7J)
joining z, with y,. Then b * 3 is also a fuzzy .#*-path in (X,J) joining x, with y,,.
Hence by given hypothesis, Y,.5([h]) = Ys([h]). Thus

Vi ([L]) = Va([h])
[Brh*lx(b*B)]=[Bxhx0]

Multiplying by [3] on left and [5] on right:

B0 [B*bxbxbxplo[B]=[B]o[B*h* P[]
(8% B)* bxlx bx (BxB)] = [(B%P) * b (B P)]

[loy % b Iy % % L] = [y, * b % 1, ] {by Remark 3(iii)}

[l bl * k] =[]

Similarly, we get [l * b * )] = [b].
To prove 7 ((X,J), z,) is abelian, it is enough to prove that, for [ii], [b] € m1((X,T), x)),

(L] o [k] = [k] o [L].
Let

Wo[b] =[bxh*blo[l*h*h]=[(bx*hxbk)*(hxkxlh)] {By Notation 2.1}
=L *l % (I ) * b x }] {By using Associative Property}
=[hxh*(h*b)*xbxh]=[b*((h*k)*h)*kx]

= [((hx ) x ) * b (bx b)) = [((h* b)* b) * (L * (L + b))

=[h*xbh*h)o[h*l*bl[h]ol[k] = [k o[l

Therefore, .# *-fundamental group 7 ((X,J),x,) is abelian. O
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Note 3.1. For each fuzzy F *-structure space (X,J), m((X,T), xy) is the F*-fundamental
group associated with (X,J). Next we show that, for every fuzzy F*-structure con-
tinuous function 1 : (X1,731) — (X, J2), there is a induced fuzzy F*-structure group

homomorphism 1y between their F*-fundamental groups.

Proposition 3.6. Let (X1,73;) and (Xs,T3) be any two fuzzy F*-structure spaces
and let ¥ : (X1,71) — (X2,T2) be a fuzzy F*-structure continuous function. If
vy m((Xq, J1),25) = m((X2,T32),y,), then ¢y is induced fuzzy F*-structure group

homomorphism.

Proof. Let x\ € FP(X;)and y, € FP(X2) be any two fuzzy points. Let m1((X1,J1), z)),
m((X2,J2),y,) be any two #*-fundamental groups. Let I,k : (1,3(¢)) — (X1,71)
be any two fuzzy .#*-loops in (X1, 7;) based at x). Thus ¥ o/ is a fuzzy #*-loop in
(X2,J2) based at y,. Moreover, if i} ¢ b at x) and S is a fuzzy .#*-loop homotopy
between /; and b, then ¢ ol; =g 1ol at y, and 1 o 7 is a fuzzy .#*-loop homotopy

from 1 o l; to ¥ o [, based at y,. Hence let us define a function

Yy (X1, T1), 20) — m((Xa, T2), y,)

such that ¢y ([l ]) = [¢ o .
To prove 9y is fuzzy % *-structure homomorphism. Let [, be any two fuzzy

F*-loops based at x. Let
(Yo (h+*h)(t)e=((h*h)(t)s)

¢

Y(L(2t) = y,, if 0<t<
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(

(1 0 h)(2t) = yy, if0<t<

\(1/10[2)(215—1):3;#, if L <t<1

= ((Woh)*(Yoh)()s
for each t, € FP(I). Hence
(3.1) o (lwb) = ($oh)*(ob)
Also
Ve([h] o [B]) = vy([h = k)

= [ o (l * k)] {by definition of 14}

= [(¢po l) x (¢ o )] {by Equation 3.1 }

= thy[l] o Py[h].
Therefore, 14 is a fuzzy & *-structure group homomorphism. U

Proposition 3.7. Let (X1,71), (X2, J2) and (X3,T3) be any three fuzzy F*-structure
spaces. Then the following properties holds:
(i) If ¢ : (X1,731) — (X2,T2) and ¢ : (Xa,To) — (X3,T3) are fuzzy F*-structure
continuous functions, then (¢ o @)y = 1y o @y.
(i) If ¢ : (X,T) — (X,T) is an identity function, then ¢y : m((X,T),z)) —
m((X,7),zy) is also an identity function for all z) € FP(X).

Proof. (i) Since ¢ : (X1,T1) = (X2,T2), ¢y @ m((X1,T1),25) — m((Xz,T2), 25)
where z), € FP(Xy), 25 € FP(Xs) and y, € FP(X;3). Also since ¢ :
(Xg,jg) — (Xg,jg), ’Qbﬁ : 7T1<<X2,32),25) — 7T1<<X3,33),yu). Further if
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o (X1, 31) = (X5,T3), then (Yo @)y : mi((X1,T1), 2x) = m1((Xs, Ts), yu)-
Thus for each [1] € m1((X1,31), 23,
(Wop)([l]) =[(Wop)ol]
=[Wo(pol]
= Uy([p o 1]) {by definition of 1y}
= Uy(([1]))
= (Ygopy)ll].
Therefore, (1 0 ); = s © .
(ii) Let ¢ : (X,7) — (X,7) be an identity function. So ¢y : m((X,3),22) —

m((X,7J),xy). Then for each fuzzy F*-loop [ : (I,3(¢)) — (X,J) based at
zy, pol=1 Thus for each [l ] € m((X1,T1),22), ¢4[l] = [@pol] =[l]. Hence

¢y is also an identity function on m((X,J),x)).

[l

Definition 3.3. Let (X3,J;) and (X3,J3) be any two fuzzy .Z*-structure spaces
and also let ¢ : (X1,71) — (X2,T2) be any fuzzy .Z*-structure continuous function.
A function ¢y : m((X1,T1),2x) = m((X2,T2),y,) is said to be an induced fuzzy
F *-structure homomorphism if ¢;([I |) = [p o {| where [I] € 71 ((X1,T1), z)).

Proposition 3.8. Let (X1,71) and (X3, J2) be any two fuzzy F*-structure spaces.
Let ¥, @ (X1,71) — (Xo,T2) be any two fuzzy F*-structure continuous functions
where Q is fuzzy F *-structure homotopy between v and ¢. Let (1,3(C)) be any fuzzy
F*-structure space introduced by (I,¢). Also if 8 : (I,3(C)) — (X2,T2) is a fuzzy
F*-path joining ¥(xy) with @(xy) defined by S(t) = Q(zx,t) wheret € I and =) €
FP(Xy), then the following triangle of induced fuzzy F*-structure homomorphisms

18 commutative.
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1 (X1, 31), %) 4"71'1(()(2:\52) P(x3))

Nl

m (X2,32), V5 (xa))

FIGURE 1

Proof. Let Q be a fuzzy .#*-homotopy between 1 and ¢, that is, Q : ¢ = ¢ defined
as Q(zy,0) = ¥(xy), Oz, 1) = p(z)) where z, € FP(X;) is a fuzzy point and let [
be a fuzzy #*-loop in (X1, 7;) based at x,, that is, I[(0) = z) = [(1).

It is known that ¢ : (X1,71) — (X2,J2) be any fuzzy % *-structure continuous
function. Thus ¥y @ m((X1,71),2x) — m((X2,T2),¢(xx)) be such that [l | =

structure continuous function. Thus ¢y : 71 ((X1,T1), 2x) = m((X2, J2),7s(zn)) be

[ o] where [I] € m((X1,71),2)) and if ¢ : (X1,71) — (Xs,T2) be any fuzzy % *-
) b
such that @[l | = [p o ] where [I ] € m((X71,T1),2)). Also g : m1((X2,T2),¥(xy)) —
m1((X2,J2),75(2)) be such that F5([1]) = [B* I* 3]

It is known that @[l] = [p o ] and (s o ¢y)[l] = sty o ] = [B* (¥ o)) x ).

Hence it is sufficient to prove that the fuzzy .#*-loops f* (¢ o ) x B and o [
based at ¢(x)) are equivalent. Define a fuzzy Z*-structure continuous function
4G :(1,3(¢)) x (1,3(¢)) — (X2,T5) defined by ¥4(t,s) = Q(I(t),s) where t,s € I.

Alsoe: (1,3(¢))x(1,3(¢)) — (1,3(¢)) x(1,3(C)) is defined for four fuzzy .#*-paths

along the edges which are as follows:

e1:(0,0) — (1,0) defined by ,(t) = (t,0)
g9 :(0,1) — (1,1) defined by eo(t) = (t,1)
g5:(0,0) — (0,1) defined by e5(t) = (0,t)

g4:(1,0) = (1,1) defined by e4(t) = (1,1)
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Since (3 : (1,3(C)) — (X2,T5) is a fuzzy Z*-path joining ¢ (x,) with ¢(z,) defined

pol

wol

FIGURE 2

by 5(t) = Q(xy,t) where t € I. Thus

(G oe2)(t) = (p o )(t)
(& 0es)(t) =G (es(t)) = 4(0,1) = Q(U0), 1)
(4 oe3)(t)
= p(t)

(Goey)(t) =9 (ea(t)) =9(1,t) = Q((1),t) = Q(x, 1)

(G oeq)(t) = B(?)

(G 0e4)(t) = ¥ (ea(t))
=G(1, t)
=Q(I(1), t) =Q(xx, )
(G oeq)(t) = B(t)
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Our aim is to prove that there exist a fuzzy .# *-structure homotopy
0 (1,3(¢)) x (1,3(¢)) — (X2,T3) which starts with the fuzzy .#*-loop
B (o) x 3 and terminates with the fuzzy .#*-loop ¢ ol and also the fuzzy end

points are fixed.

pol

o(x,) @(x,)

A\ J

FIGURE 3

Hence the required fuzzy .#*-structure homotopy is defined by

B(2t) ifo<t<tand0<s<l1

4t + 25 — 2 i l—s s
%(tw,s): g((ﬁ),g?) 1f17§t§73and0§s§1

\5(475—3) if 83 <t <land0<s<1
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BO) =y, ft=0
B(t) = zs, fo<t<iFand0<s<1
B(l—s)=uz,, ift=fand0<s<1
4(0,s) =p(s), ift=12and0<s<1
Y(1,s)=p(s), ift=Fand0<s<1
B(s), ift="Band0<s<1
B(1) =y, if t = 1.
Therefore 3 * (1o l) * 3= poland
pill] =[pol
= [B* (¢ ol)*f]
=Y ol
=s(4ll])
= (Ypo L]
Since [ is arbitrary, it is verified that ¢4 = 75 0 . U

Proposition 3.9. Let (X1,71) and (X2,T33) be any two fuzzy F*-path connected
spaces which are of same fuzzy F*-homotopy type. Then their corresponding % *-

fundamental groups are fuzzy F*-structure isomorphic.

Proof. Let m((X1,71),xx) and 71 ((X2, J2),y,) be any two .# *-fundamental groups of
(X1,31) and (X5, Js) respectively. By Remark 5, .#*-fundamental groups m ((X1, 1), z))
and m ((X2,J2),y,) of (X1,J:1) and (X», Jz) respectively, are independent of the fuzzy
base points xy,y, because each of them are fuzzy .#*-path connected spaces. Since
(X1,71) and (X3,Js) are of same fuzzy .#*-structure homotopy type, there exist

fuzzy #*-structure continuous functions ¢ : (X1,71) — (Xo,J2) and ¢ : (Xo,To) —
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(X1,771) such that p o) = Ty, by a fuzzy % *-homotopy, say % and 1) o ¢ = Ty, by
some other fuzzy % *-homotopy, say ¢. Let x, € FP(X;) be a fuzzy base point in
(Xl, jl) Let

Yy (X1, 31), 2a) = mi((Xa, Ta), ¥(0))
and
oy 1 m((X2,T2),¥(zx)) = (X1, Tn), o(¥(z2)))

be the induced fuzzy .#*-structure homomorphisms. It is enough to prove that 1 is
a bijective function. Let § be a fuzzy .Z *-path joining z) to ¢(¢)(z))) defined by the
fuzzy .#*-homotopy .#. Then by Proposition 3.8, the triangle is commutative.

siEEy ey, CEl  oasrenes

(po)s ?ﬁ‘

1 (X1, 31), @ (¥ (x2)))

FIGURE 4

(Tx,)#

1 (X2, 32), ¥(x2)) » 71 ((X2,32), 9 (x2)

W) ¥
1 (X2, 32), (@ ° @) (W (x2)))
FIGURE 5

That is, 35 : 71 ((Xa, Ja), ¥ (22)) — 71 ((X2,T2),7s(2)) be such that Fs([1]) = [Bxk4).
Thus (¢ o)y =70 (Zx,)s and so ¢4 0 ¢y = 7. By Proposition 3.3, 7p is fuzzy % *-

structure isomorphism, it is found that )4 is a one-to-one function.
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Let n be the fuzzy #*-path joining ¥ (x)) to (¢ o p)(¢(xy)) defined by the fuzzy
F*-homotopy 4. Then by Proposition 3.8, the triangle is commutative.
That is,

(Vo) =0 (Tx,)s
(Yo So)ﬁ = '/7\77

Qo =y

By Proposition 3.3, 7, is fuzzy % *-structure isomorphism, 1, is also onto. Hence

F*-fundamental groups are fuzzy .#*-structure isomorphic. O

CONCLUSION
The concept of fuzzy .Z*-structure isomorphisms between .# *-fundamental groups
are studied. Also it is discussed that for every fuzzy .#*-structure continuous
function, there is a induced fuzzy .#*-structure group homomorphism 4 between
their .#*-fundamental groups. Some properties related with .#*-fundamental group
are also discussed. Finally some characterization in fuzzy .%*-path connected spaces

are also discussed.
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