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QUASI-N-OPEN SETS IN (a)TOPOLOGICAL SPACES
SHEETAL LUTHRA("), HARSH V. S. CHAUHAN® AND B. K. TYAGI®

ABSTRACT. In this paper, we introduced the notion of A'-open sets in (a)topological
spaces which is a set equipped with countable number of topologies. We investigated
the three types of N-open sets in (a)topological spaces and via them several types
of compactness are introduced. Also, we introduced the notion of quasi-N-open

sets in (a)topological spaces and related compactness.

1. INTRODUCTION

J. C. Kelly [8] introduced the notion of bitopological spaces (X, 71, 72) (a non empty
set X endowed with two topologies 71 and 75) which is a wider structure than the
classical topological spaces. Several authors worked on bitopology, three topologies
and countable number of topologies in [4, 5, 6, 7, 14, 15, 16, 20, 21]. Tyagi et. al. [23]
studies new types of sets via y-open sets in (a)topological spaces. Datta [9] introduced
the notion of quasi-open sets in bitopological spaces. In [1, 10, 11, 17, 18, 19, 24, 25],
several modifications of concept of quasi-open sets are introduced. In this paper, we
introduced the notion of N-open sets in (a)topological spaces and investigated the
three types of AM-open sets and via them several types of compactness are introduced.
We define and investigate quasi-N-open sets in (a)topological spaces and use them

to define new type of compactness.
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Let (X,7) be a topological space and let G be a subset of X. A point x € X
is said to be an infinite point [2, 3] (resp. condensation point [12]) of G if for each
U e 7 with x € U, UNG is infinite (resp. uncountable). In case, the set G contains
all its infinite points (resp. condensation points), G is called N -closed [2, 3] (resp.
w-closed [12]). A set is said to be N-open [2, 3] (resp. w-open [13]) if its complement
is N-closed (resp. w-closed).

Throughout the paper, N denotes the set of natural numbers. 7,r, 7, denotes the
topology on X consisting of all A-open, w-open sets in (X, 7,,), respectively. 7., T,
77 denotes the left ray topology, the right ray topology and the indiscrete topology on
the set of all real numbers, respectively. If there is no scope of confusion, we denote

the (a)topological space (X, {7, }nen) by (X, {7.}).
2. (a)TOPOLOGICAL SPACES

Definition 2.1. [22] If {7,} is a sequence of topologies on a set X, then the pair

(X, {7n}nen) is called an (a)topological space.

Definition 2.2. Let (X, {1,}) be an (a)topological space. The smallest topology on

X containing U,en T, 1S called the least upper bound topology on X.

The least upper bound topology on (a)topological space (X, {7,}) will be denoted
by (< X,{7m.} >). If there is no scope of confusion, we denotes (< X, {7,} >) by

< Ty >

Definition 2.3. A set A C X is said to be s-open if it is open in the least upper

bound topology on (X, {7,}).

Proposition 2.4. A set A C X is s-open if and only if for each x € A there exist
U, € 1,(for each n € N) such that x € Npen U, € A, where U, = X for all except

finitely many n.
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Proof. Let A C X be s-open and x € A be arbitrary. Then A is open in the
least upper bound topology of (X,{7,}). This implies that there exist U;, € ;,,
i =1,2,...,nsuch that x € N}, U;;, € A. Let Uy, = X for all & # j1,72,..., Jn-
Thus, for each x € A there exist U, € 7, such that x € N,eny U,, C A, where U,, = X
for all except finitely many n.

Conversely, let for each x € A there exist U,, € 7, such that x € N,y U, C A, where
U, = X for all except finitely many n, say i1, %o, ...,%. Then x € ﬂle U;; € A. Then

A is open in the least upper bound topology of (X, {7,}) and hence, A is s-open. [
Definition 2.5. A set A C X 1is said to be p-open if A € Upen T
The family of all g-open sets in (X, {7,}) will be denoted by u(7,).

Definition 2.6. A set A C X is said to be quasi-open if for every x € A there exists

U, € 1, such that x € U, C A for some n € N.
Definition 2.7. A set A C X is said to be quasi-closed if X\ A is quasi-open.

The family of all quasi-open sets in (X, {7,}) is denoted by ¢(7,,). It is observe
that 7, C ¢(7,) for all n € N.

Proposition 2.8. A set A C X is quasi-open if and only if A = Upen Gn, where

G, € 1, for alln € N.

Proof. Let A be a quasi-open set in (X, {7,}) and let z € A be arbitrary. Then there
exists U,, € 7,(depending upon x) such that x € U,, C A for some n € N. This implies
that A = Ugeq U,. If required, take U, = () for some naturals n. Then A = U,y U,,

where U,, € 7, for all n € N. Converse follows by Definition 2.6. O

Proposition 2.9. Let (X, {7,}) be an (a)topological space. Then we have the following:

(a). p(tn) Cq(m) C< T, >.
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(b). q(7,) is closed under arbitrary union.

Proof. The proof follows by definitions. OJ

Following example shows that ¢(7,,) is not closed under finite intersection.

Example 2.10. Consider the (a)topological space (R, {7,}) where 71 = 71, Ty = Ty
for alln # 1. Then the set A = (—00,2) € 71 C ¢(7,) and B = (0,00) € 72 C q(73,).
But ANB = (0,2) & q(1,).

In general, < 7, ># q(7,) and Upen 7, # ¢(7,). For example, Consider the
(a)topological space (R,{r,}) where 7 = 7,, 7, = 7, for all n # 1. Then the
set (0,2) = (—00,2) N (0,00) and thus (0,2) €< 7, > But (0,2) & ¢(7,,). Hence,

< Tp >7£ Q(Tn>’

It is observe that the set A = (—00,0) U (2,00) € ¢(7,,) but A & 7, for any n € N.

Hence, UnEN Tn 7A Q(Tn>‘

Definition 2.11. Let (X,{7,}) be an (a)topological space and let A C X. Then
(a). A is said to be u-N (resp. p-w) open in (X,{7.}) if A € Upen Tun
(resp. A € Upen Tnw)-
(b). A is said to be u-N (resp. p-w) closed in (X,{r,}) if X\A is u-N (resp.
p-w) open in (X, {r.}).
(c). A is said to be s-N open in (X,{1.}) if A €< 7n >. That is, A is s-N
open in (X,{1,}) if A is open in the least upper bound topology on X wvia

{7}

The family of all u-N (resp. p-w) open sets in (X, {7,,}) is denoted by u-N(7,)

(resp. p-w(m))-

Theorem 2.12. (a). Every u-open set in (a)topological spaces is ju-N-open.
(b). Every pu-N-open set in (a)topological spaces is j-w-open.
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Proof. (a). Let A be a p-open set in an (a)topological space (X,{7,}). Then A €
w(7,). Tt is obvious that every open set is AM-open so 7,, C 7,x for all n € N. Thus,
w(7) C (7o) and hence, A € p(7,n). So A is u-N-open.

(b). Let A be a u-N-open set in an (a)topological space (X, {7,}). Then A € u(rn).
It is obvious that every A-open set is w-open so T,n+ C Tne for all n € N. Thus,

w(Ton) C p(7) and hence, A € (7). So A is p-w-open. O

The following example shows that the converse of Theorem 2.12 is not true.

Example 2.13. Consider the (a)topological space (R,{1,}) where 7y = 77, 7, = 7
for all n # 1. Then clearly R\Q is p-w-open but not u-N-open. It is also observe
that complement of any finite set is u-N-open but not p-open.

Theorem 2.14. Let (X,{7,}) be an (a)topological space. Then < T, >xy=< Ton >,

where < 1, >x denotes the family of all N-open sets in < 7, >.

Proof. Let A €< 1, > and let © € A. Then there exist U €< 7, > and finite sets
F C X such that x € U\F C A. Since xz € U and U €< 7, >, there exist U, € 7,
such that © € N,eny U, C U, where U, = X for all n except finitely many n, say
n = iy,dg,...,0x. For all n # iy,is,...,i, take F = (). It is observe that for all
n € N, U\F € o, U \F = X for all n # iy,i9,...,0; and x € Nyen (U \F) C
(Nnen Up)\F' CU\F C A. It follows that A €< 7,p >.

Conversely, let A €< 7,0 > and let © € A. Then there exist U, € 7,n such
that © € Nyen U, C A, where U, = X for all n except finitely many n, say n =
i1,1%9,...,1,. For each n = iq,19,...,1;, there exist G,, € 7, and finite sets F;, such
that x € G,\F, C U,. For each n # iy,is,...,i, take G, = X and F,, = . We

observe that © € Nyeny Gp\ Unen Fr € Mpen U, € A, Thus, A €< 71, > O

Theorem 2.15. Let (X, {7,}) be an (a)topological space. Then p-N(7,) C< 7, >n-
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Proof. By Definition 2.11, u-N(7,) = Unpen Tunv €< Tun >. By Theorem 2.14,

< Ty >=< T, > Hence, u-N(1,,) C< 7, > g

In general, inclusion in Theorem 2.15 cannot be replaced by equality. This is shown

by following example.

Example 2.16. Consider the (a)topological space (R, {1,}) where 71 = 7y, T = Tpy
for all n # 1. Then any finite interval (a,b) €< {71,} > because (a,b) e< {r,} >.
But (a,b) & p-N(1,).

Definition 2.17. A set A C X is said to be quasi-w-open (q-w-open) if for each x € A
there exists G € T, for at least one natural n such that v € G C A. Equivalently, a

set A C X is q-w-open if and only if A € q¢(Th).

The family of all quasi-w-open (g-w-open) sets in (X, {7,}) is denoted by ¢-w(7,)

and a set in (X, {7,}) is ¢g-w-closed if its complement is g-w-open.

Definition 2.18. A set A C X s said to be quasi-N-open (q-N-open) if for each
x € A there exists G € T,n for at least one natural n such that v € G C A.

Fquivalently, a set A C X is q¢-N-open if and only if A € q(Tan).

The family of all quasi-A-open (¢-N-open) sets in (X, {7, }) is denoted by ¢-N(7,,)

and a set in (X, {7,}) is ¢-N-closed if its complement is ¢-N-open.

Theorem 2.19. A set A C X is ¢-N-open if and only if for each x € A, there exists
U € u(r,) and a finite set F C X such that x € U\F C A.

Proof. Let A be a ¢-N-open set and let x € A. Then for each n € N there exists
U, € Ton such that A = U,en U,,. Without loss of generality assume that x € Uj.
Since U; € Ty, there exists U € 7 and finite set F' C X such that = € U\F C Uj.

Also U € 71 C u(r,) and U; C A. Thus, there exist U € u(7,) and a finite set F' C X
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such that z € U\F C A.

Conversely, suppose that for each x € A there exists U, € pu(71,) and a finite set
F, C X such that x € U, \F, C A. Let V,, = U{U,\F,: U, € 7,}. It is observe that
V, € Ton for allm € N and A = U, ey V,,. Thus, A is ¢-N-open. O

Theorem 2.20. For an (a)topological space (X,{1,}), following results hold:
- wN(7) € g-N (7).

- q-(m) C Q‘N(Tn)'

g N(1) C< T >0

)
)

(¢)

(d). The family of all g-N-open sets is closed under arbitrary union.

(e). The family of all ¢-N -closed sets is closed under arbitrary intersection.
)

Cq-N(m) C qw(m)-

Proof. (a). Since p(7,) C q(7n), w(man) € q(Tan). Also u(ton) = p-N(7,) and
(Ton) = ¢-N (7). So p-N (1) € ¢-N (7).

(b). Since 7, C T for all n, ¢-(7,) C g-(Tonr). But ¢-(1on) = ¢-N (1), so0 ¢-(1) C ¢-
N (7).

(¢). since ¢-(1,) C< 7, >, ¢-(Tan) C< Ton >. Also ¢-(Ton) = ¢-N(7,) and <
TaN >=< Ty >n. S0 ¢-N (1) C< 7, >0

(d). Since ¢-N (1) = ¢-(Tan) and ¢-(7,n) is closed under arbitrary union, so the
family of all ¢-N-open sets is closed under arbitrary union.

(e). Follows by part (d).

(f). In (a)topological spaces (X, {7,}), every N -open set is w-open. Thus, ¢-N(7,,) C
q-w (7). O

Following example shows that inclusion in part (a). of Theorem 2.20 cannot be

replaced by equality, in general.
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Example 2.21. Consider the (a)topological space (R, {r,}) where 7y = Ty, T = Tpr
for all n # 1. Then the set A = (—o0,1) U (2,00) is a q-N-open set but not a

wu-N-open set.

Following example shows that inclusion in part (b). of Theorem 2.20 cannot be

replaced by equality, in general.

Example 2.22. Consider the (a)topological space (R, {1,}) where 71 = 7y, T = Tpy
for alln # 1. Then the set A = (—o0,0)\{—1} is a ¢-N -open set but not q-open.

Following example shows that inclusion in part (¢). of Theorem 2.20 cannot be

replaced by equality, in general.

Example 2.23. Consider the (a)topological space (R, {1,}) where 71 = 7y, T, = Tpy
for alln # 1. Let A = (a,b) be any finite interval. Then A €< 1, >C< 1, >, but
A 7£ Q’N(Tn>'

Following example shows that the family of all ¢-A-open sets in an (a)topological

space does not form a topological space, in general.

Example 2.24. Consider the (a)topological space (R, {7,}) where 7\ = Tjy, T = Tpr
for alln # 1. Let A = (—o0,1), B = (0,00). Both A and B are ¢-N -open sets in
(R, {7,}) but AN B is not a g-N-open set in (R, {7,}).

Theorem 2.25. In an (a)topological space, q(1,) forms a topology if and only if

q(1) =< {m.} >.

Proof. Let us suppose that ¢(7,,) =< 7, >. Since < 7, > is a topology on X, ¢(7,)
forms a topology on X.
Conversely, suppose that ¢(7,) forms a topology on X. Since ¢(7,,) C< 7, >, it is

sufficient to show that < 7,, >C ¢(7,). Let A €< 7,, > and = € A be arbitrary.
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Then there exist U? € 7, such that z € Nyey Uy C A, where U? = X for all
except finitely many n € N. Since U? € 7,, C ¢q(7,) and ¢(7,) is a topology on X,
Mneny U € q(7) as Npen UZ is just a finite intersection of member of ¢(7,). This
implies that A = Uzea Npeny UZ, where Nyeny UP € ¢(7,,). Since ¢(7,) is a topology

on X, A € ¢q(r,). Thus, <7, >C ¢(7,,) and hence proved. O

Theorem 2.26. In an (a)topological space, ¢-N(7,,) forms a topology if and only if

Q'N(Tn) =<Tp >N-

Proof. Let us suppose that ¢-N(7,,) =< 7, > Since < 7, >ny=< T, > and
< Ton > is a topology on X, ¢-N(7,,) forms a topology on X.

Conversely, suppose that ¢-N(7,,) forms a topology on X. Since ¢-N(7,,) C< Ton >,
it is sufficient to show that < 7,n >C ¢-N(7,). Let A €< 1, > and x € A be
arbitrary. Then there exist U; € T,n such that x € Nyeny U C A, where Uy = X
for all except finitely many n € N. Since U? € 7,n C ¢-N(7,) and ¢-N(7,) is a
topology on X, Nyeny UZ € ¢-N(73,) as Nuen UZ is just a finite intersection of member
of ¢-N(7,,). This implies that A = Uzea Npen UZ, where Nyeny U* € ¢-N(7,,). Since
¢-N(7,) is a topology on X, A € ¢-N(7,). Thus, < 7, >C ¢-N(7,) and hence

proved. U

Definition 2.27. A cover a of an (a)topological space (X, {1,}) is said to be:

(a). {m}-open if a C p(ry,).
(b). p-open if it is {1, }-open and « contains at least one non empty member of

each T,.

Definition 2.28. An (a)topological space (X,{1,}) is said to be:

(a). s-compact if every {7, }-open cover of (X,{7,}) has a finite subcover.

(b). p-compact if every p-open cover of (X,{1,}) has a finite subcover.
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Theorem 2.29. Let (X,{7,}) be an (a)topological space and let A = {W\F: W €
w(ty) and F C X 1is a finite set }. Then (X, {T.n}) is s-compact if and only if every

cover of X consists of elements of A has a finite subcover.

Proof. Suppose that (X, {7,a}) is s-compact and let F be a cover of X with F C A.
Since F € A C Upen Ton = (Tan)- This implies that F is a {7, }-open cover of
(X, {7n}). Since (X, {7.n}) is s-compact, there exists a finite family of members of
F covers X.

Conversely, let F = {F,: a € A} be a {m,x}-open cover of (X, {7n}). Then for
each o € A, F, € Upen Tun- That is, F,, € 7,z for some n € N. Therefore, there
exists A, € u(7,) and finite sets B, such that F, = A,\B,. Thus F, € A and hence

F C A. By hypothesis, F' has a finite subcover. Hence, (X, {7,n}) is s-compact. O

Theorem 2.30. For an (a)topological space (X,{7,}), the following statements are

equivalent:
(). (X,{m.}) is s-compact.
(b). (X, {1un}) is s-compact.
(¢). Each cover of X of members of ¢-N(7,) has a finite subcover.
(d). Each cover of X of members of q(1,) has a finite subcover.

Proof. (a) = (b): Let (X,{7,}) be s-compact. Let A = {W\F: W € u(r,) and
F C X is a finite set} and let F C A be a cover of X. Let F = {W,\F,: a € A,
W, € u(r,) and F, C X is a finite set}. Then X = Usen W,\F,. This implies
that X = Ugsean W,. By part (a.), there exists a finite set A; C A such that
{Wy: o € Ay} covers X. Let H = Uqen, F,. For each z € H, choose a, € A such
that © € Wa,\Fae. Thus, {Wao,\Fa: x € HYU{W,\F,: a € A} is a finite subcover
of F.

(b) = (c¢): Suppose (X, {Tun}) is s-compact and let F = {F,: a € A} be a cover of

X consists of elements of ¢-N(7,,). For each a € A, there exist A,, € T,n such that
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F, = Upen Ang. Since {F,: a € A} covers X and {A,n:n € Nya € A} C pu(7n).
By (b), there exists a finite set A; C A such that {A,,: n € N,a € A} covers X. It
follows that {F,: o € A1} is a finite subcover of F.

(¢) = (d): Let F be a cover of X with F' C ¢(7,). Since ¢(7,) C ¢-N(7,), then
F C ¢-N(7,,). Therefore, by part (¢), F has a finite subcover.

(d) = (a): Let F be a cover of X with F' C u(r,). Since u(r,) C q(7,), by part
(d) every cover of X with members of u(7,) has a finite subcover. It follows that

(X, {7.}) is s-compact. O

Theorem 2.31. Let (X, {1,}) be an (a)topological space. Then (X,{m,}) is p-

compact if and only if (X, {T.n}) is p-compact.

Proof. Let (X,{7,}) be p-compact. Let F = {F,: a € A} be a p-open cover of
(X, {man}). For each n € N, there exist a,, € A such that F,, € 7, \{0}. For
each av € A, there exists an indexed set w, such that F,, = Uge,, Ag\Bs where
{As: € wy} C 1, forsomen € Nand {Bs: € w,} is a family of finite subsets of X.
For every n € N, choose 3, € w,,, such that Ag € 7,,\{0}. Thus, {Ag: 8 € Usen wa}
is a p-open cover of (X, {7,}). Since (X, {7,}) is p-compact, then there exists a finite
set A1 C A such that for every a € Ay, there exists a finite set v, C w, such that
{Ag: B € Unen, Vo) covers X. Take G = {Bs: 8 € Uaen, Vo). For each z € G,
choose a, € A such that z € F,,. Then we have {F,: a € Aj}U{F,,:x € G}isa
finite subcover of F.

Conversely, (X, {7.}) C (X,{7mw}), every p-open cover of (X,{7,}) is also a p-open
cover of (X,{m.n}) and thus every p-open cover of (X,{7,}) has a finite subcover.

Hence, (X, {7,}) is p-compact. O

Theorem 2.32. Let (X,{7,}) be an s-compact (a)topological space. Then every q-
N -closed subset in (X, {1,}) is s-compact in (X,{7,}).
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Proof. Let (X,{7,}) be an s-compact (a)topological space and A is a ¢-N-closed
subset in (X, {7,}). Let F be a {r,}-open cover of A. Then F C ¢(7,,) C ¢-N (7).
since X\ A is ¢-N-open, F U {X\A} C ¢-N(7,,) is a cover of X. Since (X, {7,}) is a
s-compact, (X, {T,a}) is also s-compact. So FU{X\A} has a finite subcover say H.
Thus H\{X\A} is a finite subcover of A and hence A is s-compact in (X, {7,}). O
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