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SOME SPECIAL FEATURES OF RELATIVE INTUITIONISTIC
DYNAMICAL SYSTEMS

ZAHRA ESLAMI GISKI

ABSTRACT. This study has investigated the properties of the relative intuitionistic
dynamical systems, and a series of essential properties, including (a3, (i, v))—hole,
(i, V)ap—minimal, and (u,v),g—transitive, are introduced and examined. In this
paper, it has also been specified in which conditions the relative intuitionistic dy-
namical system is an invariant system. Finally, an example of the relative intuition-

istic dynamical system is presented, and its topologic properties are analyzed.

1. INTRODUCTION

For many years, the mathematicians only used the two-valued logic till Zadeh in-
troduced fuzzy logic [19]. In this logic, the membership function had a fundamental
role, and a fuzzy set was identified by this function. Also, the membership degree of
an element of fuzzy sets was considered as a number between zero and one. After
introducing the fuzzy logic, mathematicians generalized most of the math concepts
from a two-valued logic to a fuzzy logic [3, 10, 11]. Very soon, other fields of science
found out that this new logic and the mathematical models relevant to it are a pow-
erful and useful tool for them either in the theoretical domain or in application [13,

17, 21].
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In the real world, we have to handle situations involving uncertainty, imprecision,
and vagueness. Inspired by the fuzzy set in which membership function has an un-
contested role in its specification, Atanassov introduced the intuitionistic fuzzy set
(IF'S for short)[2]. IFS is a generalization of fuzzy set and this set completely specify
by membership and non- membership functions. If X is a non-empty set; an IFS
Aof X is A = {(z,pa(x),va(z))|x € X}, where g : X — [0,1] represents the
membership function and vy : X — [0,1] shows the non-membership function of
every element x of X. Membership and non-membership of each element x of X to
IFS A is along with a degree of hesitancy. The function 74 : X — [0, 1] with the
condition w4 (x) = 1 —pa (x) — va () is called a hesitancy function. The set of all
intuitionistic fuzzy sets of X, is displayed with IF'S (X).

Intuitionistic fuzzy sets are a suitable model for describing those phenomena that we
cannot talk definitely about, and there is always a degree of hesitancy in them. These
phenomena have an essential role in areas such as multi-criteria decision making, logic
programming, medical diagnostics, and pattern recognition. Ashraf et al. introduced
a new bounded variation based on similarity measures between IFSs and showed that
the proposed measure obtained better results for pattern recognition and hierarchical
clustering problems [1]. Besides, IF'S was used to solve complex decision-making prob-
lems, especially the multi-attribute group decision-making problems under uncertain
circumstances. Based on the IFS group decision-making model and intuitionistic
fuzzy entropy, a new decision-making support method for project delivery system
selection was proposed in [14]. Another interesting application of TFSs is in medical
diagnostics. MRI segmentation is essential for clinical study and diagnosis. Using
IF'Ss, Zang et al. proposed a new formulation of the MRI segmentation problem and
showed that their method outperforms other methods in both the clustering metrics
and the computational efficiency [20]. The application of intuitionistic fuzzy set in

image processing, segmentation, and retrieval is discussed in [4], where the author has
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examined the intuitionistic fuzzy mathematics and unified the latest existing works
in literature.

In recent decades, scientists have tried to provide mathematical models for describ-
ing the phenomena which often occur in a system. There is a change or movement
during the time in most systems, which are technically called dynamical systems.
In mathematics, the proposed model for a discrete-time dynamical system includes
two sets, a set like M, called the state space, and another set consisting of maps
¢: T x M — M, which explains the variation in per unit time (T is time set).
Often, state space has a mathematical structure; the state space may be a topological
space, algebraic structure, or a measure space. The study of dynamical systems and
their features has been noticed by many mathematicians having various viewpoints
6,7, 9, 15, 18]

In 2015, considering IFSs, we introduced a new topology which was a topology in
point of view of a relative intuitionistic observer [8]. We called this topology the
relative intuitionistic topology.

If A= (ua,va) is a relative intuitionistic observer of a non-empty set X, collection
T(uawva) from subsets of A = (pa,v4) is a relative intuitionistic topology, if the fol-
lowing principles are true:

(@) X0, (A, Va) € T(uawa);

(b) Gi NGy € Ty w,), for every Gi, Ga € T(uy va);

() iLeJI G € T(uava), for every collection {Gli € I} C T(u, 04)-

The pair (X, 7(,,,)) is called a relative intuitionistic topological (RIT in short)
space and elements of 7, ,,) are called (ua,v4)— open. Also, in this topology,
B = (up,vp) is called (ua,va) -close if BY = (vp, pup) is a member of 7, ,.,)-

In addition, in [8], we defined the relative intuitionistic dynamical system (RID sys-
tem in short), that RIT space was its state space. For determining the complexity

and /or uncertainty of this system, we introduced the concept of topological entropy
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and proved that the introduced topological entropy is an invariant object under the
conjugate relation.

To understand a dynamic system wholly and accurately, it is necessary to examine
its orbits, holes, fixed points, and transitive points. In [16], the authors studied these
properties for fuzzy dynamical systems. In the present study, we introduce and study
orbits, fixed points, (af, (11, v))—hole, and (u, v),s—transitive point for RID systems
and examine under what conditions the RID system is minimal. For this purpose,
in the second section, definitions and concepts required for exploring RI dynamical
systems are stated. In the third section, some interesting propositions, theorems, and

an example are presented.

2. DEFINITIONS AND CONCEPTS

In this section, definitions and concepts required for introducing and studing RI
dynamical systems have been stated.
If A= {(x,pa(z),va(x))|x € X} and B = {(z, up(z),vp(z))| v € X} are IF sets,
then
(a) A C Bif and only if pa(z) < pp(z) and va(x) > vp(zx), for every z € X
(b) A= Bif and only if A C B and B C A,
(c) AY = {{z,va(2), pa(x))| v € X},
(d) AN B = {(z,inf{pa(x), pp(2)}, sup{va(e), va(x)})| v € X},
(€) AU B = {(z,sup{pa(z), ps(r)}, nf{va(z), vg(x)})| v € X}.

IF sets xp = 0~ = {{(z,0,1)|z € X} and 1. = {{(x,1,0)|z € X} are empty and X
sets respectively.

In this paper, A = (14, v4) symbol is used instead of A = {(z, ua(x),va(x))|x €
X} and the set which includes IF sets of X is shown with IFS(X).

Let f: X — Y be amap, ua, va, up and vg be IF sets. Then
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F~Hws)(@) = ps(f(2)),

fla)y) = § =</7'@) :

flpa)(y) = =€7'W
0 o.w

Definition 2.1. The IF set A = (pa,v4) is called a relative intuitionistic observer

(RIO in short).

Definition 2.2. Let (X, 7, .,)) be a RIT space. Collection {(u®,v*): a €I} isa
relative intuitionistic open (RIO in short) cover of (4, va4), if UI<,uO‘, V) = (la,va).
ae

RIT space (X, T(u,,v4)) is compact, if every RIO cover has a finite sub cover.

Definition 2.3. Let f be a mapping from a RITS (X, 7., ,,)) into a RITS (Y, 7(,45.01))-
Then f is said to be a relative intuitionistic continuous map(RIC map in short) if
FUB) = {o, (f up)(@), f (vp)(@) @ € X}, (pa(e),va(a)) @ € X} €
Tluawa) for every B = {y, (up(y),ve(Y)) : ¥y € Y} € Tupwp)- fis a relative intuition-
istic homeomorphism (RI homeomorphism in short) if f is bijection and both f and
f~t are RIC maps.

(X, T(uawa), f) is a relative intuitionistic(RI in short) dynamical system where X is
non-empty set, 7,

y is a RIT space and f is a RIC map.

ASVA

For more familiarity with features of RIT spaces, RIC mapping and RI dynamical

systems refer tol[8].



116 ZAHRA ESLAMI GISKI

Definition 2.4. Let (X, 7,,)) be a RIT space, (j;, Vi) € T(u) and (i, Vi)ap = {2 €

X () > o, v(z) < B,a+ 5 < 1} If U Wiy Vi)ap = (‘UI<,ui,yi)>a5, for any
(IS 1S

collection {(ui, Vi) € T(uy) 1 € [}, then set (7(.0))a = {{li Vi)ap @ (s Vi) € Tu)}

is called (af, (i, v))—topology.

We say that X is (0B, {4, 1)) —topology if ({1 ¥)as, (7usy)as) i an (af, (1, v))—topology.
(1> Vi)ap is an (a8, (p, v))—open if (1, Vi) ap € (T(uw))as and also collection {(u;, v;)ag :

(is ViYap € (T(uw))ap, @ = 1,...,n} is an open cover if igjl (lis Vidap = (1, V) ap-

Definition 2.5. Let X and Y be (af, (14, v4)) and (af, (g, vg))— topology spaces,

respectively. ¢ : X — Y is said to be an af- relative continuous map if (u; o ¢, v; o
Plas N (ta, vadap = ¢~ (i, Vidas) N (1as Va)ap € (T(uawa))ap for every (i, vi)as €

(T(upws))as-

1

@ is af- relative homeomorphism if ¢ is bijection and both of ¢ and ¢~ are af-

relative continuous map.

Definition 2.6. X is called (af, (1, v))— Hausdorff space if ({@, v)ag, (T(u,))ap) is &
Hausdorff space, and is said to be a (af3, (i, v))— compact if ({¢t, V)ag, (T(u,))ap) is &

compact space.

If X is (af, (u,v))— compact space and ¢ : X — Y is an af- relative continuous

map. Then (X, 7(,.),¢) is named a RI dynamical system with level (a, 3).

Definition 2.7. Let (X, 7(,,), f) be a RI dynamical system. The set {p, f(p), f*(p), ...}
is named orbit of point P. We show the orbit of point P with O{uxw (p) and point

P is a fixed point if Card(O{uXV> (p)) = 1. In addition subset D of X is invariant if
f(D) < D.

Definition 2.8. RI dynamical system (X, 7(,.), ) is called minimal on (u, v)ags, if

the following two conditions are hold:
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(@)e({t V)ap) S (1 V)asi
(b) for every = € (u,v)qp, orbit {¢"(z) :n =0,1,2,...} is a dence subset of (i, v)as

which considering topoloy for (1, v)ag is (T(u))as-
RI minimal dynamic system on (u, v),p is briefly called (u, v),s—minimal.

Definition 2.9. Let (X, (7(.))as, ¢) be a RI dynamical system with level (o, j3).
Subset E of (i, v)as is (p, V)op—minimal if the following two conditions are hold:
() 9(E) C E;

(b){¢"(z) :ne NU{0}} = E, for any = € E.

Definition 2.10. Point z € X is called (u,v),s—transitive point, if Oz‘;’w(x) N
(i, V) ap 1s a dence subset of (i1, v)ap and ¢ : X — X is called (u, v),s—transitive, if

X has a (4, V) ap—transitive point.

Definition 2.11. Let (X, (7(,.))as, ¢) be a RI dynamical system with level (a, /).
Fix point p € X is (af, (i, v))—hole, if there is (u,v)os—open (A, 7)qas such that

{p} = N " ({X7)as) which (A, 7)as) = (A, 7)as.
3. REsuLT

In this section, first some properties of IF sets are stated and then the topological
features of the introduced dynamical systems are studied. Finally, an example of a

RI dynamic system with level («, () is given.

Theorem 3.1. Let (X, 7)) be a RIT space, (N, Vi), (i, v), A;i (i € I), A and (A}, ;)
be IF sets of X. Then

(@)w_l(LJJ Aj) = L]-.JSO_l(Aj)a 90_1(9 Aj) = VJW_I(AJ) and (U A;) = U p(4),

(b)e™ ({1 V)ag) = (™ s ¥))ap,

(Cle™ ({Xirvidas U (Aj) Yidas) =
(@) &= (i %i)as N (Ajs Vi)as) =
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(e) o7 (A1) = (A M)°
(f)e (( i» Vidap N (Ajs % aﬁ) Ce ( i» Vi ag) N <<Aj,%->aﬂ>,
(9) P((Nis Yidas U (A, Yi)as) S (A Yidas) U e ((Ajs Vidas)-

)

Proof. a) The proof can be found in [5].
b) 7 ({1, V)ap) = (Lo @,V 0 Plag = (97 (1, V))ag
c)
z € ¢ (A0 Yidas) U™ (N, Yi)ap)
& € ((Miop,i09)ap) U (A 09,70 ¢)ap)
S Aiop(r)>a,yiop(r) <f
or A’ (z) > a,v,°p () < B < ¢ (z) € (MNi,%i)as
orp (x) € (A, %)as € @ (x) € (A, vi)ap U (Aj;Yi)as)

&z €9 (A Yi)ap U (N, 7)as)-
d)The proof is simillar to the previouse part.

e)
e (AN (@) = (AN (x) = (1, Ne (@) = (yop, o) (x)

= ((Aop,709) ()7 = (A7) (2)°.
) Ify € o((Ni, Yi)apN (A}, 7j)ap) then there exists € (A, 75)asMN (A}, Vj)ap such that

y =), \i(@),\ () > aand v (z), ; (z) < B. This means y € ©((Ai, Vi)as)N

(N Vi) ap)-
g) The proof is simillar to the previouse part. 0

Lemma 3.1. ({1, V)as, (T(ur))as) is a topological space.
Proof. The proof can be found in [12]. O

Theorem 3.2. If (X, 7(,.), ) is a RI dynamical system, then (X x X, T(ux u v xv), X
©) is a RI dynamical system which
Thuxpwxv) = LA X 0,7 X k) + (Ay), (0, k) € Ty by (X Xm0y X K) (2, y) =
(A, 7) (@) and o x ¢ (z, y) = ¢ (2).
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Proof. (X x X, Tux pwxv) @ X ¢) is a RI dynamical system, because;

a) Xo X Xo = Xo € T x v xv) and <:u X,V X I/> € T x p,vxv)-

b) If (A1 X A2, 71 X 72) and (11 X 1, K1 X K2) are belong to T(,xuuxw), then (A X

)‘2771 X 72> N <771 X M2, k1 X "12>(x7y) = <)‘17’71> N <7717 Hl)(l‘)' Since (X7 T(u,l/)a@) is a

RI dynamical system so there exists (A, 7) € 7(,,) such that (A, 71) N (1, k1) (x) =

<)‘7 ’)/>(.’L') = <)‘ X )‘7 v X 7)(1.7 y) S T(ux p,rxv)-

c) Suppose that {(A; X, vi X ki) 11 € I} C Tuxpxw), then 'U1<)\i X Gy i X ki) (zy) =
1€

U (@) = (nbla) = (A x Am ) (. ) which (A1) € T

By a), b) and ¢), (X X X, T(u x 4w x 1), ¥ X ) is a RI topological space. Now we prove

that ¢ X @ is a (u X pu, v X v)— continous map.

If (A X 1,7 X K) € Tuxpwxv) then for every (z,y) € X x X, we have;

(o x @) M A X0,y X K) N (X v X v)(z,y) =9 YA y) N (pv)(z) = (N, 7)) (z) =

(N x XN, 0" xn')(x,y) which (X,7) € 7(,,). Therefore (¢ x ©) T HA X,y X K) N (%

[V X V) € Tuxpuwxy) and this implies ¢ X ¢ is a (X p, v X v)— continous map. [

Theorem 3.3. If o : Y — X is a map and X is an (af, (1, v))—topological space.
Then

a) Yis an (af, (u,v))—topological space;

b) ¢ is an af— relative continous map;

c) if X is an (af, (u,v))—Hausdorff space, then Y is (af,(no p,vop)) - Hausdorff

space.

Proof. The proof can be found in [12]. O

Theorem 3.4. If (af, (1, v))—hole p belong to (N, ¥)as, which (N, V)ap s (b, V)ap—

open, then there is no other (af, (u, v))—hole belong to (X, 7)as-
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Proof. Suppose that q is (af, (i, v))—hole p belong to (\,7)as, which p # ¢. Since
q is a fix point, so for every n € N U {0} we have ¢"(q) = ¢ which means ¢ €
orjo ©"({X,7)ap)- By definition of (af, (i, v))—hole, we conclude that ¢ = p. O

Theorem 3.5. Let (X, 7(,.), ) be a RI dynamical system and o € [0,1]. The
following statements are equivalent;
a) ¢ is (W, V)op—minimal;
b) let p({t, V)ap) € (i, V)ap- If Cis a closed subset of (T(uu))ap such that p(C) C C,
then C' = (i, V)ap or C = 0;
) if ({1, V)ag) € (4, V)ap, O # P € (T(uw))ap and ¢ is an one to one map. Then
(U, V)ap = :L:jo P,, which Py =P and P, = ¢~ "(P) N (ZE]; Oy V) ap)-

Proof. a =b

Let C be a close set of (7(,,))as, C # 0 and y € C. Since ¢(C) € C so {¢™(y) : n =

0,1,2,...} € C. Also ¢is (i, V) op—minimal, therefore (11, v)o5 = {¢"(y) :n € NU{0}} C
C = C and this implies (i1, V)5 = C.

b = ¢ Suppose that P, = ¢~"(P) N (”501 @ {1,v)as), Py = P and M = U P, The
definition of RI topology and proposition 3.1, imply that M is (4, v/),s— open set and
D = M€ is {u,v)qps— close set.

If y € p(D), then there is € D such that y = ¢(z). Since x € D so x ¢ M and
x & P, for any n € N U{0}. Therefore x ¢ o~"(P) or x ¢ TEOl Oy V) ap-

Let y ¢ D so, y € ¢ "(P), for every n € NU{0} and y € :E; O Hu,V)ap. @ is an
one to one map, so x = ¢ '(y) € o " (P) and z = ¢ (y) € :Lrj; 0 N1, v)ap and
these imply that # = ¢~'(y) € M which is a contradiction with x € D. Therefore
y € D which means ¢(D) C D. Since M # (), by part b) D = 0 and (i1, V) g = nOL:jo P,.
c=a

Suppose that P = {¢™(x) :n € NU{0}}, z,y € (i, ¥)ap and O € (7(4,.))ap such that
y € O. we have (i1, V) a5 = :L:jo O,, which Oy = O and O,, = @‘”(O)ﬂ(jrj; Oy V) ap)-
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Therefore there is m € N U {0} such that = € O,,. Since ¢"(0,,) C O so ¢™(x) € O
and P = (i, V) ap. O

Theorem 3.6. Let (X, (T(u))as, @) be a RI dynamical system with the level (o, B) , ({1, V)ap)

(, V)ap and (p,vV)as # 0, then ¢ has a {j, V)op—minimal set.

Proof. Suppose that M = {D C (u,V)ap : (D) C D, Disa{u,v)as — closeset}

If {Ck }rer is a decreasing sequence of non- empty subsets of M, such that Cy, 1 C Ck,
which means that {Cy}rer has a total order, then based on Cantor’s intersection
theorem, we have k@} Cr # 0. k@[ CY, is the lower bound for subsets of {C}}rer and
also k@[ Cy is a (u,v)ap—close set and go(krgl Cr) C k@] o(Cy) C k@] C. Therefore,
by Zorn’s Lemma, M has a minimal set. Suppose that D is a minimal set of M,
v € Dand K = {¢"(z) : n € NU{0}}. Now, we prove that p(K) C K . Suppose
that y € p(K) and x € K, so that y = ¢ (z). If P is {u,v)as— open set including
y = ¢ (z), then 1 (P) N {1, v)as is {, v)ag—open set including x.

Since x € K, therefore there is t € K, such that t € ¢~ Y(P) N {u,V)as. t € k so
there is m € N U {0} suchthat ¢ = ¢™ (x) and ¢ (t) = ¢™ ! (z). On the other
hand, ¢™ 1 (z) = @(t) € (¢ Y P) N (i, V)aps) C P therefore, y € K. It is proved
that ¢(K) C K and on the other hand, K is (i, v),g-close set, then K € M. D is a
minimal set and K € M, therefore, D = K and we conclude that D is a (u, V)ap—

minimal set. 4

Theorem 3.7. Let (X, (T(u1))as, ) be a compact RI dynamical system and {p, v)az—
minimal, Y a Hausdorff space and ¢ : {(p,v)op — Y be a continuous map such that

Yo =1, then ¥ is an invarient function.

Proof. suppose q € (1, v)qp. Since 1o p = 1), then ¥ o ™ = . And this implies that
w(OZ‘L’V)(q)) = 1(q). ¢ is a continuous function and (X, (7(4,.))as, @) is a compact

RI dynamical system which result in @Z)(Oz‘;y)(q)) is compact and since Y is Haudroff
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space , then ¢(O7 ,(q)) is a close set. On the other hand ¢ is (u,v)as—minimal,
then {4, ¥} = OF, (@) And this gives (1, ¥yas) = $(OT,0) (@) = P(OF,sr ) =
b(a). O

Theorem 3.8. Let ¢ : X — X be (u,v)- homeomorphism and (u,v).s— transitive,
then:

a) if U is a non- empty set and ({1, V)ag— open, such that o(U) = U, then U is a
dense subset of (11, V)ap,

b) if Wand V are non- empty sets and (u,v)os— open, then there isn € Z, such that
e"(V)NW # 0.

Proof. a) suppose x is a (i, V) os— transitive point. Then, O,s(x) = {x, o(), p*(x), ... }N
(i, V) ap is dense subset of (p, V)ap. U is a non empty and (i, v),s— open, therefore

n € N exists, such that ¢"(z) € U and z € ¢™™(U). ¢ : X — X is (u,v)- homeo-
morphism. Therefore, for each k € N | we have ¢*(z) € ¢*(¢™"(U)) C U and this
gives (11, V)ap = Oap(z) C U , 50 U is a dense subset of (i1, v)qgs.

b)e : X — X is (i, v)- homeomorphism. Then U = nLEJZ ©"(V)is non-empty (i, v)as—

- open and ¢(U) = U. Therefore, according to part a), U is a dense subset of
(,V)ap and this gives U N W # () , which means that exists n € Z , such that
e"(V)NW # 0. O

Example 3.1. Let p,v, \;,7; be functions of R to [0,1] and ¢ be a function of R to
R, such that

<
—~
8
~—
I

= W=
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+  ze(ii+]l)

0 0.W

= weE(i,i+1)
1 o.w .
Suppose that 7(,,,) is (u, v)—topology, generated by {{u,v), (i, vi) : 1 € NU{0}}, and
also  is a function with p(x) =z + 1.
Let 0 < a < % andé < B <1 such that a+ B < 1. We have

(1 Vhap) = {o(@) : p(2) > a,v(z) < B} = {a+1: 0 € RY=Z} = R*~Z C (1, v)us.

suppose that © € (p,V)ap and l € N U{0} such that x € (1,14 1). We will prove that

orbit {¢™(x) :n=0,1,2,...} is a dence subset of (11, V)ap.

Let y € (,v)ap and (X, V)ap € (Tuw))as such that y € (X V)as. (X 7V)as C
z‘LeJI (NisYi)ap and also (N, Yi)ap N (Nj, Vj)as = X0 for any i # j so, there is k € I such
that y € (M, Vk)ap which means \y(y) > o and y,(y) < B. Therefore 55 > o, y €
(k,k+1) and 3¢ < 8. Let n =k —1. ¢"(x) =x+n € (k,k+1) and this implies

©"(x) € (M, Ve)ap S (N, 7)as-
4. CONCLUDING REMARKS

Man’s recognition of his surrounding phenomena has always been under evolution.
Mathematics as a strong instrument for stating and explaining these phenomena has
been also growing according to human need. Intuitionistic fuzzy logic is a new logic
which has been introduced in recent years for better and more realistic study of some
biological, physical and behavioral phenomena. Providing mathematic model for
dynamical systems based on this logic is necessary. As yet, no suitable model has been
provided for describing phenomena which precaution them is dependent to observer

views. In this study, topological properties of relative intuitionistic dynamical systems
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in point of view relative intuitionistic observer have been examined. The systems

studied in this paper, are proper theoretical models for studying systems which have a

main role in multi-criteria decision making, logical programming, medical diagnostics

and pattern recognition.

1]
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