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GEOMETRY OF CONTACT CR-WARPED PRODUCT
SUBMANIFOLDS ON NEARLY COSYMPLECTIC MANIFOLDS

SANTU DEY (U AND SAMPA PAHAN

ABSTRACT. In this paper, we study contact C'R-warped products submanifolds
on nearly cosymplectic manifolds. We work out the characterizations in terms
of tensor fields under which a contact CR-submanifold of a nearly cosymplectic
manifold reduces to a warped product submanifold. In the beginning, we obtain
some theorems and lemmas and then develop the general sharp inequalities for

squared norm of the second fundamental form on nearly cosymplectic manifolds.

1. INTRODUCTION

B. Y. Chen ([10, 11]) introduced by the notion of C'R-warped product submani-
folds as a natural generalization of C'R-products. Chen [9] studied the notion of a
C R-warped product submanifold in a Kaehler manifold. Also he derived inequalities
for the second fundamental form in terms of warping functions. Recently, Sahin[21]
set up a general inequality for warped product pseudo-slant (also named hemi-slant)
isometrically immersed in a Kaehler manifold for mixed totally geodesic. Later, I.
Hesigawa and 1. Mihai proved an inequality for contact C'R-warped product subman-

ifolds of Sasakian manifolds [12]. Moreover, I. Mihai in [16] improved same inequality
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for contact C'R-warped product submanifolds of Sasakian space form. Later on, Ud-
din, et al.[14] obtained some inequalities of warped product submanifolds in different
structures.

The almost contact manifolds with Killing structures tensors were defined in [4] as
nearly cosymplectic manifolds. Later, these manifolds were studied by Blair and
Showers from the topological point of view [5]. A totally geodesic hypersurface S°
of a 6-dimensional sphere S° is a nearly cosymplectic manifold. A normal nearly
cosymplectic manifold is cosymplectic (see [6]). In [22], [23] Uddin et al. worked on
warped product semi-invariant and semi-slant submanifolds of nearly cosymplectic
manifolds. Warped product manifolds take an important role in differential geome-
try specially in general relativity. Several authors studied different types of warped
product slant submanifolds of different structures in [1], [3], [15], [17], [18], [19], [20].
In the present paper, we define a contact C'R-submanifold in a nearly cosymplec-
tic manifolds and derive the integrability conditions and totally geodesic foliation
of involving distributions. Here, we also consider contact C'R-warped product sub-
manifolds of a nearly cosymplectic generalized cosymplectic space form and obtained
a geometric inequality for existence of contact C'R-warped product submanifolds.
Lastly, we obtain some results on characterizations of warped product submanifolds

in terms of endomorphisms 7" and F'.

2. PRELIMINARIES

Let M be (2n + 1)-dimensional smooth manifold with almost contact structure

(p,&,m) ie., a (1, 1) tensor field ¢, a vector field £ and a 1-form 1 on M such that

(2.1) X = —X +n(X)E,

(2.2) n(€) = 1,06 = 0,n(eX) =0,
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(2.3) 9(pX,9Y) = g(X,Y) = n(X)n(Y),

(2.4) 9(X, &) = n(X).

A nearly cosymplectic manifold [5] is an almost contact metric manifold (M, ¢, &, 1, g)

such that

(2.5) (Vxp)Y + (Vyp)X =0
for every vector field X,Y. i.e.,

(2.6) (Vxp)X =0.

Given an almost contact metric manifold M, it is said to cosymplectic space form 2],

if there exist a function ¢ on M such that

c c

RX.Y)Z = {9(Y,2)X = g(X, 2)Y + {g(X, pZ)pY
c

—9(Y,9Z)pX +29(X, oY) Z +  {n(X)n(2)Y
(2.7) —n(X)n(Z2)Y + g(X, Z)n(Y)§ — g(Y, Z)n(X)¢,
for any vector fields X,Y, Z on M, where R denotes the curvature tensor of M.
Let M be a submanifold of an almost contact manifold M with induced metric ¢
and V and V+ be the induced connections on the tangent bundle 7'M and normal
bundle T+ M of M respectively. F (M) denote the algebra of smooth function on M

and I'(T'M) denotes the F (M )-module of smooth sections of 7'M over M. Then the

Gauss and Weingarten formulas are given by

(2.8) VxY =VxY +h(X,Y),

(2.9) VxN = —AyX + VxN,
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for each X,Y € ['(TM) and N € I'(T+M), where h and Ay are the second funda-
mental form and the shape operator (corresponding to the normal vector field N),

respectively, for the immersion of M into M. They are related as
(2.10) g(h(X,Y),N) = g(AnX,Y),

where ¢ denotes the Riemannian metric on M as well as the one induced on M.
The mean curvature vector H of M is given by H = % Yo, hie;,e;), where n is
the dimension of M and {eq, es......, e, } is a local orthonormal frame of vector fields
on M. A submanifold M of an almost contact metric manifold M is said to be to-
tally umbilical if the second fundamental form satisfies h(X,Y) = ¢g(X,Y)H, for all
X,Y € I'(TM). The submanifold M is said to totaly geodesic if h(X,Y) = 0, for all
X,Y € I'(TM) and minimal if H = 0.

Let {e1,es.......,en} is a local orthonormal basis of tangent space TM and e, be-
long to the orthonormal basis {€,,11, €mio-..... , €241 + Of the normal bundle T+M, we
put

m

(2.11) hiy = g(h(ei e5),e) and ||h|[* =Y g(h(ei e;), hles, e5)).

ij=1

For a diferentiable function ¢ on M, the gradient 6(,0 is defined by
(2.12) 9(Ve, X) = X

for any X € I'(T'M). As a consequence, we have

m

(2.13) IVel? = (eil))*.

=1

For any X € I'(TM),

(2.14) oX =TX + FX,
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where PX is the tangential component and F' X is the normal component of pX. A
submanifold M of an almost contact metric manifold M is said to be invariant if F
is identically zero, that is ¢ X € I'(T'M) and anti-invariant if P is identically zero,
that is pX € T(T+M), for any X € T(TM).

Similarly, for N € T+M, we can write
(2.15) oN = N + [N,

where t N and fN are the tangential and normal components of ¢ N respectively. The

covariant differentiation of the tensors ¢, T, F,t and f are defined as respectively

(2.16) (Vxp)Y = VxpY — pVyY,
(2.17) (VxT)Y = VxTY — TVyY,
(2.18) (VxF)Y = VX FY — FVY,
(2.19) (Vxt)Y = VxtN —tVxN

(2.20) (Vxf)Y =VxfN — fVLN

Furthermore, for any X,Y € T'M; the tangential and normal parts of (@X@)Y are
denoted by PxY and QY i.e.,

(2.21) (Vx@)Y = PxY + QY

Using (2.1) and (2.16), we have

(2.22) (Vxe)pY = —p(VxeY) —n(VxY)E,
using (2.8)-(2.18) and (2.21), we have

(2.23) PxY = (VxT)Y — Apy X —th(X,Y),
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(2.24) QY = (VxF)Y + h(X,tY) — fh(X,Y),

Basically PxN and QN are the tangential and normal parts of (Vxp)N for N €
T+ M. Now we have

(2.25) PxN = (Vxt)N + TAyX — A;NX,

(2.26) QxN = (Vxf)N + h(tN, X) + FAyX,

From the equation (2.6) and (2.21), we have

(2.27) PxY + Py X =0
and
(2.28) QyY +QyX =0

for any X,Y € TM. It is straightforward to verify the following properties of P and
(), which will be further used:

;

i) PxyW = PxW + Py W,

i6) Qx 1y W = QxW + W,
i1i)PxW + Z = PxW + PxZ,
(2.29) W) QxW + Z = QxW + Qx Z,
v)g(PxY, W) = —g(Y, PxW),
vi)g(QxY,N) = —g(Y, QxN),
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3. CoNTACT C'R- SUBMANIFOLDS

Let M be a submanifold tangent to the structure vector field £ isometrically im-
mersed into an almost contact metric manifold M. Then M is said to be a contact
C R-submanifold if there exists a pair of orthogonal distributions D : p — D, and

D+ :p— Dy, for all p € M such that:

(i))TM = D & D*® < £ >, where < £ > is the 1-dimensional distribution spanned
by the structure vector field &.
(#2) D is invariant, i.e., oD C D,

(iii) D is anti-invariant, i.e., oD+ C T+ M.

Invariant and anti-invariant submanifolds are the special cases of a contact C'R-
submanifold. If we denote the dimensions of the distributions D and D+ by d; and
dy, respectively. Then M is invariant (resp. anti-invariant) if dy = O(resp. d; = 0).

Moreover, if v is an invariant subspace under ¢ of the normal bundle T+ M, then
in case of contact C'R-submanifold, the normal bundle T*M can be decomposed as
T+M = FD+ @v. Let us denote the orthogonal projections on D and D+ by P; and

Py, respectively. Then, for any X € I'(T'M), we have
(3.1) X = P X + P X +n(X)E,
where Py X € I'(D) and P,X € I'(D)*. From (2.10), (2.14) and (3.1), we have
(3.2) TX =P X, FX =Py X,
is straightforward to observe that we obtain:
i\TPy =0, ii)F Py =0, iii)t(T+M) C D*, iv) f(T+M) C v.

Now we have following lemma:
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Lemma 3.1. Let M be a contact C'R-submanifold of a nearly Cosymplectic manifold
M. Then D& € is integrable if and only if,

QQ(VXya Z) = g(AgoZXa SOY) + g(AgoZya ()OX>

for any X, Y € (D & (£)) and Z € T'(D%).

Proof. From the equation (2.3) and (2.8), we have
9(VxY,Z) = g(VxY, Z) = g(¢VxY,9Z) + n(VxY)n(Z).
Since n(Z) = 0, so, we have
9(VxY. Z) = g(VxY, Z) = g(pVxY, 0Z).
From (2.16), we get
9(VxY,2) = 9(Vx¢Y.02) = g(Vxp)Y, 9 2).
From the Gauss formula and the structure equations and (2.5), we have
9(VxY, Z) = g(h(X,9Y),0Z) + 9(Vy9) X, 7).
Now from (2.1), (2.2), (2.3), (2.4), (2.8) and (2.16), we have
9(VxY, Z) = g(W(X, Y ), 0Z) + g(MY, 0 X), 0Z) = g(Vy X, Z).

Then, by the relation between the second fundamental form and the shape operator,

we get our result. O
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4. WARPED PRODUCT SUBMANIFOLDS

In this section, we discuss the warped product submanifolds of a nearly cosym-
plectic manifold. These manifolds were studied by Bishop and O’Neil [7],[17]. They
defined these manifolds as follows: Let (Ny,g1) and (Na,¢2) be two Riemannian
manifolds and f a positive differentiable function on N;. Then their warped product
M = N; x; Ny is the product manifold N; x Ny equipped with the Riemannian

structure such that
1 X% = (|7 (X)[)* + (f 0 m1)? |2 (X)),

for any vector field X tangent to M, where x is the symbol for the tangent maps.

Thus we have,
g=g1+ g

The function f is called the warping function on M. It was proved in [7] that for any
X € (T Ny) and Y € I'(T'Ny), the following holds:

(4.1) VyZ =V,X = (X f)Z

where V denote the Levi-Civita connection M. V f is the gradient of f and is defined

(4.2) g(Vf, X) =X/,

forall X € TM.
A warped product manifold M = N; X N, is said to be trivial if the warping function
f is constant. If M = N; x; N, is a warped product manifold then the base manifold
Nj is totally geodesic and the fiber N, is a totally umbilical submanifold of M,
respectively [7].

We recall below several results for warped product manifolds.
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Lemma 4.1. [22] Let a CR-warped product submanifold My <y M, of a nearly
cosymplectic manifold M be, such that My and M, are invariant and anti-invariant
submanifolds of M, respectively. Then we have

(i)élnf = 0,

(i1)g(h(X,Y), 0Z) =0,

(ii1)g(M(X, Z), pZ) = —(eXInf)|| Z]*.

Let M be a m-dimensional Riemannian manifold with Riemannian metric g and
let {eq, ...... em} be an orthogonal basis of TM: As a consequence of (4.2), we have

m

(4.3) IVFI2 =D (el )

i=1

the laplacian of f is defined by
(4.4) Af = AVee)f —eef}.
i=1

Now Hopf’s lemma [8] state:

Hopf’s lemma: Let M be a n-dimensional compact Riemannian manifold. If ¢
is differentiable function on M such that Ay > 0 everywhere on M(or Ay < 0

everywhere on M), then 1 is a constant function.

5. CoNTACT CR-WARPED PRODUCT SUBMANIFOLDS

In this section we consider contact C'R-warped product of the type My X M, of
the nearly cosymplectic manifolds M, where My and M| are the invariant and anti-
invariant submanifolds of M, respectively. Throughout, this section, we consider &
tangent to Mp. We first discuss several properties of contact C'R-warped product

submanifolds of a nearly cosymplectic manifold.
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For any X,Y € I'(T'Mr), from the properties (2.23) and (2.29)i, we have
(5.1) (VxT)Y + (VyT)X = 2th(X,Y).

Since, My is totaly geodesic in M. Thus, by comparing the component which is
tangent to My in formula (5.1), we obtain th(X,Y) = 0, which implies that h(X,Y) €

v and

(5.2) (VxT)Y + (VyT)X = 0.
If we put Y = £ in the above equation, we have
(5.3) (VeT)X = 0.

Now we have the following lemma:

Lemma 5.1. Let M = Mp x§ M, be a contact CR-warped product submanifold of a

nearly cosymplectic manifold M. We have:
(VzT)X = (TXInf)Z,

(VuT)Z = g(PyU, Z)TVinf,

for each U € I'(TM), X € I'(T'Mr) and Z € T'(TM, ).

Proof. Using (2.17), (3.1) and (4.1), we completes the proof of lemma. O

Using the above lemma we have the following theorem:

Theorem 5.1. Let M be a contact C R-submanifold of a nearly cosymplectic manifold
M, with both the distributions integrable. Then M is locally isometric to a C R-warped

product if and only if

(5.4) (VuT)U = (TP Up)PoU + ||PU TV
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or,
(VuT)V + (VyT)U = (TPVInf)PyU + (TP Ulnf)P,V
(5.5) +2¢9(P,U, PoV)TVinf

for each U,V € T'(T'M) and for any C*°-function p on M, with Zu = 0 for each
Z € (D).

Proof. Let M be a contact C'R-warped product submanifold of M. Now using the

property (3.1), we have,
(VoT)U = (VpUT)PU + (Vp,UT)PoU +n(U)(VeT) PLU
(56) + (VoT)PU +n(U)(VuT)E
From (5.2) and (5.3) and using the lemma 5.1, we have
(VyT)U = (TP,UInf)PU + || PU|*TVinf.
Since Inf = u, we get
(VuTU = (TP,Up)PU + || PU TV .
O

Which gives the result (5.4) by replacing U by U + V' in the above equation, we
get (5.5).
Now conversely, suppose that M is a contact C'R-submanifold of M, with both dis-
tributions integrable on M such that (5.5) holds for any C*°-function g on M, with
Zu = 0 for each Z € T'(D1). Now for any X,Y € I'(D® < £ > and P, X = 0, using

the equation (5.5), we have

(5.7) (VxT)Y + (VyT)X = 0.
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Since, M is a nearly Cosymplectic manifold. Now using the equation (2.23) and

(2.27), we have
(5.8) (VxT)Y + (VyT)X = 2th(X,Y).

Now from (5.7) and (5.8), we have th(X,Y) = 0. From the lemma 5.17, we have
g(VxY,Z) =0 for each Z € T'(D*). Now using the equation (5.5), we obtain

(5.9) (VD)W + (VwT)Z = 29(Z,W)TV
Now using the equation (2.23) and (2.27), we get
(5.10) (VT + (VwT)Z = ApwZ + ApgW + 2th(Z,W).
From the equation (5.9) and (5.10), we get
(5.11) ApwZ + ApgW = 29(Z, W)TV i — 2th(X,Y)
Using (2.10) and (2.14), we have
(5.12)  g((Z, 0 X), oW) + g(h(W, 0 X), pZ) = 29(Z, W)g(TV s, o X)
From (2.18), we have

9(V20X, 0W) + g(Vwe X, 9Z) = 29(Z,W)g(TVp, 0 X).
Using the orthogonality of vector fields, we have

9(V2eW, 0X) + 9(VwpZ. 9X) = =29(Z,W)g(TVp, 0 X).
Now using the property of (2.16), we have

—29(Z,W)g(¢Vu, 0X) = g(Vzo)W + (Vire)Z, 0 X)

(5.13) +9(pV W, 0X) + g(eVwZ, pX)
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Now using (2.1), (2.2), (2.3) and (2.4) in (5.13), we have,

9(V2W, X) +g(VwZ, X) = =29(Z. W)g(Vp, X) + 29(Z, W )n(V )0 (X),
which implies

9(VzW, X) +g(VwZ, X) = =29(2,W)g(Vp, X) + 29(2, W) (Eln f)n(X).
Since D+ is integrable and &lnf = 0, we have
(5.14) 9(VZW, X) = —g(Z,W)g(Vp, X).

Let M, be a leaf of D+ and let At be the second fundamental form of the immersion

of M, into M. Then we have,

ie.,
hl(Za W) = _g(Za W)v:u

From the above equation, we conclude that M, is totally umbilical in M with the
mean curvature vector satisfies H = —Vu. Now we prove that H is parallel corre-

sponding to the normal connection D of M, in M. So,
(5.16) g(DZVAY)=0.

Since Z(\) = 0 for all Z € T'(D4), we obtain VyVA € T'(D® < € >). Hence from
[13], we conclude that M is a warped product submanifold. So we complete the proof

of the theorem.

Now we have a following lemma:
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Lemma 5.2. Let M = My x s M, be a contact CR-warped product submanifold of a

nearly cosymplectic manifold M. Then

9(h(9X. 2),6h(X. 2)) = (X, Z)| — g(6h(X. Z), Qx Z),
forany X € TNy and Z € TN, .
Proof. Using (2.8) and (2.16), we have
(5.17) WX, Z) = (V20)X + oV X + oh(X, Z) — VzpX.
Now from (2.21) and (4.1), we get
(5.18)  WpX,Z) =Pz X + QX + XinfoZ + ph(X,Z) — pXInfZ,
If we take the normal part of the above equation, we have
(5.19) hMeX,Z) = Q,X + XinfeZ + ph(X, Z)
By using (2.28), we get

(520)  g(h(eX, Z),0h(X, 2)) = |W(X, 2)|* — g(oh(X, Z), Qx Z).

Now we prove the following theorem with the help of Hopes’s lemma:

Theorem 5.2. Let M = My x¢ M, be a contact CR-warped product submanifold
of nearly cosymplectic space form M(fl, fa2, f3) such that My is compact. Then M is
contact CR-product submanifold if either one of the following inequality holds

1)
2u v .
Z Z (e, €| = 2u.vz,
i=1 j=1
where h, denotes the component of h in pu, 2u+1 and v are the dimensions of My

and M .



192 SANTU DEY AND SAMPA PAHAN

Proof. Any unit vector field X tangent to My and orthogonal to &, and Z tangent to
M, , then from (2.7), we have

(5.21) R(X, X, Z,92) = =2.2.| X" 2]

Now from Coddazi equation, we have

R(X,0X,Z,07) = 9(Vxh(pX,2),0Z) = g(h(VxpX, Z),2)
~g(h(pX,VxZ),9pZ) = g(V XWX, Z), 0Z)

(5.22) +9(h(Vex X, 2), 0Z) + g(W(Vex Z, X), 9 Z).
Now using (2.8), (2.16), (2.21), we have

9(Vxh(eX,2),0Z) = Xg(MpX, 2),¢Z) — g(h(0X, 2),VxpZ)
(5.23) +pVxZ).
After some calculations and using lemma 5.2, we have

g(Vxh(pX,2),0Z) = X?infg(Z,Z)+ (Xinf)’9(Z, Z) — | h (X, Z)|
Using (2.8), (2.16), (2.28) and (4.1) in (5.24), we have,
9(Vxh(pX,2),0Z) = X’Infy(Z,Z)+ (Xinf)*9(Z,Z)

(5.25) — [Ihu(X, 2)I?
Similarly, we have
~9(VoMeX, 2),02) = (6X)!Infg(Z,Z) + (6XInf)’g(Z, Z)

(5.26) — |l (6X, 2)|?
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Also, we have

(5.27) 9(ApzZ,0X) = XIn.
replacing X by Vx X,

(5.28) 9(ApzZ, oV xX) = VxXinf,

By using the Gauss formula in last equation, we get

(5.29) 9(Ap2Z,p(VxX — (X, X)) = Vx XInf,

Now using (2.6), (2.8),(2.16) and (4.1), we have h(X, X) € u, applying this in (5.29),

(5.30) 9(WVxeX, 2),0Z) = (VxX)infg(Z, Z),
Similarly,
(5.31) 9(W(Vex X, Z), 0Z) = (VoxpX)infg(Z, Z),

Using (2.16), we have

(5.32) 9(WeX,VxZ),0Z) = (XInf)g(Z,Z)
and
(5.33) 9(WX,VoxZ),0Z) = —(pXinf)g(Z, Z).

Using (5.26), (5.27), (5.31), (5.32), (5.33), (5.34) in (5.23), we have

R(X,0X,Z,0Z) = XInfg(Z,2)+ (¢X)Infg(Z,Z) - VxXinfg(Z,Z)
(5.34) —hpX, Z)|?

_ _ _ _ 1.2
Let {eqg = &, e1,€9, ...y, ur1 = P€1,€u4a = P€2, ..., 0, = Pey,,e' e ...e’} be an

orthonormal frame of T'M such that {ej, e, ....ey, pe1, pea, ...., pe, } are tangent to
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TNr and {e',e%,...,e"} are tangent to TN, . Using (5.21) and (4.4) in (5.34) and

summing over ¢ = 1,2,....,u and j = 1,2, ....,v, we get, we have
c 2u v
— - . oJ|2
(5.35) vAlnf =2.u.v. 221%”(6@,6 2.
=1 j=

Using Hope’s lemma, we have

2u v
5.36 B (e el > 2un.S.
(5.36) SN bl e|? > .

i=1 j=1
then M is simply contact C'R-product submanifold, which proves the theorem com-

pletely. O
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