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k- KERNELS IN DIGRAPHS FORMED BY SOME

OPERATIONS FROM OTHER DIGRAPHS

R. LAKSHMI (1) AND D.G. SINDHU (2)

Abstract. Let k ≥ 2 be a positive integer. For a digraph D, a

set J ⊆ V (D) is said to be a k- kernel of D if for every x, y ∈ J,

dD(x, y) ≥ k and for every z ∈ V (D)\J, there exists w ∈ J such

that dD(z, w) ≤ k − 1. Given a digraph D, as a generalisation of

the operations defined in [9], we define operations on D, each of

which results in a digraph with a k- kernel.

1. Introduction

For notation and terminology, in general, we follow [1] and [2]. Let

D denote a finite digraph with vertex set V (D) and arc set A(D).

For x, y ∈ V (D), distance from x to y in D, denoted by dD(x, y), is

the number of arcs in a shortest directed path from x to y in D.

ForX, Y ⊆ V (D), dD(X, Y ) = min{dD(x, y) : x ∈ X, y ∈ Y }.When

X = {x}, dD({x}, Y ) = dD(x, Y ). Similar notation holds for Y = {y}.

For x ∈ V (D), N+
D (x) = {y ∈ V (D) : (x, y) ∈ A(D)} and

N−

D(x) = {y ∈ V (D) : (y, x) ∈ A(D)}.

For x ∈ V (D), and for an integer j, let Γ+j
D (x) = {y ∈ V (D) : dD(x, y) ≤

j} and Γ−j
D (x) = {y ∈ V (D) : dD(y, x) ≤ j}. For disjoint sets X and
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Y of vertices, let X → Y denote the digraph with vertex set X∪Y and

arc set {(x, y) : x ∈ X and y ∈ Y } and let X 7→ Y denote a spanning

subdigraph of X → Y such that for every y ∈ Y there exists an x ∈ X

such that x → y. Note that the arc set of the digraph X 7→ Y is not

unique. For convenience, we denote any such digraph using the same

notation X 7→ Y.

Let k ≥ 2 and ` be positive intergers. For a set J ⊆ V (D), J is

k- independent if for every x, y ∈ J, dD(x, y) ≥ k; J is `- absorbent if

for every z ∈ V (D)\J, there exists w ∈ J such that dD(z, w) ≤ `; J is

a (k, `)- kernel of D if J is both k- independent and `- absorbent in D.

A k- kernel is a (k, k − 1)- kernel.

It follows from the definition of (k, `)- kernel that, for 2 ≤ k0 ≤ k

and ` ≤ `0, every (k, `)- kernel of D is a (k0, `0)- kernel of D.

The concept of (k, `)- kernel was introduced by Borowiecki and Kwaśnik

(see [11]). A 2- kernel is the classical kernel which was first introduced

by Von Neumann and Morgenstern in the context of Game Theory as

a solution for co-operative n-player games.

Kernels, on its own, is an interesting research area in digraphs with

applications (see [13]) in diverse fields such as logic, decision theory,

game theory, artificial intelligence and coding theory. They are directly

used to model real-life situations. For example, they are used to find

an optimal set of locations to build service centers such as hospitals,

schools, etc. From the independence, we will avoid constructing two

centers next to one another. Because of the want to spot on, between

any two centers maximum distance may be allowed and from any place

outside the center, at least one of the service center is reachable at a

minimum distance. Here arises the inevitability to study (k, `)- kernels.
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Several contributions were made on the study of (k, `)- kernels in di-

graphs. For a comprehensing view, see the survey article [7]. Specifi-

cally, presence of k- kernels in several classes of digraphs has been con-

centrated widely (see [4], [5], [6] and [10]). The problem of determining

whether a digraph has a k- kernel is proved to be NP - complete (see

[5]). In addition to the investigation of the existence of k- kernels in a

given digraph, constructing digraphs with k- kernels is also an aspect

of study (see [3], [8], [9] and [12]).

In [12], the author investigated some unary operations on digraph D

(namely, S(D), R(D), Q(D) and T (D)) and obtained some necessary

or sufficient conditions for the existence or uniqueness of kernels in di-

graphs formed by these operations from another digraph. In [9], given

a digraph D and any integer k ≥ 2, Galeana-Sánchez and Pastrana

have defined four operations Sk(D), Rk(D), Qk(D) and T k(D). It is

proved that, for k ≥ 2, Sk(D), Rk(D), Qk(D) have a k- kernel and for

k ≥ 3, T k(D) has a k- kernel. Generalising these four operations on

D, we introduce four operations that result in digraphs containing a

k- kernel.

2. Operations on digraphs that results in digraphs with

k-kernels

Let k ≥ 2 be an integer. As we are dealing with k- kernels of more

than one digraph, we use J(D) to denote a k- kernel of the digraph D.

2.1. A generalisation of Sk(D) and Qk(D).

Let Dk be the set of all connected digraphs H such that H has a

unique k- kernel J(H) with at least 2 vertices.

Given a digraph D with arc set A(D) = {e1, e2, . . . , em}, say ei =

(xi, yi), i ∈ {1, 2, . . . , m}, and m digraphs Hi, i ∈ {1, 2, . . . , m}, in
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Dk, with xi, yi ∈ J(Hi), V (Hi) ∩ V (D) = {xi, yi} and for i, j ∈

{1, 2, . . . , m} with i 6= j, V (Hi) ∩ V (Hj) ⊆ V (D), we define two di-

graphs Sk(D;H1, x1, y1; . . . ;Hm, xm, ym) andQk(D;H1, x1, y1; . . . ;Hm, xm, ym)

as follows:

I. Sk(D;H1, x1, y1; . . . ;Hm, xm, ym) be the digraph obtained from D

by replacing the arcs e1, e2, . . . , em by the digraphs H1, H2, . . . , Hm,

respectively.

II.Qk(D;H1, x1, y1; . . . ;Hm, xm, ym) = Sk(D;H1, x1, y1; . . . ;Hm, xm, ym)

∪
(
⋃

(N−

Hi
(yi)\Γ

+(k−3)
Hi

(yi)) → (N−

Hj
(yj)\Γ

+(k−3)
Hj

(yj))
)

,

where the union
⋃

runs over all paths xieiyi(= xj)ejyj of length 2 in

D. Here, the path xieiyi(= xj)ejyj represents the path xieiyiejyj with

yi = xj.

For example, see Figures 1, 2, 3 and 4.

In I and II, when we take each Hi as a directed path P`i+1 of length

`i ≡ 0 (mod k) with origin xi and terminus yi, we have S
k(D;P`1+1, x1, y1; . . . ;

P`m+1, xm, ym) and Qk(D;P`1+1, x1, y1; . . . ; P`m+1, xm, ym).

In [9], the digraphs Sk(D;P`1+1, x1, y1; . . . ;P`m+1, xm, ym) andQk(D;P`1+1, x1,

y1; . . . ;P`m+1, xm, ym) are denoted, respectively, using the notation Sk(D)

and Qk(D), both of which, in the sense of [9], are not unique. Also,

Galeana-Sánchez and Pastrana have proved that both Sk(D) andQk(D)

contains a k- kernel. We now generalise this result to Sk(D;H1, x1, y1; . . . ;Hm, xm, ym)

and Qk(D;H1, x1, y1; . . . ; Hm, xm, ym).
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( Dotted arcs are the arcs of

Q3(D;H1, x1, y1;H2, x2, y2;H3, x3, y3;H4, x4, y4;H5, x5, y5)

{|

2.2. k- kernels in the generalisations.

Theorem 2.1. The digraphs Sk(D;H1, x1, y1; . . . ;Hm, xm, ym) and Q
k(D;H1, x1,

y1; . . . ;Hm, xm, ym) contains a k- kernel.
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Proof. For the sake of convenience, we use Sk
H1,...,Hm

(D) andQk
H1,...,Hm

(D),

respectively, for Sk(D;H1, x1, y1; . . . ;Hm, xm, ym) andQk(D;H1, x1, y1;

. . . ; Hm, xm, ym).

Let J =
m
⋃

i=1

J(Hi). By the definition of Sk
H1,...,Hm

(D) andQk
H1,...,Hm

(D),

V (D) ⊆ J.

Claim 1. J is k- independent in Qk
H1,...,Hm

(D).

Let x, y ∈ J. If dQk
H1,...,Hm

(D)(x, y) = ∞, then there is nothing to

prove. So, assume dQk
H1,...,Hm

(D)(x, y) < ∞. Let P be a shortest di-

rected path from x to y in Qk
H1,...,Hm

(D).

Observe that the first and the last arcs of P are in Sk
H1,...,Hm

(D). If

the first arc of P is in Hi for some i ∈ {1, 2, . . . , m}, then x ∈ J(Hi).

Similarly, if the last arc of P is in Hj for some j with j ∈ {1, 2, . . . , m},

then y ∈ J(Hj).

If P ⊆ Hi, then i = j and x, y ∈ J(Hi). Therefore, dQk
H1,...,Hm

(D)(x, y) =

dHi
(x, y) ≥ k.

If P 6⊆ Hi, then, let P0 be the maximal section of P contained in Hi

with origin x. If xi or yi is the terminus of P0, then dQk
H1,...,Hm

(D)(x, y) ≥

dHi
(x, xi) ≥ k or dQk

H1,...,Hm
(D)(x, y) ≥ dHi

(x, yi) ≥ k, respectively. So,

assume that neither xi nor yi is the terminus of P0. But then, the termi-

nus of P0 is in N−

Hi
(yi)\Γ

+(k−3)
Hi

(yi), say, z. Note that dQk
H1,...,Hm

(D)(x, y)

= dQk
H1,...,Hm

(D)(x, z) + dQk
H1,...,Hm

(D)(z, y) = dHi
(x, z) + dQk

H1,...,Hm
(D)(z, y).

Clearly, dQk
H1,...,Hm

(D)(z, y) ≥ 1. If x 6= yi, then, as dHi
(x, yi) ≥ k,

dHi
(x, z) ≥ k − 1. If x = yi, then, as z /∈ Γ

+(k−3)
Hi

(yi), dHi
(x, z) =

dHi
(yi, z) ≥ k − 2; and as the arc of P with tail z is in (N−

Hi
(yi)\

Γ
+(k−3)
Hi

(yi)) → (N−

Ht
(yt) \ Γ

+(k−3)
Ht

(yt)) for some t 6= i, where N−

Ht
(yt)

\ Γ
+(k−3)
Ht

(yt) ⊆ V (Qk
H1,...,Hm

(D)) \ J, we have dQk
H1,...,Hm

(D)(z, y) ≥ 2.

Thus, in any case, dQk
H1,...,Hm

(D)(x, y) ≥ k.

This proves Claim 1.
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Claim 2. J is (k − 1)- absorbent in Sk
H1,...,Hm

(D).

Let z ∈ V (Sk
H1,...,Hm

(D)) \J. We prove dSk
H1,...,Hm

(D)(z, J) ≤ k − 1.

By the definition of Sk
H1,...,Hm

(D) and J, there exists i such that z ∈

V (Hi)\J(Hi). As J(Hi) is a k- kernel of Hi, there exists x ∈ J(Hi)

such that dHi
(z, x) ≤ k − 1. By the definition of Sk

H1,...,Hm
(D) and J,

dSk
H1,...,Hm

(D)(z, J) ≤ dSk
H1,...,Hm

(D)(z, x) = dHi
(z, x) ≤ k − 1 and x ∈ J,

respectively.

This proves Claim 2.

As Sk
H1,...,Hm

(D) is a spanning subdigraph of Qk
H1,...,Hm

(D), Claims 1

and 2 imply that J is a k- kernel of both Sk
H1,...,Hm

(D) and Qk
H1,...,Hm

(D).

�

2.3. A generalisation of Rk(D) and T k(D).

Let D0
k be the set of all connected digraphs H such that H has a

unique k- kernel J(H). (Let H ∈ D0
k with the unique k- kernel J(H).

If |J(H)| ≥ 2, then H ∈ Dk; otherwise, |J(H)| = 1, then J(H) = {v}

and Γ
−(k−1)
H (v) = V (H).) Given a digraph Hr ∈ D0

k , we construct two

digraphs H ′

r and H ′′

r as follows:

For k ≥ 3, let H ′

r = Hr ∪ {x(r) → y(r), x(r) → u(r), v(r) → W
(r)
1 7→

W
(r)
2 7→ · · · 7→ W

(r)
k−2 → y(r)}, where u(r), v(r) ∈ J(Hr) (not necessarily

distinct); {x(r)}, W
(r)
1 , W

(r)
2 , . . . , W

(r)
k−2, {y

(r)} are nonempty sets of

vertices which are pairwise disjoint and ({x(r)} ∪ W
(r)
1 ∪ W

(r)
2 ∪ · · · ∪

W
(r)
k−2 ∪ {y(r)}) ∩ V (Hr) = ∅.

For k = 2, let H ′

r = Hr ∪ {x(r) → y(r), x(r) → u(r), v(r) → y(r)},

where u(r), v(r) ∈ J(Hr) (not necessarily distinct); x(r) 6= y(r) and

{x(r), y(r)} ∩ V (Hr) = ∅.

For 1 ≤ t ≤ k − 1, let H ′′

r,t = Hr ∪ {x(r) → y(r)} ∪ {x(r) → W
(r)
1 7→

W
(r)
2 7→ · · · 7→ W

(r)
t → u(r)}, where u(r), y(r) ∈ J(Hr) (not necessar-

ily distinct); {x(r)}, W
(r)
1 ,W

(r)
2 , . . . ,W

(r)
t are nonempty sets of vertices
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which are pairwise disjoint and ({x(r)} ∪ W
(r)
1 ∪ W

(r)
2 ∪ · · · ∪ W

(r)
t ) ∩

V (Hr) = ∅.

For t = 0, let H ′′

r,0 = Hr ∪ {x(r) → y(r)} ∪ {x(r) → u(r)}, where

u(r), y(r) ∈ J(Hr) (not necessarily distinct); and x(r) /∈ V (Hr).

Let H ′′

r = H ′′

r,t for some t with 0 ≤ t ≤ k − 1.

Given a digraph D with arc set A(D) = {e1, e2, . . . , em}, say ei =

(xi, yi), i ∈ {1, 2, . . . , m}, and m digraphs Hi, i ∈ {1, 2, . . . , m}, in D0
k ,

and so, 2m digraphs H ′

i, H
′′

i , i ∈ {1, 2, . . . , m}, with

(i) xi = x(i) and yi = y(i),

(ii) V (H ′

i) ∩ V (D) = V (H ′′

i ) ∩ V (D) = {xi, yi} and

(iii) for i, j ∈ {1, 2, . . . , m} with i 6= j,

V (H ′

i)∩V (H ′

j) ⊆ V (D), V (H ′

i)∩V (H ′′

j ) ⊆ V (D), V (H ′′

i )∩V (H ′′

j ) ⊆

V (D), we define two digraphs Rk(D;H1, x1, y1; . . . ;Hm, xm, ym) and

T k(D;H1, x1, y1; . . . ; Hm, xm, ym) as follows:

I. Rk(D;H1, x1, y1; . . . ;Hm, xm, ym) be the digraph obtained from D

by replacing every arc of D such that the below conditions are satisfied:

if d+D(yi) ≥ 1, then replace ei by H ′

i such that xi = x(i) and

yi = y(i);

if d+D(yi) = 0, then replace ei by H ′′

i such that xi = x(i) and

yi = y(i).

II. T k(D;H1, x1, y1; . . . ;Hm, xm, ym) = Rk(D;H1, x1, y1;. . . ;Hm, xm, ym)

∪
(
⋃

(W
(i)
k−2→Aj)

)

, where the union
⋃

runs over all paths xieiyi(=

xj)ejyj of length 2 in D, and Aj = W
(j)
k−2 if d

+
D(yj) ≥ 1; Aj = N−

H′′

j
(y(j))

\ {x(j)} if d+D(yj) = 0.

For example, see Figures 1, 5, 6 and 7.

For every i ∈ {1, 2, . . . , m}, when we take

(i) Hi = P`i+1, where `i ≡ 0(mod k),
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(ii) H ′

i with |W
(i)
1 | = |W

(i)
2 | = · · · = |W

(i)
k−2| = 1, u(i) and v(i), respec-

tively, as the origin and terminus of P`i+1, and

(iii) H ′′

i = H ′′

i,k−1 with |W
(i)
1 | = |W

(i)
2 | = . . . = |W

(i)
k−1| = 1, u(i) and

y(i), respectively, as the origin and terminus of P`i+1,

we have the digraphsRk(D;P`1+1, x1, y1; . . . ;P`m+1, xm, ym) and T k(D;P`1+1, x1,

y1; . . . ;P`m+1, xm, ym) as in [9], which are denoted by Rk(D) and T k(D),

respectively. Note that, in the sense of the authors of [9], Rk(D) and

T k(D) are not unique. In [9], they have proved that Rk(D) contains

a k- kernel for k ≥ 2 and T k(D) contains a k- kernel for k ≥ 3. We

now generalise these results to Rk(D;H1, x1, y1;. . . ;Hm, xm, ym) and

T k(D;H1, x1, y1; . . . ;Hm, xm, ym).
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R3(D;H1, x1, y1;H2, x2, y2;H3, x3, y3;H4, x4, y4;H5, x5, y5)

( Dotted arcs are the arcs of
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2.4. k- kernels in the generalisations.

Theorem 2.2. For k ≥ 2, the digraph Rk(D;H1, x1, y1; . . . ;Hm, xm, ym)

contains a k- kernel and for k ≥ 3, the digraph T k(D;H1, x1, y1; . . . ;Hm, xm, ym)

contains a k- kernel.
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Proof. For the sake of convenience, we use Rk
H1,...,Hm

(D) and T k
H1,...,Hm

(D),

respectively, forRk(D;H1, x1, y1; . . . ;Hm, xm, ym) and T k(D;H1, x1, y1;. . . ;Hm, xm, ym).

Let J =
m
⋃

i=1

J(Hi).

Claim 1. For k ≥ 3, J is k- independent in T k
H1,...,Hm

(D).

Let x, y ∈ J. If dT k
H1,...,Hm

(D)(x, y) = ∞, then there is nothing to

prove. So, assume dT k
H1,...,Hm

(D)(x, y) < ∞. Let P be a shortest directed

path from x to y in T k
H1,...,Hm

(D).

By the definition of T k
H1,...,Hm

(D) and J, there exists ei = (xi, yi),

ej = (xj, yj) ∈ A(D) such that x ∈ J(Hi) and y ∈ J(Hj), where

i, j ∈ {1, 2, . . . , m}. Note that x 6= xi and y 6= xj.

If P ⊆ Hi, then i = j. Therefore, dT k
H1,...,Hm

(D)(x, y) = dHi
(x, y) ≥ k.

If P 6⊆ Hi, then d+D(yi) ≥ 1 and i 6= j. Let P0 be the maximal

section of P contained in H ′

i with origin x. If yi is the terminus of

P0, then dT k
H1,...,Hm

(D)(x, y) = dT k
H1,...,Hm

(D)(x, yi) + dT k
H1,...,Hm

(D)(yi, y) =

dH′

i
(x, yi) + dT k

H1,...,Hm
(D)(yi, y) ≥ k − 1 + 1 = k. So, assume that yi

is not the terminus of P0. Then, by the definition of T k
H1,...,Hm

(D), the

terminus of P0 is in W
(i)
k−2, say, z. Let z′ be the successor of z in P.

Then, there exists a path xieiyi(= xp)epyp of length 2 in D such that:

z′ ∈ W
(p)
k−2 if d+D(yp) ≥ 1; z′ ∈ N−

H′′

p
(y(p))\{x(p)} if d+D(yp) = 0; for some

p ∈ {1, 2, . . . , m} with p 6= i. In either case, z′ ∈ V (T k
H1,...,Hm

(D))\J.

Therefore, dT k
H1,...,Hm

(D)(x, y) = dT k
H1,...,Hm

(D)(x, z) + dT k
H1,...,Hm

(D)(z, z
′)

+ dT k
H1,...,Hm

(D)(z
′, y) = dH′

i
(x, z) + 1 + dT k

H1,...,Hm
(D)(z

′, y) ≥ k−2+1+

1 = k.

This proves Claim 1.

Claim 2. For k = 2, J is independent in Rk
H1,...,Hm

(D).

Let x, y ∈ J. If dR2

H1,...,Hm
(D)(x, y) =∞, then there is nothing to prove.

So, assume dR2

H1,...,Hm
(D)(x, y) < ∞. Let P be a shortest directed path

from x to y in R2
H1,...,Hm

(D).
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By the definition ofR2
H1,...,Hm

(D) and J, there exists ei = (xi, yi), ej =

(xj, yj) ∈ A(D) such that x ∈ J(Hi) and y ∈ J(Hj). Note that x 6= xi

and y 6= xj.

If P ⊆ Hi, then i = j. In the case, dR2

H1,...,Hm
(D)(x, y) = dHi

(x, y) ≥ 2.

If P 6⊆ Hi, then d+D(yi) ≥ 1 and i 6= j. Let P0 be the maxi-

mal section of P contained in H ′

i with origin x. By the definition of

R2
H1,...,Hm

(D), yi is the terminus of P0 and thus dR2

H1,...,Hm
(D)(x, y) =

dR2

H1,...,Hm
(D)(x, yi) + dR2

H1,...,Hm
(D)(yi, y) ≥ 1 + 1 = 2.

This proves Claim 2.

Claim 3. J is (k − 1)- absorbent in Rk
H1,...,Hm

(D).

Let z ∈ V (Rk
H1,...,Hm

(D))\J. We prove dRk
H1,...,Hm

(D)(z, J) ≤ k − 1.

Suppose z = xi for some xi ∈ V (D). By the definition ofRk
H1,...,Hm

(D)

and J, z → u(i) ∈ J or z → yi ∈ J, respectively, if d+D(yi) ≥ 1 or

d+D(yi) = 0. So, assume, for any i ∈ {1, 2, . . . , m}, z 6= xi.

If z = yj for some j ∈ {1, 2, . . . , m}, then, as z 6= xi, d
+
D(yj) = 0.

But, yj ∈ J. So, assume, for any j ∈ {1, 2, . . . , m}, z 6= yj.

Now, by the definition of Rk
H1,...,Hm

(D) and J, there exists ei =

(xi, yi) ∈ A(D) such that z ∈ V (H ′

i)\(J(Hi)∪{xi, yi}) or z ∈ V (H ′′

i )\(J(Hi)∪

{xi}), respectively, if d
+
D(yi) ≥ 1 or d+D(yi) = 0. If z ∈ V (Hi)\J(Hi),

then, by the definition of J(Hi), there exists x ∈ J(Hi) such that

dRk
H1,...,Hm

(D)(z, J) ≤ dRk
H1,...,Hm

(D)(z, x) = dHi
(z, x) ≤ k− 1. So, assume

z /∈ V (Hi). We consider two cases.

Case 1. d+D(yi) ≥ 1.

Then z ∈ W
(i)
1 ∪ W

(i)
2 ∪ · · · ∪ W

(i)
k−2. As d+D(yi) ≥ 1, there exists a

path xieiyi(= xp)epyp of length 2 in D. Note that dRk
H1,...,Hm

(D)(z, J) =

dRk
H1,...,Hm

(D)(z, yi) + dRk
H1,...,Hm

(D)(yi, J) ≤ k−2 + dRk
H1,...,Hm

(D)(xp, J).

If d+D(yp) ≥ 1, then dRk
H1,...,Hm

(D)(xp, J) = dH′

p
(xp, u

(p)) = 1. If d+D(yp) =

0, then dRk
H1,...,Hm

(D)(xp, J) = dRk
H1,...,Hm

(D)(xp, yp) = 1. Hence, in both
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the cases, dRk
H1,...,Hm

(D)(z, J) ≤ k − 1.

Case 2. d+D(yi) = 0.

Then z ∈ W
(i)
1 ∪ W

(i)
2 ∪ . . . ∪ W

(i)
t and therefore, dRk

H1,...,Hm
(D) (z, J)

= dRk
H1,...,Hm

(D)(z, u
(i)) ≤ k − 1.

This proves Claim 3.

As Rk
H1,...,Hm

(D) is a spanning subdigraph of T k
H1,...,Hm

(D), by Claims

1, 2 and 3, for k ≥ 2, Rk
H1,...,Hm

(D) contains a k- kernel and by Claims

1 and 3, for k ≥ 3, T k
H1,...,Hm

(D) contains a k- kernel. �
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