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ON CERTAIN CHROMATIC TOPOLOGICAL INDICES OF SOME
MYCIELSKI GRAPHS

SMITHA ROSE ) AND SUDEV NADUVATH (@

ABSTRACT. As a coloring analogue of different Zagreb indices, in the recent liter-
ature, the notion of chromatic Zagreb indices has been introduced and studied for
some basic graph classes in trees. In this paper, we study the chromatic Zagreb
indices and chromatic irregularity indices of some special classes of graphs called

Mycielski graphs of paths and cycles.

1. INTRODUCTION

For the terms and definitions, which are not introduced in this paper, we refer to
[7, 3, 4, 11]. Throughout our study, we consider G = (V, E) as a finite, nontrivial,
undirected, simple and connected graph.

A topological index of a graph G is a real number which is preserved under isomor-
phism (see [10]), which makes them vital in various fields of mathematical chemistry.
As the earliest irregularity measurement introduced in the literature, the Zagreb
indices, in the manipulation of the vertex degrees, are well studied for years. In-
vestigating the effect of interchanging vertex degrees with minimal coloring, obeying
additional coloring conditions, a whole new area for research is opened fresh. As
a coloring analogue of different Zagreb indices, chromatic Zagreb indices have been

introduced in [8].
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IfC = {c1,¢9,¢3,...,¢0} is aset of colors (or labels or weights), then a proper vertex
coloring of a graph G is an assignment ¢ : V(G) — C of the vertices of G with colors
in C such that adjacent vertices of G have different colors. The cardinality of the
minimum set of colors allowing proper coloring of G is called the chromatic number
of G and is denoted x(G). The set of vertices of G which have the color ¢; is called
the color class of that color ¢; in GG. The cardinality of the color class of a color ¢; is
said to be the strength of that color in G' and is denoted by 6(c;). We can also define
a function ¢ : V(G) — {1,2,3,...,¢} such that ((v;) = s <= ¢(v;) = ¢, ¢5 € C.
Also, we denote the number of edges with end points having colors ¢; and ¢, by 7,
where t < 5,1 <t,s < x(G).

A vertex coloring consisting of the colors having minimum subscripts may be called
a minimum parameter coloring. Unless stated otherwise, the colorings we consider
in this paper are minimum parameter colorings. For any minimum parameter set of
colors C with cardinality |C| = ¢, a graph G has ¢! minimum parameter colorings. We
denote these colorings by ¢:(G), 1 <t </l

If we color the vertices of GG in such a way that c; is assigned to the maximum
possible number of vertices, then ¢y is assigned to the maximum possible number of
remaining uncolored vertices and proceed in this manner until all vertices are colored,
then such a coloring is called a ¢~ -coloring of G. In a similar manner, if ¢, is assigned
to the maximum possible number of vertices, then c,_; is assigned to the maximum
possible number of remaining uncolored vertices and proceed in this manner until all
vertices are colored, then such a coloring is called a @™ -coloring of G.

Analogous to the definitions of Zagreb and irregularity indices of graphs (see [1, 6,
12, 13]), the notions of different chromatic Zagreb indices and chromatic irregularity

indices have been introduced in [8] as follows:
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Definition 1.0.1. [8] Let G be a graph and let C = {c;,¢9,c¢3,...,¢/} be a proper

coloring of G such that p(v;) = c¢s;1 <i<n,1 <s </ Thenfor 1 <t </l

(i) The first chromatic Zagreb index of G, denoted by M{'(G), is defined as
M{H(G) = 32(C(w)? = 29(01)

=1

(ii) The second chromatzc Zagreb indezx of G, denoted by My*(G), is defined as
M5 (G) = Z Z( (vi) - C(v5)), viv; € E(G).

=1 ]—
(i) The chromatic irreqularity index of G, denoted by M3*(G), is defined as
n—1 n
M (G) = 21 2 |¢(vi) = C(v))l, viv; € E(G).
i=1j=

In view of the above notions, the minimum and maximum chromatic Zagreb indices

and the corresponding irregularity indices are defined in [8] as follows.

MY (G) = min{M{(G):1<t <0},
ME(G) = max{M{(G):1<t< ),
My (G) = min{M*(G):1<t <,
M§'(G) = max{M{"(G):1<t<a},
MY (G) = min{M{"(G):1<t <0},

ME(G) = max{M{(G):1<t<).
In a similar way, we define the chromatic total irregularity indices as follows:

Definition 1.0.2. The chromatic total irregularity index of a graph G corresponding
to a proper coloring ¢ : V(G) — C = {c1, ¢a, ... ¢} is defined as

n—1 n

MG 1C(vi) — C(v))|, vi,v; € V(G).

l\'.)lr—\

=1 j=2
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Then, the minimal and maximal chromatic total irregularities are defined as
ME(G) = min{M{(G):1<t< 0}

M{ (G) = max{M{"(G):1<t <0}

This definition is the chromatic analogue of the total irregularity of graphs defined
in [1].

2. CHROMATIC ZAGREB INDEX OF MYCIELSKIAN OF A GRAPH

Motivated by the studies mentioned above, we study the chromatic Zagreb indices
and chromatic irregularity indices of Mycielskian of certain fundamental graph classes

in the following discussion.

Definition 2.0.1. [9] Let G be a graph with the vertex set V/(G) = {v1,...,v,}.
The Mycielski graph or the Mycielskian of a graph G, denoted by u(G), is the graph
with vertex set V(u(G)) = {v1,va, ..., Uy, Ug, U, . .., Uy, w} such that

(i) viv; € E(u(G)) if and only ifv,v; € E(G),
(ii) viu; € E(pu(G)) if and only if vv; € E(G), and
(ili) wyw € E(u(G)) foralli =1,...,n.

(
(

An illustration to Mycielskian of a graph is provided in Figure 1.

Note that the set of vertices {uy,us,...,u,} is an independent set in p(G) and
can be denoted by U. The vertices u; and v; may be called the twin vertices and
the vertex w may be called the root vertex of ;1(G). For the ease of the notation, we
represent the Mycielski graph of a graph G by G.

First we find out the chromatic topological indices defined above for the Mycielskian
of paths. Let P, denote the Myecielskian of a path on n vertices. Then, P, has 2n+1
vertices and 4n — 3 edges. We introduce here the notation 7;s to denote the number

v

of edges with end points ¢ and s respectively, where t < s,1 <t,s < x(F,).
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FIGURE 1. The Mycielski graph p(Pr)

Theorem 2.1. For the Mycielskian of a path P,, we have

_ L 15”T+3; if n is odd

(i) My (P,) =
15m+8. : : .
T+7 if n is even,

(ii) MY (P,) = 13n — 11;

(iii) ME (P,) =5n — 4;

L In’tdn=3.  fn s odd
(iv) MY (P,) = s
n2+6n.

SR if n is even.

v

Proof. Note that x(FP,) = 3 and the chromatic topological indices can be calculated
for all 3! minimum parameter colorings. To find MY , MY and MY , we follow the
coloring pattern as described below:

Since the maximum independent set of P, is the set U, assign the color ¢; to all
its vertices. Since the path P, is bipartite, we can assign the color ¢y to [§] vertices
in V" and the color c; to the remaining |7 | vertices in V. Since the root vertex w is
adjacent to all vertices of U and w is not adjacent to any vertex in V', w can have
the color cy. For the Mycielskian of the path P,, t,s = 1,2, 3.

Part (i): In order to find MY of P,, we first color the vertices as mentioned above

and then proceed to consider the following cases.
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Case-1: Let n be odd. Then, we have (c1) = n, 6(c;) = 22 and (c3) = 251

Now, by the definition of first chromatic Zagreb index, we have

& _ 15n+3

MY () = Do)t = =

Case-2: Let n be even. Then, we have 0(c1) = n, 0(c2) = 1+ 2 = 2 and

0(c3) = 5. Then, from the definition of first chromatic Zagreb index we have

ME (B = (0 = R

i=1

Part (i1): We first color the vertices as per the instructions in the introductory
part of this proof. Here, we observe that n15 = 2n — 1,793 = 713 = n — 1. Now, the

result follows from substitution and simplification as

t<s
My (P)= ) tspe=13n—11

1<t,s<x(Pyp)
Part (iit): To find the minimum irregularity measurement, we color the vertices
using minimum parameter coloring. Now, 712 = 2n — 1 edges and 793 = n — 1 edges
contributes the distance 1 to the total summation while 1,3 = n — 1 contributes the

distance 2. Then, we have

—_

M{ (B,) = ; IC(vi) —C(vj)|=2n—1+3(n—1) =5n—4.

1 j=2

n

7

Part (iv): After minimum parameter coloring, to find the total irregularity of B,
we consider all the possible vertex pairs from P, and find their possible color distances.
Half of their total sum will give us the total irregularity of P,. Since the vertex pairs
with same colors do not contribute to the color distance, we omit such cases. The
possibility of the vertex pairs which contribute to the color distance can be classified
into three, namely, {1,3}, {1,2}, {2, 3} combinations. The {1, 3} combination has the
color distance 2 while the other two combinations have the color distance 1. Each

vertex of color ¢; pairs with 6(c3) vertices of color ¢3. So the total color distance
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for the {1,3} combination is 26(c;)f(c3). Similarly, the total color distance for the
{1,2} combination is #(c;)8(c2) and for the {2,3} combination is 6(c2)0(c3). Now we
consider the following two cases:

Case-1: Let n be odd. Then, we have 6(c1) = n, 0(c;) = 22 and (c3) = 251

Now, by the definition of fourth chromatic Zagreb index, we have

MEB) = 5 S lel) - o)
u,vGV(IBn)
= 20(01)6(03) + 0(01)9(02) + 9(02)0(03)
B n? +4n — 3
= T

Case-2: Let n be even. Then, we have 0(c1) = n, 0(c;) = 1+ 2 = 22 and

0(c3) = 5. The total summation will follow from the definition of fourth chromatic

Zagreb index.

MEB) = 5 S lew) - o)
u,weV (By)
= 20(cy)0(c3) + 0(c1)0(ca) + 0(c2)0(c3)
n® + 6n
-

Theorem 2.2. For the Mycielskian of a path P,, we have

2Bn+1l. e
=S if noas odd

(i) M{"(P,) =

23n+8. ; ;
=55 if noas even

(i) ME (P,) =170 — 11
(iii) ME (P,) =6n —4

™m2+12n-3. ;
N HEE=E if s odd

(iv) Mf (P.) =

2 . .
oA lln, if n is even



494 SMITHA ROSE AND SUDEV NADUVATH

Proof. The chromatic Zagreb indices with any minimum parameter set of colors can
be calculated in 3! ways, since the chromatic number of B, is3. All through this proof,

for all the four parts, we first apply the minimum parameter coloring as follows, if not

mentioned otherwise. We color the vertices of U with c3, ¢, to [§] vertices in V' and

the color ¢; to | 5| vertices of V. The root vertex is colored with c;. As in Theorem

2.1, let 0(c¢;) denotes the cardinality of the color class of ¢; and 7,5 denotes the number

of edges with end points t,s where t < 5,1 <t,5 < X(f’n) For t,s =1,2,3, we have
Part (i): In the case of the maximum value of chromatic Zagreb index, we assign a
maximum color index for the maximum independence set, which adds the maximum
value to the sum of the squares. Here, we consider the following two cases:
Case-1: Let n be odd. Then, we have 8(c1) = %%, 0(c2) = ™3 and 0(c3) = n.

Now, by the definition of first chromatic Zagreb index, we have

3

ME (P) =D (0(cs))i

i=1

5 23n+11
=
Case-2: Let n be even. Then, we have 0(c;) = %, 0(c;) = 1+ 2 = 22 and

0(c3) = n. By the definition of first chromatic Zagreb index, we have

3 23n + 8

Mf*(ﬁn>=z<9<ci>>z'2= ;-

Part (ii): We follow the coloring pattern as stated, but in this part the root vertex
w is colored with co. Here we have 1o = 2n — 1,193 = 13 = n — 1 and through total
summation, the result follows.

Part (ii7): After coloring the vertices as mentioned, we note that i, = 2n — 1
edges and 193 = n — 1 edges contribute the distance 1 to the total summation while
ms = n — 1 contributes the distance 2. Thus, we have

n—1 n

ME(Po) = [6(0i) = C(v))] = 2(n — 1) + 2(2n = 1) = 6n — 4.

i=1 j=2
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Part (iv): To evaluate the maximum value of the fourth chromatic Zagreb index,
we follow the coloring stated, except that the root vertex is colored with ¢;. With
the same logic described in part(iv) of the Theorem 2.1, we proceed to the following
two cases:

Case-1: Let n be odd. Then, we have 6(ci) = 2, 0(c2) = %5+ and 6(c3) = n.

Now, by the definition of fourth chromatic Zagreb index, we have

M{ (P,) = 5 > lp(u) = o(v)]
uweV (Py)
= 20(01)0(C3) —+ 9(01)6(02) + 6(62)9(03)
4+ 12n -3
— 2 _
Case-2: Let n be even. Then, we have 0(c;) = ”T“, 0(cz) = § = and O(c3) = n.

Then, the result follows from the definition of the chromatic total irregularity index.

MEB) = 5 S lew) — o)
u,vEV(F’n)
= 20(61)0(03) + (9(01)0(02) + 8(62)9(03)
7n* + 10n

8

3. CHROMATIC TOPOLOGICAL INDICES OF MYCIELSKIAN OF CYCLES

Next we discuss the chromatic Zagreb indices of Mycielskian of a cycle in the

following theorems.

Theorem 3.1. For the Mycielskian of a cycle C,,, we have
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(
Lnt2l. it n is odd

() MY (C)=1{ °
15048,  po
LS if nis even
)
L 13n +11; if n is odd
(i) M3 (Ch) =
13n; if nis even

(

Sn+4; ifn is odd

on; if n is even

\

(
. o %; if n is odd
(iv) ME (G =1

\w; if n is even

Proof. Part (i): As explained in Theorem 2.1, the set U is the largest independence
set in C, also and we assign color ¢; to all vertices in U. As stated earlier, every
vertex of V' is adjacent to at least one vertex in U and hence no vertices in V' can
have the color ¢;. To proceed further, we have to consider the following cases.

Case-1: Let n be odd. Then, C, is 3- colorable and we can color the vertices in V'
using three colors, say ¢y, c3, ¢4 such that |7 ] vertices have colors ¢y and c3, while one
vertex has color c¢s. The root vertex w can be colored using the color ¢,. Then we
have, 6(c;) = n, 0(c2) = "+, 0(c3) = %5+ and 6(cy) = 1 . Hence the total summation
can be given as

o 1on 427
i° =

Case-2: Let n be even. Then, C), can be colored using two colors, say ¢y and cs,

the corresponding color classes contain § vertices each. Since w is adjacent to all

vertices in U and w is not adjacent to any vertex in V', we can assign the color ¢y to

w. If 6(c;) denotes the cardinality of the color class of ¢;, then we have 6(c;) = n,
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0(cz) = 14+ 2 = &2 and 6(c3) = 2. The total summation will follow from the

definition of first chromatic Zagreb index.

ME(C) = Y0 = =5

Part (ii): We color the vertices as per the instructions in part (i) for even and odd
cases of n. Now consider the following cases:
Case- 1: Let n be odd. Here we see that 1o =2n — 1,m3 =n— 1,114 = 2,103 =

n — 2,1m24 = N34 = 1. Hence, we have the sum

t<s
ME(C) = Z tsms = 13n + 11.
1<t,s<x(Cn)

Case- 2: Let n be even. Here we see that 1o = 2n, 1,3 = 113 = n. The definition

of second chromatic Zagreb index, gives the sum

t<s
My (C,) = Z tsms = 13n.
1<t,s<x(C)

Part (iii): To find the minimum irregularity measurement, we proceed to the
following two cases, after coloring the vertices using minimal parameter coloring.

Case- 1: Let n be odd. Here we see that m2 =2n —1,ms =n—1,1m4 = 2,103 =
n—2,m4 = n3 = 1. Now 14 = 2 edges contributes the distance 3, m13 = n — 1
edges and 194 = ledge contributes the distance 2 to the total summation while all

other edges contributes the distance 1. Then the result follows from the following

calculations:
B n—1 n
MY (Co) =D D 1C(w) = Cu)l =2n—1+2(n—1)+n—2+9="5n+4.
i=1 j=2

Case- 2: Let n be even. Now 115 = 2n edges and 193 = n edges contribute the

distance 1 to the total summation while 7,3 = n contributes the distance 2. The
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result follows from the following calculations:

n—1 n

DD T 1C(i) = Cvy)] =20 +n + 2n = 5n.

i=1 j=2

v

Mg (Cn)

Part (iv): First color the vertices according to minimal parameter coloring de-
scribed in the first part of the proof. In order to calculate the total irregularity of
é’n, all the possible vertex pairs from C,, have to be considered and their possible
color distances are determined. We observe that vertex pairs with same colors con-
tribute nothing to the color distance and we discard such cases. The possibility of
the vertex pairs which contribute to the color distance can be classified according to
the following two cases.

Case- 1: Let n be odd. Here the possible combinations which contributes to the
color distances are {1, 2}, {2, 3}, {3, 4} contributing 1, {1, 3}, {2, 4} contributing 2 and
{1,4} contributing 3. We have 0(c;) = n, 0(c2) = %+, 0(c3) = %5 and 0(cs) = 1.
Now for the combination {t, s}, each vertex of color ¢; pairs with 6(cs) vertices of

color ¢,5. So the total color distance for the {¢, s} combination is the color distance

times 260(c;)0(cs). Then, from the definition, we have

~ 1
Mf (Ca) = 5 > lelu) = o)
uweV (Cr)
™2+ 14n — 1
g )

Case- 2: Let n be even. The combinations possible are charted as {1,2},{2, 3}

contributing 1 and {1,3} contributing 2. Here, we observe that 6(c;) = n, 0(cy) =
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14 2 = ™2 and 0(c3) = 2. With the same logic as in case (1), we have

ME(G) = 5 Y () — )

u,veV(Cr)

_ %{29@1)9(@,) +0(c1)0(ca) + 0(c2)0(cs)}

™m? + 6n
3 .

Theorem 3.2. For the Mycielskian of a cycle C,,, we have
(

. Bkt ifn is odd

() M{ (Ca) =1 °

23n48. ; ;
\T+7 if n is even
(
L. 38n —19; if n is odd
(i) M5 (Ch) =
17n; if n s even
)
s Sn+4; if n is odd
(iii) Mg (Cn) =
bn; if n is even

Tn®4+16n+1. if n is odd
. + 8 )
(iv) MY (Cy) =

2 . .
Tn"6n, if n is even
\

Proof. The Mycielskian of a cycle C.,, has chromatic number 4 when n is odd and
3 when n is even. We first color C, by minimal parameter coloring in such a way
that we get the maximum values for the chromatic Zagreb indices and irregularity
measurements.
Now we suppose n is odd. Since U comprises the largest independence set in C,, we
assign color ¢4 to all vertices in U. Every vertex of V' is adjacent to at least one vertex
n

in U. Hence we color |7 | vertices and the root vertex w with c3 and the other | %]

vertices with color ¢; . The remaining one vertex is colored with the color ¢;. Hence,
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we observe the following values when nis odd. 6(c;) =1, 8(cy) = 251, 0(c3) = 4 and
0(cy) =n. Also we have 3y =2n — 1,my =n— 1,14 = 2,703 = n — 2,112 = M3 = 1.

Let n be even. We color vertices of U with ¢3 and root vertex w with ¢y. Then,
C,, can be colored using two colors, say ¢, and c;, the corresponding color classes
contain % vertices each. Thus we note the following values when n is even. 6(c;) = 3,
0(co) = "TH and 0(c3) = n. Also we have 193 = 2n and 1712 = 1713 = n.

Now we proceed for the four parts of the theorem.

Part (i): To find the first chromatic Zagreb index, we consider the following cases:

Case-1: Let n be odd. Then we have the total summation as

M (G = S0 = T

, 2
=1

Case-2: Let n be even. The total summation will follow from the definition as

M (G = S0 = 2D

i=1

Part (ii): We color the vertices as per the instructions in introduction for even and
odd cases of n. Now consider the following cases:

Case- 1: Let n be odd. Then, we have the sum

t<s
M (C) = Y tsm =380 —19.
1<t,s<x(Cn)

Case- 2: Let n be even. Then, the total summation is the direct consequence of

the definition of second chromatic Zagreb index

t<s
ME(C) = Z tsms = 17n.

1<t,s<x(Cn)
Part (i11): To find the minimum irregularity measurement, consider the following
cases:
Case- 1: Let n be odd. Here we see that, 1o + 123 + 134 edges contributes 1 to the

color distance, 13 + 724 edges contributes 2, while 74 edges contributes 3. Then the
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result follows from the following calculations:

n—1 n
ME(C) =3 ) — Clw)l =2n—1+2(n—1) +n—2+9 =b5n+ 4
i=1 j=2

Case- 2: Let n be even. Here 112 + 123 = 3n edges contributes the distance 1 to the
total summation while 7,3 = n contributes the distance 2. The result follows from

the following calculations:

n—1 n

Mg (Ch) = DD ¢ (i) = C(vg)] = 2n +n + 2n = 5n.

i=1 j=2

Part (iv): To calculate the total irregularity of én, all the possible vertex pairs
from C, have to be considered and their possible color distances are determined. The
possibility of the vertex pairs which contribute to the color distance can be classified
according to the following two cases.

Case- 1: Let n be odd. Here the possible combinations which contributes to the
color distances are {1,2},{2,3},{3,4} contributing 1, {1,3},{2,4} contributing 2
and {1,4} contributing 3. Just as we proceeded in part(4) of the previous theorem,

we calculate the total irregularity as given below:

+ v
M) = L Tel) - o)
u,vGV(é'n)
n? + 14n — 1

8

Case- 2: Let n be even. The combinations possible are charted as {1,2}, {2, 3}
contributing 1 and {1, 3} contributing 2. Observe that 6(c;) = n, 0(c;) = 142 = 22

and 6(c3) = 5. With the same logic as in case (1), we have

MG = 5 Y lel) — )
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4. CONCLUSION

Chromatic topological indices can find a variety of applications in mathematical
chemistry, optimization techniques, distribution theory and even in sociology. An
overview of chromatic Zagreb indices and irregularity indices of Mycielskian of paths
and cycles is provided in this paper. More research areas will be opened if Myciel-
skian of different graph classes like bipartite graphs, complete graphs are considered.
Also comparative study on chromatic Zagreb indices and irregularity indices of graph
classes and their operations will be interesting. One can also work on chromatic Za-
greb indices and irregularity indices of some associated graphs such as line graphs,
subdivision of graphs, total graphs, etc. Even the chromatic version of other topo-

logical indices gives fresh areas of research with tremendous applications.
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