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EXISTENCE AND UNIQUENESS RESULTS FOR A CLASS OF
NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS WITH
NONLOCAL BOUNDARY CONDITIONS

CHOUKRI DERBAZI ) AND HADDA HAMMOUCHE @

ABSTRACT. In this paper, we study the existence and uniqueness of solutions
for fractional differential equations with fractional integral and Caputo fractional
derivatives in boundary conditions. Our analysis relies on the Banach contraction
principle, Schauder fixed point theorem and Krasnoselskii’s fixed point theorem.

Examples are provided to illustrate the main results.

1. INTRODUCTION

Fractional calculus is a generalization of ordinary differentiation and integration to
arbitrary noninteger order. Applications of the fractional differential equations can be
found in various fields of science and engineering. Indeed, there are numerous appli-
cations in viscoelasticity, electrochemistry, control, porous media, electromagnetism,
etc. (see [14, 15, 16, 18]).

At the present day, many authors have studied the existence of solution to the
fractional boundary value problems under various boundary conditions and using
different approaches, for instance, see ([3]-[9], [17, 19, 21, 22]) and references therein.
We also refer the readers to the papers [1, 2, 10, 11, 12, 13] and references therein
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for more literature on some classes of fractional functional or fractional systems with
delay in Banach spaces.
A. Guezane-Lakoud and R. khaldi proved the existence and uniqueness of solutions

for the following nonlinear fractional boundary value problem [8]:

DS, ult) = f(t,u(t), Disut), 0<t<1
uw(0) =0, «'(1)=ILu(l).

Where f:[0,1] x R x R — R is a given function. 1 < ¢ <2, 0 < ¢ < 1, and

Dy, is the Caputo fractional derivative.

B. Ahmad et al. studied the following boundary value problem for fractional dif-

ferential equations with nonlocal Riemann-Liouville integral boundary conditions [4]:

(

DI a(t) = f(t,a(t), 1<q<2 te0]
§ z(0) = a]@x(n) = )fo — 5)P~1ds,

z(1) = bl§a(o) = % Jo (0= s)*"tds.

\
Where Dy, denotes the Caputo fractional derivative of order ¢, f is is a given con-

tinuous function, a,b,n, o are a real constants with 0 < n,o < 1.

M. Houasand and M. Benbachir considered the existence and uniqueness of solu-

tions for the following problem [9]:

Diea(t) = f(a(t), Dy, at), ted

z(0) =9, 2'(0)=0, /(1) = A .z(n).

(1.1)

Where 2 < aa < 3,1 < <2,0<n<1, Dy and CD§+ are the Caputo fractional

derivatives, J = [0, 1], A is real constant f is continuous function on R2.
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In 2017 C-M. Su et al studied the existence and uniqueness of solutions for bound-
ary value problem of nonlinear fractional differential equation with fractional integral

BCs as well as integer and fractional derivative [21]:

D u(t) = f(t,u(t)) te(0,1)
u(0) =u"(0) =0 “Dgiu(l) = AJ7u(l).
Here 2 < ¢ < 3,0 < 0y < 1,00 > 0, # I'(2 4 02)/T'(2 — 01), D, Dy} denotes
the standard Caputo fractional derivatives and IJ? denotes the standard Riemann-
Liouville fractional integral, f : [0,1] x R — R is continuous.
Motivated by the above works, in this article we aim to establish the existence and

uniqueness of solutions to the boundary-value problem of the fractional differential

equations

Dey(t) = F(t,y(t), DE,y(t), 0<t <1

y(0) = o,y (0) = alfty(m), Dity(1) = bIZy(ns),

(1.2)

where “Dg; is the Caputo fractional derivative of order v € {a, 3,51} such that
2<a<3 0<p,60 < 1,]3+ is the Riemann—Liouville fractional integral of order
6>0,0€ {01,002}, J:=1[0,1] and f : J x R*> — R is a continuous function, a, b are
suitably chosen real constants.

Note that, in Eq. (1.2), the nonlinear term involves Caputo fractional derivative;
to the best of our knowledge, few results can be found in the literature concerning
boundary value problems for Caputo fractional differential equations with fractional
integral and Caputo fractional derivatives in boundary conditions and nonlinear term
depends on Caputo fractional derivative of the unknown function.

In comparison to problem (1.1), our considered BVP (1.2) is more general than the
problem studied in [9], as we consider a problem with Riemann-Liouville fractional

integral and Caputo fractional derivatives in boundary conditions, while the authors



144 CHOUKRI DERBAZI AND HADDA HAMMOUCHE

in [9] investigated a problem with three point boundary conditions. Moreover, in
[9] the assumption on f are strong (f uniformly Lipschitz condition or uniformly
bounded). In this paper the new existence and uniqueness results will be presented
for the boundary value problem (1.2) by virtue of fractional calculus and fixed point
method under some weak conditions.

Compared with the results appeared in [9], there are some differences. The most
important of them is that the assumptions on f are more general and easy to check.

The rest of the paper is organized as follows: In Section 2, we give some definitions
and lemmas which we need to prove the main results. In Section 3, several fixed
point theorems are used to give sufficient conditions for the existence (uniqueness) of
solutions to (1.2) such as Banach’s contraction principle, Krasnoselskii’s fixed point
theorem, and Schauder’s fixed point theorem. We end our work with illustrative

examples.

2. PRELIMINARIES

Here, we intend to introduce some basic definitions and properties of fractional

calculus theory see [14, 16, 18].

Definition 2.1. A real function f(¢);¢ > 0 is said to be in space C,,, i € R if there
exists a real number p > pu, such that f(t) = t? fi(t), where f1(t) € C(0,+00), and it

is said to be in the space C}; if and only if f™eC,;neN.

Definition 2.2. The Riemann-Liouville fractional integral operator of order av > 0

of a function f € C,, p > —1, is defined as

o) [yt =) f(s)ds, >0,

f(t)v a=0,

[&f(t) =

where I'(+) is the Euler gamma function.
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Definition 2.3. The fractional derivative of f(¢) in the Caputo sense is defined as

°‘Dg ——1 t — s (g)ds
D510 = o [ (=9 ).

forn—1<a<nneNt>0felC".

Lemma 2.1. Leta > >0, and f € C,, p > —1. Then we have:

(1) Ig 15 f () = TP £ (D),

(2) “Dg Ig: f(t) = ( )

(3) Dy I (1) = I £ (1),

(4) I8 (Dy. f(t) = ()—1—2 “etd, for some ¢; € Ryj = 0,1,2,...,m — 1,

where m = o] + 1.

Lemma 2.2. Let o > 0, then the differential equation

(‘DG+ () =
has the unique solution
m—1
f(t) = chtj, ¢;eER,j=0...m—1,
§=0

wherem —1 < a < m.
Lemma 2.3 ([8, 21]). Let a > 0, f € L'([0,1],Ry). Then for all t € [0, 1] we have
15 £(8) < 113 Lo
Lemma 2.4 ([14]). The fractional integral I, o > 0 is bounded in L'(a,b) with
< b—a)®
I 1(a, a
G+ fll 2 @y < F( )Hf||L b)-

Let us now introduce the space E = {y : y € C([0,1],R) : cD€+y € C([0,1],R)}.

equipped with the norm

91l = 9l + D51l = 500 ly(2)| + sup D], y(0).
€
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Clearly, (E, ||.||r) is a Banach space [20].

Theorem 2.1. (Krasnselskii’s fized point theorem). Let U be a closed convezx, bounded

and nonempty subset of a Banach space E. Let A, B be the opertors such that

o Ax + By € U whenever x,y € U;
o A is compact and continuous;

e BB is contraction mapping.

Then there exists z € U such that z = Az + Bz.

Theorem 2.2. (Schauder’s fized point theorem). Let (E,d) be a complete metric
space, let U be a closed conver subset of E, and let A: U — U be a mapping such
that the set {Au : u € U} is relatively compact in E. Then A has at least one fized
point.

3. MAIN RESULTS

Before starting and proving our main result we introduce the following auxiliary

lemma.

Lemma 3.1. Let 2 < a < 3 and h be continuous function on J :=[0,1]. Then the

linear problem
(3.1) Dgry(t) = h(t),
with boundary conditions
(3:2) y(0) = wo, ¥'(0) =alty(m), Dyiy(1) = bI7zy(ne).
15 equivalent to the fractional integral equation
y(t) =I5 h(t) + (vt® — o) I5T 7 h(m) + (vat — vst?) 1572 h(1pp)

(3.3) + (vgt? — vgt) 8T R(L) + (1 — st — vet?)yo.
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Here
3= (g ) (resy - roem)
0'1+2 F(02+3) (3—51)
(et (55
F0'2+2 (2—51) (Ul—l—g)
a ( bn“QJr2 1 > ab ( ni”“ >
U1 = y Vo = — | =/~ | »
A (02+3) (3—B1) A (01+3>
' vL N5° V2 U2 b any' i
3.4 = — - = - (="
BY) =L T T T T P T A (F(01—|—2) )
a ( bn"zJrl 1 ) 7525 N7 ve
Vg = — — , Uy = — ,
ST oA \T(0s+2) T(2-5)) " T(oa+1) T(og+1)
and
Ve = E
8=

Proof. By applying Lemma (2.1), we may reduce (3.1) to an equivalent integral equa-

tion
(3.5) y(t) = I h(t) — co — et — cot®,  co,c1,00 € R.
Applying the boundary conditions (3.2) in (3.5) we find that

¢ = —Yo,

Using the boundary conditions of (3.2) in (3.5), we end up with a system of equations:

( ano'1+l 0‘1+2 ator aﬂfl
( T(o1+2) 1) “ +2 ( (o1 +3)> €2 = algy™" h(m) + <F(O’1+1)> Yo-
byg2 ™! 1 by 1 _ proto by
(PO) (F(;2+2) B F(27B1)> 1+ 2 (F(;2+3) r(3751)> €2 = bfo+ 2h(772) + (F(022+1)> Yo
k 1877 h(1).

Solving (Fp) together with notations (3.4), we find that
a = o5 h(m) — val S h(nn) + vsyo + U4f§+_ﬂlh(1)7

Coy = ’U5]gjazh(7’]2) — Uﬁjgjglh(nl) -+ UrYo — ’Uglgir_ﬁthl),
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Substituting the value of ¢y, ¢y, ¢ in (3.5) we get (3.3). O

In view of Lemma 3.1 we define the integral operator 7 : E — E by

Tult) = s [ (6= 5" 50060, Do)
2 [ = 9751 . (5). D (s
St T = 97477 . 4(5). D (5
B [ () D))
(3.6) + (1 — vst — v7t*)yo.

In this section we shall present and prove our main results. First, consider the
following hypotheses:
(H1) the function f:J x R x R — R is continuous
(H2)
|f(t 21, y1) = f(t 22, 92)| < g1(8)]zn — 2| + g2(t)|yr — w2l
for all z1, T, Y1, Y2 € R; 91,90 € L'(J,Ry) and t € J.

In order to simplify the computations in the main results we set some notations:

M — 1 lvs| + v1] o] + Jus| | |vs| + |4

1 — )
I'a) T(a+o1) T(a+oz) T(a—pr)

M — 1 2lv| + (2 — B)|vr| | 2[vs| + (2= B)|va] | 2|vs| + (2 — B)|va4l
, =

Fa—p) TB-=03T(a+o1) TB-BT(a+oy) TB-pF)a—7p)

Ny = (14 |vs| + |vq]), Ny= 2lv7|F+(§2_—Bf)|vg|

Now we are ready to establish the main results.

Our first results is based on the Banach contraction principle.

Theorem 3.1. Assume that (Hy),(Hs) true and the following condition

(3.7) Y1 = (My 4 Ms)(|g1llzr + |lg2llzr) < 1.
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true. Then the problem (1.2) has a unique solution on J.

Proof. Transform the problem (1.2) into a fixed point problem. Clearly, the fixed
points of the operator T defined by (3.6) are solutions of the problem (1.2).

Let z,y € E and t € J, using (3.3) we can write

T(2)(t) = T(y)(t) = Ig (f(t,x(t), Dy a(t)) — f(t,y(t), Doy (t)))
+ (vt? — vit) IS (f (i, 2(m), Dl () — £, y(m), Dy y(m))
+ (vat — vst) I (f (02, 2(02), Dl (1)) — f (2, y(12), Dy y(12)))

T (st? — vt I (F(1 (1), DE, (1)) — F(Ly(1), Diy(1))).

By (H2), we can find that

T (2)(t) = T < llo = ylloo {I5+91 (&) + (lvs| + o1 ) L5 g1 (m)
+([va| + [vs ) L5372 g1 (n2) + (Jvs| + |U4|)1§+_5191(1)}
+ 1Dy = Dy ylloo {155 92(8) + (Jvs| + o1 I g2(m)

(el + [os ) I 72 g2 (ma) + (Jus] + loa) I g2(1) }

According to the lemmas 2.3 and 2.4, we have

1 |v6| + |U1| |U2| + |v5| |7Jg] + |v4|

1 [vg| + [v1| | |va] + |vs] |Us|+\v4|
I'a) T(a+o1) T(a+oz) T(a—7p)

+ HCD(Hx CD§+Z/“oo [ ] g2l

Thus,

(3.8) 17 () = T Wl < Millgallzr + llgll)llz = ylle-
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And

CD€+Ty(t) = I(()):ﬂf(t> y(t), CD€+y(t))

2U6t2_ﬁ + (2 - B)Ultl_ﬁ a+o1 c
e (e, y(m), DY y(m))

I'(3—p)
2-8 _ 1-8
2ust ;é%ﬁfﬂw 1947 (. y (1), DP y()
2-8 _ 1-8
2ugt I‘j‘(:§2_ Bf)'l%t Igir_ﬁlf(Ly(l),CDéiy(l))
20t?5 + (2 = BJugt!
INCEC) Yo-

Using similar techniques applied to get (3.8), we have
(3.9) 1Dy T — Dy Tylloo < Ma(llgallzr + llg2ll )l — ylle-
From (3.8), (3.9) we obtain

1Tz = Tylle < (M + M) (g1l + llg2llz)llz =yl -

So we have

T2 —Tylle <nllv —ylle

By (3.7), we deduce that 7 is a contraction. As a consequence of Banach fixed-point

theorem, we deduce that 7 has a fixed point which is the unique solution of the

problem (1.2).

Our next result is upon the Schauder’s fixed point theorem.

Theorem 3.2. Assume that (H1) true, and there exists a function ¢» € L'(J,R,)

such that

(3.10) [f(t2,9)] <o) + an|z[™ + asly|™, 2,y € R.
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where 0 < 1; < 1, and a; > 0 fori=1,2,3. Also assume that there exists a number

r > 0 such that

r Z max {4(M1 + M2)||77Z)HL17 (4(M1 + Mg)al)ﬁ,

(3.11) (4(My + Ma)az) =75, 4Ny + No)yol }

Then the problem (1.2) has at least one solution on J.

Proof. In order to use the Schauder fixed-point theorem to prove our main result, we

define a subset B, of E defined by
B, ={yeE:|lyle <r},

where r satisfies inequality (3.11). Notice that B, is closed, convex and bounded
subset of the Banach space F.

Now we prove that T : B, — B,. For any y € B,, we have

I Ty(6)] < I54 1 £ (s, y(s), Dyry(s))]
+ (|v6] + [ DTG L (m, y (), Dy ()|
+ ([va] + [vs IG5 f (m2, y (12), Dy (m2))|
+ (Jus| + [ Ig ™ [ £ (1, 9(1), D,y (1))

+ (14 [vs] + |vz])yol-
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Using hypothese (3.10) we get

[ Ty(®)] < Igaw(t) + (sl + [or NI (m)
+ (Joal + [os DI () + (los| + loa I M0 (1)
+ ay (I ly(8)™ + (lo| + [0 DI5 ly(m)| ™
(feal + lesD I ly ()™ + (o] + [oa )5 y(D)]™)
o+ az (I DYy + (vl + oa ) I3 DYy ()
(leal + s DI DG yOm)I™ + (s + oa I ™ 1DE,y (D] )
+ (L o] + for ol

S Ml”w”Ll + (CLlT'Tl -+ CLQTT2)M1 + Nl-

Hence

(3.12) 1Tyl < Mi[[¢ollzr + (arr™ + agr™) My + Ny
And

(3.13) IICD§+TyHoo < My||Y||pr + Ma(ayr™ + agr™) + Na.

From (3.12), (3.13) we get

T r r T
ITylle < (M + M) (1e]les + ur™ +agr™) + (Nt No) < 7+ g+ 7+ <7

By the condition (3.11), we deduce that

ITylle <,

thus, 7(B,) C B,.

In view of the continuity of f, it is easy to verify that 7 is continuous.
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Next, we show that the families 7(B,) and CDéﬁ]‘(Br) are equicontinuous. Since
f is continuous, we can assume that \f(t,y(t),CD§+y(t))] < M for any y € B, and
t€0,1].

Now, for 0 < t; <ty <1, we have

1T (y)(t2) =T (y)(t1)] < ﬁ /0 1 [(tQ — ) —(t — S)a_l] |f(s,y(s), cD(B]Jhy(s))|als

1 b2 a—1 c
+m/tl (ts — 8)° 7 f(5,y(5), Dl y(s))|ds

+O%Wf?ait#Q_h»Awm—@““*V@M@ﬂﬁw@m“

i e MUTR R VO R RTO e

(w8l = )+ 1ol = ) [') oo e o) oD o
el el 0D [ ). D)l

+ [Jus(t2 — t)lvrl (£ — 13)][wol

S B NS
e e R e L Y AT
Al )bl =) v

I+ o01)
(Jva|(ty — t1) + |vs|(t3 — 13)) /nz o

+ —5)*T7 s

F(a—|—0‘2) 0 (772 )
1

Ml =)l =) 1y oo
I'(a —5) 0

+ [los(t2 = 1) + [orl (85 = 7)ol

Thus,
To)t) - T <t [ B8 ol =B+ oillte =] o,
2 1= D(a+1) T(a+o;+1) 1
[uallts — 651+ Josllt — t1|7706+02 [vs|[t3 — £3] + |vallta — 1]
FMa+o9+1) 2 T(a— B +1)

(3.14) + v (2 — 1) + Jv7| (£ — £1)]]yo]
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And
8 8 1 h . )
"D+ Ty (t2) =Dy Ty(tr)| < M —/ [(ta —8)* P = (ty — 5)* 7] ds
[ — 5) 0

1 2
+—/ (ty — 8)* P 1ds

P(Oé—/B) t1
2Avllts” =+ 2= Bl — 5|/ g
'3 =Bl (a+01)
+2’U5Ht§ _tl ﬁ|+(2 )‘U2Ht _tl B|/ _ a+az 1 s
['3—p)'a+ o9)
L2l = 81+ 2= Bl -%1ﬂ/ .
'3 —=B)I(a—B)
Thus,
DE. Ty(ta) — DP Ty(t)] < b 4 211"

N 2lve|lt;” — 11| + (2= B)lullty * — 11 ﬁlnwl
L3 - B (a+o+1) !

N 2lus|lty ” = 877+ (2 = B)[vallty - ti‘ﬁlnam
rs—-pgr(a+oy+1) 2

N 2lusllty ” = 77|+ 2= B)luallty * — 1,77
T(3—B)l(a—f +1)

+ 2or|[t37 = 877+ (2= B)[wsllt, " =177

I'3-5)

(3.15)

The right-hand sides of inequality (3.14) and (3.15) tends to zero when t; — to
independently of y, so T is compact as consequence of the Arzela—Ascoli theorem,
and T is continuous. We claim that 7 is completely continuous.

As a consequence of Schauder’s fixed-point theorem, we deduce that 7 has a fixed

point. We claim that the problem (1.2) has at least one solution on J. O

For a; = a; = 0, Theorem 3.2 takes the following form.
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Corollary 3.1. Let (H1) hold. In addition, the function f satisfies the assumptions:

[F(t 2 y)| < 9(),

V(t,z,y) € J x R xR and ¥ € L*(J,R.). Then the boundary value problem (1.2)

has at least one solution on J.
For 7y = 75 = 1, Theorem 3.2 takes the following form.
Corollary 3.2. Let (H1) hold. In addition, the function f satisfies the assumptions:

[F(tz9)] < 9(t) + arlz] + aslyl,

V(t,z,y) € J Xx R x R, where v € L'(J,R,). Then the boundary value problem (1.2)

has at least one solution on J.

Our key tool in the next existence result is based on the Krasnoselskii’s fixed point

theorem.

Theorem 3.3. Assume that (H1) and (H2) hold, furthermore there exists non-
negative function ¢ € L'(J,R,) such that :

(3.16) |f(t,z,y)] < ¢(t),

forallz,y e R andt € J.

Then the problem (1.2), has at least one solution on J, provided that v; < 1, where
7 given in (3.7).

Proof. Let r > 0, such that
(3.17) r = (My+ Ms)||ol[z 4 (N1 4 Na)lyol,

and consider the ball

B, = {ye E :|yl|le Sr}.
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We define the operators A and B on B, by:

Ay(t) = I5- £ (£, y(t), Dy y(1)),

By(t) = (vet” — vit) I5 f (s y(m), Dy y(m))
+ (vat — vst®) 15572 £ (12, y(12), "Dy y (1))
+ (vst® — o) 577 (1,9(1), Dyy (1))

+ (]_ - ’U3t — U7t2)y0.
Then the fractional integral Equation (3.6) can be written as the operator equation:
Ty(t) = Ay(t) + Ay(t), y € B,

We will divide the proof into three steps.
Step 1 : Ax + By € B,, for any =,y € B, and t € J. By the same way of the proof

of Theorem 3.2, we can easily show that
Az + Byllp < (M1 + Ma)|[ @[l + (N1 + Na)yo

Using (3.17) we conclude that Az + By € B,.

Step 2 : A is compact and continuous. We have verified that A : B, — FE is
continuous and compact under its definition, a detailed proof is given in Appendix.
Step 3 : B is a contraction mapping on B,. Let x,y € B, and t € J by using the

same arguments in Theorem 3.1 we can show that

15(0) = Bz < lnlles + o) (M = s + M2 = s ) o=l

< (My+ M)(llgillzr + [lg2llz) e — yll &,

<mnllz —yle.

By (3.7) , we deduce that B is a contraction.
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As a consequence of Krasnoselskii’s fixed point theorem, we conclude that the
operator T defined by (3.6) has at least one fixed point u € B,, which is just the
solution of the boundary value problem (1.2). This completes the proof of Theorem.

3.3. U

4. EXAMPLES

In this section, in order to illustrate our results, we consider two examples.

Example 4.1. Consider the following fractional differential problem:

Dey(t) = f(t.y(0). Dyy(t) Vie T =[0,1]

(4.1) 7
y(0) =1,4/(0) = 1oofo+y(%),CD§+y(1) = fo+y(§)

In this case we take f(t,y(t), CD0+y( ) = Z—A;y(t) + 47 _) CD0+y( )+e

11 1 1 3 5 1 3
47ﬁ 7ﬁl 7y0 1007b 10701 2702 27771 2a772 4

Lett € Jyx,x1,y,11 € R

¢t 1—1t)?
(t) — Sl = e =+ TPy )

Hence the condition (H2) holds with

t4 (1—t)?
t) = — ) =
using the Matlab program, we can find 1 = (My 4+ Ma)(lg1l|rr + |g2ll1) = 25 < 1

Thus, the assumptions of (Theorem 3.1) hold so the problem (4.1) has a unique

solution on J.

Example 4.2. Let us consider the following fractional boundary value problem:

1

11 cn2

w2 D y(t) = (t— 0.25)2y(t)% + e sin(e X0y yr e g = (0,1]
) 8
5

y(0) = v3,y/(0) = 315, y(3), Dl (1) = 115,y (3)
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Lette Jx,y € R

9 1 Jaft
t < —
t20)| < gplelt + 1
Wherew<t):()7al:%7a2:%77_1:%77_2_%
11 1 1 1 1 1 3 8 7
« 57/6 2)/81 77y0 \/—,CL 27 47771 47772 4701 570-2 37

the hypothesis of Theorem (3.2) holds wich implies that the problem (4.2) has a so-

lution

5. CONCLUSION

We have studied a nonlinear fractional differential equation with nonlinearity de-
pending on the unknown function together with its lower-order fractional derivative,
equipped with fractional integral and Caputo fractional derivatives in boundary con-
ditions. Several existence and uniqueness results have been derived by applying
different tools of the fixed point theory. We also provide examples to make our re-
sults clear. For future research directions, it is possible to consider the existence and

uniqueness of solutions for systems of fractional differential equations.

APPENDIX A. A DETAILED PROOF OF BOTH THE COMPACTNESS AND THE

CONTINUITY OF THE OPERATOR A

The operator A : B, — E defined by
Ax(t) = Ig f(t, x(t), Dy, x(t)).

is continuous and compact.
The continuity of A follows from the continuity of f. Next we prove that A is
uniformly bounded on B,

Let any « € B,.. Then for each ¢ € J and by (3.16) we we have:

[An(t)] < I F(s,2(5), Dyen(s))] < T (1) < —“r¢<‘c|f>—l.
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And
DR Ax(t)] < 157 (s 2(5). ¢ @ﬂ)ﬂé%”%(k—&f%%y
Hence
qumsﬂﬂg,
and
I°D?, Az|le < F(|’¢HL15)'

This implies that
Az 2 = [ AZ([oo + [[ Azl
[(a) + T = B)

[(e)I (o = B)
This proves that A is uniform bounded.

[¢]l1 < oo.

Next, we show that the families A(B,) and CDgwél(Br) are equicontinuous.
Let t1,t5 € [0, 1], t1 <19, T € B, we have

|A(z)(t2) — A(z)(t1)] _ﬁ/ [(t2 — 5)°7" — (t1 — )71 | f(s5,2(5).C Dl y(s))|ds

b (6= (). DGt
< %/ (ta — )" = (ty — 5)* '] o(s)ds
(A1) FL/ (ta — s)* " o(s)ds,
and
D A(ts) — DF Az 1 " 0Bl (g, — 6)o—51] g(s)ds
(DAt = D Anlty)] € s [ (0= 9 = (0= ") o(e)d
—1 N —5)* P g (s)ds
(A2) g [ s

The right-hand sides of inequality (A.1) and (A.2) tends to zero when t; — t5 in-
dependently of z € B,. So A is relatively compact on B,. As consequence of the

Arzela-Ascoli theorem, A is compact on B,.
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