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NEW FAMILIES OF 4-TOTAL PRIME CORDIAL GRAPH
R. PONRAJM . J. MARUTHAMANI®® AND R. KALA®

ABSTRACT. Let G be a (p,q) graph. Let f : V(G) — {1,2,...,k} be a map
where k € N is a variable and & > 1. For each edge u,v € V, assign the label
ged{ f(u), f(v)}. f is called k-total prime cordial labeling of G if |t (7)) — t7(j)| < 1,
i,j € {1,2,--- ,k} where t¢(z) denotes the total number of vertices and the edges
labeled with z. A graph with a k-total prime cordial labeling is called k-total prime
cordial graph. In this paper we investigate the 4-total prime cordial labeling of
some graphs like triangular ladder and armed crown, subdivision of jelly fish and

subdivision of triangular ladder.

1. INTRODUCTION

Graphs considered here are finite, simple and undirected. The notion of cordial
labeling of graphs was introduced by Cahit [1] in 1987. Sundaram, Ponraj and So-
masundaram [11] have introduced the notion of prime cordial labeling. Ponraj et
al. [5], have been introduced the concept of k-total prime cordial labeling motivated
by the prime cordial labeling and investigate the k-total prime cordial labeling of
certain graphs. Also in [5, 6, 7, 8, 9, 10], we investigate the 4-total prime cordial
labeling behaviour of path, cycle, star, bistar, some complete graphs, comb, dou-
ble comb, triangular snake, double triangular snake, ladder, friendship graph, flower

graph, gear graph, Jelly fish, book, irregular triangular snake, prism, helm, dumbbell
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graph, sunflower graph, corona of irregular triangular snake, corona of some graphs
and subdivision of some graphs. In this paper we investigate the 4-total prime cor-
diality of graphs like triangular ladder and armed crown, subdivision of jelly fish and

subdivision of triangular ladder.

2. k-TOTAL PRIME CORDIAL LABELING

Definition 2.1. Let G be a (p, q) graph. Let f: V(G) — {1,2,...,k} be a function
where k£ € N is a variable and k£ > 1. For each edge wv, assign the label ged(f(u),
f(v)). f is called k-total prime cordial labeling of G if |t(i) —t;(j)| < 1, 4,j €
{1,2,---,k} where t¢(z) denotes the total number of vertices and the edges labeled
with z. A graph with a k-total prime cordial labeling is called k-total prime cordial

graph.

3. PRELIMINARIES

Definition 3.1. If e = uv is an edge of G, then e is said to be subdivided when it is
replaced by the edges uw and wv. The graph obtained by subdividing each edge of
a graph G is called the subdivision graph of G and is denoted by S(G).

Definition 3.2. The armed crown AC,, is obtained from the cycle C,, with V(AC,,) =
V(Cy) U{v,w; : 1 <i<n}and E(AC,) = E(C,) U{ww;,wv; : 1 <i<n}.

Definition 3.3. The triangular ladder T L,, is obtained from the path ujus ... u, ans
VU ... v, with V(TL,) = {us,v; 0 1 < i <n} and E(TL,) = {uui1, 0041 1 1 <

i<n—1}U{ww :1<i<n}

Definition 3.4. Jelly fish graph J(m,n) is obtained from a cycle Cy : uxvwu by
joining x and w with an edge and appending m pendent edges to u and n pendent

edges to v.
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Definition 3.5. Let f be a map from V(G) to {0, 1,..., k—1}, where k is an integer,
2 < k < |V(G)|. For each edge uwv, assign the label f(u)f(v)(modk). f is called
k-total product cordial labeling of G if |f(i) — f(5)| < 1, 4,7 € {0,1,--- kK — 1}
where f(z) denotes the total number of vertices and the edges labeled with z =
0,1,2,....k — 1. A graph with a k-total product cordial labeling is called k-total

product cordial graph.

Theorem 3.1. [5|K, + mK; is not 4-total prime cordial iff m > 1.

Remark 3.1. [4] 2- total prime cordial graph is 2-total product cordial graph.

4. MAIN RESULTS

Theorem 4.1. The triangular ladder graph T'L,, is 4-total prime cordial iff n ¢ {2, 3}.

Proof. Let V(TL,) = {u;,v; : 1 <i<n}and E(TL,) = {wuir1, v;vis1, uiviy - 1 <
i <n—1}U{ww; : 1 <i<n}. Clearly |V(TL,)|+ |E(TL,)| = 6n— 3. We consider
the following cases according to the nature of n.

Case 1. n =0 (mod 4).

Let n = 4r, r > 1 and r € N. Assign the label 4 to the vertices uq,us, ..., u,
and assign the label 2 to the vertices w, i1, ur19,...,us.. Next we assign the label
3 to the vertices wg,y1, Ugpia, ..., U341 then we assign the label 1 to the vertices
U3pt2, Ugrt3, - - -, Usr—1. Finally we assign the label 4 to the vertex wug.. Next we
consider the vertices v; (1 < i < n). Assign the label 4 to the vertices vy, vs, ..., v,
and assign the label 2 to the vertices v,41,v,49,...,v9.. Next we assign the label 3
to the vertices vo.11,Vorya,...,vs3.. Next we assign the label 4 to the vertex vg,.y;.
Finally we assign the label 1 to the vertices vs 49, U343, ..., 0. Clearly ty(1) =
tr(3) =tp(4) = 6r — 1 and t4(2) = 6r.

Case 2. n=1 (mod 4).
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Let n =4r+1,r > 1 and r € N. In this case, assign the same label as in case 1 to the
vertices u;, v; (1 <17 < n—3). Next we assign the labels 3, 1, 2, 4, 1, 1 respectively to
the vertices ws,_2, Uar_1, Uar, Vap—2, Var—1 and vy,. Here t,(1) =t4(2) = t4(3) = 6r+1
and t(4) = 6r.

Case 3. n=2 (mod 4).

Let n =4r+2,r > 1 and r € N. Assign the same label as in case 2 to the vertices u;,
v; (1 <i<n—2). Finally we assign the labels 2, 4, 3, 4 respectively to the vertices
Ugr—1, Ugr, Var—1 and vy,. It is easy to verify that t7(1) = ¢,(2) =t4(3) = 6r + 2 and
tr(4) = 6r + 3.

Case 4. n =3 (mod 4).

Let n =4r + 3, r > 1 and r € N. In this case, assign the same label as in case 3 to
the vertices u;, v; (1 < i < n —4). Then we assign the labels 3, 2, 1, 2, 4, 4, 1, 3
to the vertices uyg,_3, Ugp_2, Usr_1, Usr, Var_3, Var_2, Var_1 and vy, respectively. Here
tr(1) =t4(3) =tp(4) = 6r+4 and t(2) = 6r + 3.

Case 5. n = 2.

Theorem 3.1 gives n = 2 is not a 4-total prime cordial.

Case 6. n = 3.

Any one of the following types occur:

Type 1: tp(1) =t4(2) =t,(3) =4 and t;(4) = 3.

Type 2: tf(Q) = tf(g) = tf(4) =4 and tf(l) = 3.

Type 3: tf(l) = tf(g) = tf(4> =4 and tf(Q) = 3.

Type 4: tf(l) = tf(Q) = tf(4> =4 and tf(g) = 3.
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Type 1 and Type 2: t4(3) = 4. f(u1) =3, f(us) =3 and f(vg) = 3. All the others
are symmetry. To get the label 2, it is easy to verify that f(us) = f(v1) = f(v3) = 2.
This implies t7(4) = 0, a contradiction.

Type 3: In this case, t;(3) = 4. By symmetry, assume f(u;) = 3, f(u3z) = 3 and
f(ve) = 3. To get the label 4, clearly f(us) = f(v1) = f(v3) = 4. This implies

t7(2) =0, a contradiction.

Type 4: In this case, t;(4) = 4. Therefore by symmetry, assume f(u1) = f(us3)
f(v2) = 4. To get the label 3, clearly f(us) = f(us) = 3. Therefore, t¢(2) = 3, a
contradiction.

Case 7. n=4,5,6,7.

Uy

U2

%

U I T S IS I

Uyg

w | o e ] ot

Us

S I NG U B O S SO e N

Ug

U7

U1

V2

N [ | W | W NN

U3

W | W [N

—_

Uy

w | w | w ||~
w lw | | o |

Us

Vg 113




552 R. PONRAJ, J. MARUTHAMANI AND R. KALA
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Table 1: A 4-total prime cordial labeling of n = 4,5,6,7

Illustration 4.1.

4 4
4 2
2 3
3 3

FIGURE 1. A 4-total prime cordial labeling of T'L,4

Theorem 4.2. The subdivision of triangular ladder T'L,,, S(T'L,) is 4-total prime

cordial for all n.

Proof. Let V(TL,) = {u;,v; : 1 < i < n} and E(TL,) = {wir1, 0Vi11, UiV :
1 <i<n—-—1}U{uw; : 1 <i<n}. Letuy, z; w; and z; be the vertices which
subdivide the edges w;u; 11, u;v;, v;v;11 and u;v;, 1 respectively. Clearly |V (S(TL,))|+
|E(S(TLy))| = 14n — 9. We consider the following cases according to the nature of
n.

Case 1. n =0 (mod 4).

Let n = 4r, r > 1 and » € N. Assign the label 4 to the vertices uy, uo,...,u, and
V1, Vg, ..., 0. Assign the label 2 to the vertices w, 1, Upi2, - . ., Uop aNd Vyi1, Upia, . .., Ugp.
Next we assign the label 3 to the vertices wg, 11, Ugria,. .., s, and Vo, 1, Vorya, ..., Vs,
then we assign the label 1 to the vertices uz, 11, ugri9, ..., Ugr—1 and V3411, Usppo, - - o, Vgp1.

Finally, we assign the labels 4 and 3 to the vertices uy,. and vy, respectively. Next we

consider the vertices x; (1 < i < n). Assign the label 4 to the vertices x1, xs, ..., x,
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and assign the label 2 to the vertices x,.1,%19,...,%2.. Now we assign the label
3 to the vertices zo.11,Tor10,...,23.. Finally we assign the label 1 to the vertices
T3p41, T3rpo, - - -, Tgr. Now we consider the vertices y;, w; (1 < i < n —1). Assign

the label 4 to the vertices yi, o, ..., ¥y, and wy, ws,...,w,. Assign the label 2 to the

vertices Yri1, Yri2s .- -, Y2r—1 and Wiy, Wria, ..., Wwe—1. Next we assign the label 3
to the vertices yo,, Yori1, - - -, Y3r—1 and wa,., Wori1, ..., w1 then we assign the label
1 to the vertices ys,, Ysra1, - -, Yar—o and Wz, Wapy1,. .., Wyr_o, Wyr—1. Finally, we

assign the labels 2 vertex y4,_1. Next we consider the vertices z; (1 < i < n —1).

Assign the label 4 to the vertices zi, z9,..., 2, and assign the label 2 to the ver-
tices 2p41, Zra2, - - -, 22, Now we assign the label 3 to the vertices 29,11, 20712, - - -, 23,
Finally we assign the label 1 to the vertices 23,41, 2349, - - -, Z4r—1-

Case 2. n=1 (mod 4).

Let n=4r+1,r > 1 and r € N. In this case, assign the same label as in case 1 to
the vertices u; (1 <i<n—1),v; (1<i<n-—-1),2; (1 <i<n),y; (1<i<n-—-2),
w; (1<i<n-—2)and z (1 <i<n-—23). Finally we assign the labels 2, 2, 4, 3, 4,
3 respectively to the vertices g, Var, Yar—1, War_1, Zar_o and zg._1.

Case 3. n=2 (mod 4).

Let n =4r +2,r > 1 and r € N. Assign the same label as in case 2 to the vertices
w (1<i<n—-1)vu(1<i<n—-1),z(1<i<n—-1),y (1<i<n-—2), w
(1<i<n-—2)and z (1 <i<n-—4). Finally we assign the labels 4, 3, 2, 4, 3, 1,
4, 3 to the vertices Uy, Var, Tar, Yar—1, War_1, Z4r—3, 24r—2 and zy._1 respectively.
Case 4. n =3 (mod 4).

Let n =4r+3,r > 1 and r € N. In this case, assign the same label as in case 3 to the
vertices u; (1<i<n—1), v, (1<i<n—-1),z; (1<i<n—-1),y, (1<i<n-2),
w; (1<i<n-—2)and z (1 <i<n-—>5). Finally we assign the labels 3, 4, 2, 3, 4,
2,4, 3, 1 respectively to the vertices w4y, Var, Tar, Yar—1, War_1, Zar—a, Zar—3, Z4r—2 and

Z4r_1 Tespectively.
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Case 5. n=2,3,4,5,6,7.
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m 3133
Ys 13
Ye 1
wy |1]12]2(414(4
Wo 3122|224
w3 313122
Wy 21313
Wy 113
Weg 1
s l20204]2]4]4
29 41311122
2 11312
2y 1133
25 113
26 1

Table 2: A 4-total prime cordial labelingn = 2,3,4,5,6,7

Illustration 4.2.

4 2
4 2 1
she——N3
3 d 13
1 3

FIGURE 2. A 4-total prime cordial labeling of S(7'L3)
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Theorem 4.3. The armed crown graph AC), is 4-total prime cordial for all n > 3.

Proof. Let C), be the cycle ujus . . . u,u;. Then armed crown is obtained from the cycle
C, with V(AC,) = V(C,) U{v;,w; : 1 <i<n} and E(AC,) = E(C,) U {uw;, wv; :
1 < i < n}. Clearly |V(AC,)| + |E(AC,)| = 6n. We consider the following cases
according to the nature of n.

Case 1. n =0 (mod 4).

Let n = 4r, r > 1 and r € N. Assign the label 4 to the vertices uq,us, ..., u,
and assign the label 2 to the vertices w,y1,up19,...,us.. Next we assign the la-
bel 3 to the vertices wo, 11, Ugpia, ..., us then we assign the label 1 to the vertices
Uspa1, Ugpso, - - -, Ugr. NOW We move to the vertices w; (1 <17 < n). Assign the label 4
to the vertices wy, ws, . .., w, and assign the label 2 to the vertices w1, W, o, ..., W
Next we assign the label 3 to the vertices wo,y1, Wy, ..., w3, then we assign the
label 1 to the vertices wsy11, Wsp19, ..., ws—1. Finally we assign the label 3 to the
vertex wy,.. Next we move to the vertices v; (1 < i < n). Assign the label 4 to the
vertices vy, vo, ..., v, and assign the label 2 to the vertices v, 11, v,190,...,vs.. Next
we assign the label 3 to the vertices vy, 41, V919, ...,v3. then we assign the label 1
to the vertices vs,11, U349, ..., v4-—1. Finally we assign the label 4 to the vertex vy,.
Clearly t7(1) =t§(2) =t4(3) = t;(4) = 6r.

Case 2. n=1 (mod 4).

Let n=4r+ 1, r > 1 and r € N. Assign the same label as in case 1 to the vertices
uw (1<i<n—1),w; (1<i<n-—1)andv; (1 <i<n—1). Finally we assign the
labels 3, 4, 2 respectively to the vertices 4., ws and vy,.. It is easy to verify that
tr(1) =t4(2) =6r+2 and t;(3) =t;(4) =6r + 1.

Case 3. n =2 (mod 4).

Let n=4r + 2, r > 1 and r € N. In this case, assign the same label as in case 1 to

the vertices u; (1 <i<n—2), w; (1<i<n-—2)andv; (1 <i<n-—2). Finally
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we assign the labels 2, 3, 4, 3, 4, 2 respectively to the vertices uyg,_1, Uy, War_1, Wy,
Vgr—1 and vy,. Here t;(1) =1t,(2) =t4(3) =ts(4) = 6r + 3.

Case 4. n =3 (mod 4).

Let n =4r + 3, r > 1 and r € N. Assign the same label as in case 2 to the vertices
u (1<i<n—2),w; (1<i<n-—2)andwv; (1 <i<n—2). Finally we assign the
labels 2, 4, 3, 1, 3, 4 respectively to the vertices 4, _1, Usgr, War_1, War, Vgr_1 and V.
Here t4(1) =t¢(2) = 6r + 5 and t4(3) = t;(4) = 6r + 4.

Case 5. n=3,4,5,6,7.

n|3/4/5(6|7
up |4(41414)4
uy |2 12)414)4
us (3131222
Uy 1131312
Us 3133
Ug 113
Uy 1
wy 41414144
we [212]2|4(4
ws 33222
Wy 413132
Ws 11313
We 113
Wy 1
vy (41414144
vy 1121224
vy |313(1]2]2
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Uy 313131
Us 112]3
Vg 113
ore 1

Table 3: A 4-total prime cordial labeling n = 3,4,5,6,7

Illustration 4.3.

FIGURE 3. A 4-total prime cordial labeling of AC}

Theorem 4.4. The subdivision of jelly fish J(n,n), S(J(n,n)) is 4-total prime cordial

for all values of n.

Proof. Let u, ws, v, ws be the vertices such that u, v are adjacent to ws and wo,
ws is adjacent to wy. Let u; be the pendent vertices adjacent to u and y; be the
pendent vertices adjacent to v. Let z;, v;, wi, ws, wy, wg and w; be the vertex
which subdivide the edge uu;, vv;, uws, wev, Vws, wsu and wews respectively. Clearly
[V (S(J(n,n)))|+|E(S(J(n,n)))| = 8n+19. We consider the following cases according

to the nature of n.
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Case 1. n =0 (mod 4).

Let n =4r, r > 1 and r € N. Assign the labels 4, 2, 2, 1, 3, 3, 3, 1, 1 respectively to
the vertices u, wy, wy, ws, v, wy, ws, wg and wy. Assign the label 4 to the vertices
Uy, Usg, - . ., Ug- and assign the label 2 to the vertices uoqi1, Ugrio, ..., Usy. Now we
consider the vertices z; (1 <i <n). Assign the label 4 to the vertices =1, s, ..., T,
and assign the label 2 to the vertices wo,i1, Xor49,...,24.. Next we move to the
vertices y; (1 < i < n). Assign the label 3 to the vertices y1,¥s, ..., y2.. Next we
assign the label 4 to the vertex ys,..1. Finally we assign the label 1 to the vertices
Y2125 Y2r23, - - - Yar. NOW we consider the vertices v; (1 < i < n). Assign the label
3 to the vertices vy, vy,...,vy.. Next we assign the label 4 to the vertices wvo.11
and vg.1o. Finally we assign the label 1 to the vertices vo,y3, Varig, ..., vy Clearly
tr(1) =t;(3) =tp(4) =8+ 5 and t;(2) =8r + 4.

Case 2. n=1 (mod 4).

Let n=4r+1,r > 1 and r € N. In this case, assign the same label as in case 1 to
the vertices u, wy, we, ws, v, Wy, Ws, We, Wz, u; (1 <i<n—1),2; (1 <i<n-—1),
y; (1 <i<n-—1)and v; (1 <i < n—1). Finally we assign the labels 3, 4, 2, 2
respectively to the vertices uy,, T4y, Ysr and vy, Here tp(1) =14(2) =t;(4) =8r + 7
and t(3) = 8r + 6.

Case 3. n =2 (mod 4).

Let n =4r+2,r > 1 and r € N. Assign the same label as in case 2 to the vertices u,
Wy, We, W3, U, Wy, W, We, W7, U; (1 <i<n—1),2; (1 <i<n—-1),y (1<i<n-—1)
and v; (1 < ¢ < n —1). Finally we assign the labels 3, 3, 2, 4 respectively to
the vertices ws,, Z4r, yar and vy.. Obviously t;(1) = ¢4(2) = t4(3) = 8 + 9 and
tr(4) =8r+8.

Case 4. n =3 (mod 4).

Let n = 4r +3, r > 1 and r € N. Assign the same label as in case 3 to the

vertices u, wy, Wy, w3, v, Wy, Ws, we, Wy, u; (1 <7 <n—1), 2 (1 <i<n—1),
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y; (1 <i<n-—1)and v; (1 <i<n—1). Finally we assign the labels 2, 4, 3, 4
respectively to the vertices wa,, x4, yar and vg,. It is easy to verify that t;(1) = 8r+10
and t7(2) =t;(3) =tp(4) = 8r + 11.

Case 5. n=1,2,3,4,5,6,7.
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X7
y1 131313
Y2 313

w | W | W

Y3 3

W | W | W W
W | W | W | W

Ya 1
Ys 1 1

W W | W | W | W | NN

Ye 11

Y 1
vy 31313

V2 313

W | W | W
W | W | W

V3 1

V4 1]1

(% 11111

Vg 1(1

(%4 1

Table 4: 4-total prime cordial labelingn = 1,2,3,4,5,6,7
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Illustration 4.4.

FIGURE 4. A 4-total prime cordial labeling of S(.J(4,4))
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