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v— APPROXIMATE BIPROJECTIVE AND (¢,v)-AMENABLE
BANACH ALGEBRAS

7. GHORBANI ) AND J. BARADARAN @

ABSTRACT. We introduce and study the concept of p—approximate biprojective
and (i, 1)—amenable Banach algebra A, where ¢ is a continuous homomorphism
on A and ¢ € ®4. We show that if A is (p,1)—amenable then there exists a
bounded net (mg) in (A® A) such that ||[ma - p(a) — ¥ o (a) - ma| — 0 and
Yom(mea) - wla) — ¢(a) for all a € A.

1. INTRODUCTION

Amenable Banach algebra was introduced by Johnson in [10]. He showed that A
is amenable Banach algebra if and only if A has a approximate diagonal, that is a
bounded net (mg,) in (A ® A) such that mea — amg, — 0 and 7(mg)a — a for
every a € A. The notion of a biflat and biprojective Banach algebra was introduced
by Helemskii [8, 9]. Indeed, A is called biprojective, if there exists a bounded A-
bimodule map 6 : A —s A ® A such that 706 = idy4.

He considered a Banach algebra to be amenable if A is biflat and has a bounded
approximate identity[7, 9]. In fact, A is called biflat if there exists a bounded A-
bimodule map 60 : (A ® A)* — A* such that 6 o 7* = id 4.
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Given a continuous homomorphism ¢ from A into A, authors in [13, 14] defined
and studied p-derivations and p-amenability.
Recall that a character on A is a non-zero homomorphism from A into the scalar
field. The set of all characters on A, called the character space of A, is denoted by
D 4.
Motivated by these considerations, author and M. Lashkarizadeh Bami introduced
some generalizations of Helemskii’s concepts like ¢-biflatness and ¢-biproject-ivity,
where ¢ is a continuous homomorphism from A into A [5, 6]. The author states that
Banach algebra A is p— biflat(p— approximate biprojective) if there exists a bounded
A-bimodule map 6 : A — (A® A)* (0, : A — (A® A)) such that 7 0 f o ¢ is
the canonical embedding of A into A™* (7 0 0,(a) — ¢(a)).
In this paper, we define (p,1)—amenability Banach algebra A, where ¢ is a contin-
uous homomorphism on A and ¢ € ®4. We prove that A is (¢, 1)—amenable if and
only if there exists a bounded net (m,) C A such that ||p(a)ma, —matop(a)|| — 0
and ¥ o p(m,) = 1 for all a.
We shows that (I')* is not biprojective Banach algebra which is ¢— biprojective Ba-
nach algebra.
First we recall lemma and theorem that we shall need in this paper. The following

result can be found in [13].

Lemma 1.1. Let A be a Banach algebra. Then there exists an A-bimodule homomor-
phism v : (A® A)* — (A @ A*)* such that for any functional f € (A @ A)*, ele-
ments @, € A and nets (a,), (bg) in A with w*—lim,a, = ¢ and w*—limgbg = 1,

we have

V() @) = limalimg f(as @ bg).

Remark: In general, weak convergence implies weak® convergence but the converse

is not always true. However, the notions are equivalent if the normed space X is



p— APPROXIMATE BIPROJECTIVE 365

reflexive. Let X be Banach space. The closed unit ball of X, denoted by By is
defined to be the set By = {x € X : ||z|| < 1}

Theorem 1.1 (Goldstine’s Theorem). ([4]) Let X be a Banach space and Bx be a
closed unit ball identified as a subset of X** under the canonical embedding. Then

By is weak* dense in Bxx

2. MAIN RESULTS

In this section we investigate the hereditary properties of ¢p—biprojective Banach
algebra. The main result (Proposition 2.1) converse the projective tensor product of
two Banach algebra.

Let A be a Banach algebra and X, Y be Banach A-bimodules. Then A-bimodule

morphism from X to Y is a morphism ¢ : X — Y with

ola-z)=a-p(x), E-a)=p) - a (a€ A xeX)

In the next result ¢ : A — A is a homomorphism and [ is a closed ideal of A. We

define the map ¢ : A/I — A/I by ¢(a+ 1) = p(a) + 1.

Theorem 2.1. Suppose that A is a p— approximate biprojective Banach algebra. If

I is a closed ideal of A, then A/l is p— approzimate biprojective.

Proof. Let 6, : A — (A® A) be a continuous A-bimodule map such that 7 o
0n(a) = @(a). Let g : A — A/I be the quotient map. Define a map 6, : A/I —>
(A/I ® A/I) by a+1 +— (¢ & q)oba(a) (a € A). We prove that 6, is an A/I- bimodul
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map. Let a,b,c € A. Then we have

Oo((a+1)(b+I)(c+ 1)) = 0O4(abc+ 1)

= (a+1)-0,b+1) (c+1),
and also we have

TA/T © éa(a +1) = maro(q ® q) 0 04(a)

= qomaobala) = q(p(a)) = ¢la+1).
That is, A/I is p—approximate biprojective. 0

Theorem 2.2. Suppose that A is a p—approximate biprojective Banach algebra. If
I is a closed ideal of A with one sided bounded approximate identity and o(I) C I.

Then I is p|;—approximate biprojective.

Proof. Assume that 6, : A — (A® A) is a continuous A-bimodule map such that
mob.(a) = ¢(a). Let v : I — A be the inclusion map. Then 0,|; = 0,0¢: 1 —
(A ® A) is I-bimodule homomorphism. If I? denotes span {abc : a,b,c € I}~, then

I3 = I because of I has a one sided bounded approximate identity and

Oulr = 0.(1)

= 0,(I°)

N

span{a - 0,(b) - ¢}~

spanfa-m-c:a,ce Ime A@ AA” CI®I.

N
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Therefore, for every a € I, we have

moblylr(a) = 7w(0s(a))

U

Let A is p—approximate biprojective and B is ¢p—approximate biprojective Banach
algebra, then A ® B is ¢ ® Y—approximate biprojective. We now prove a partial

converse.

Proposition 2.1. Let A be a unital Banach algebra and B be a Banach algebra
containing a non-zero idempotent by. If A ® B is ® ® Y—approximate biprojective.

Then A is p—approximate biprojective.

Proof. There exists an A ® B-bimodule 6, : A® B — (A® B)®(A® B) with
Taop © Oala ® b) — o ®P(a @b). We consider A ® B as an A—bimodule with

the actions given by
aj - (aa ®b) =ajaa ®b, and (a3 ®b)-a; =asa; ®b (ay,as € A, b € B)
Thus, for every ai,as € A, we have

Oo(a1as @ by) = O4((a; @ by)(az @ by))
= (a1 ®by) - b,((az ® by))
= a1-(ea®bp)-0,((az @ by))
= a1 - 0a(a2 ®by).

Similarly, we can show a right-module version of this equation. So we have

0a(a1ag X bo) =aj - Qa(ag X bo) = Ga(al X bo) - a9 (al, as € A)
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Take f € &4 with f(by) = 1 and define
p (A é B)@A ® B — (A é A), (a1 X bl) (29 (ag X bg) — f(blbg)al X as

Then p is an A-bimodule morphism.
We now define 6, : A — (A ® A) by

Oo(a) = pobla®(b0)) (a € A).

Then 6, is an A-bimodule morphism and

Taop=(ida® f)oT zap

Therefore
Ta000(a) = a0 poba(a®(b0))
= (ida® f)omysp 0 bala®(b0))
= (a).
That is, A is p—approximate biprojective. 0

We remind that a Banach algebra A is ¢p— approximate biflat if there is a net
0, : A — (A® A)* (« € I) of bounded A-bimodule morphisms such that 7* o

0o(a) = ¢(a).

Proposition 2.2. Let A be a unital Banach algebra and B be a Banach algebra
containing a non-zero idempotent by. If A ® B is » ® —approximate biflat. Then A
1s p—approximate biflat.

*k

Proof. There exists an A ® B-bimodule 6, : AQ B — (A® B)®(A<§%) B) with
7rj;"® 00— (p ®1). The following proof is similar to that of Proposition 2.1. We
now define 6 : A — (A ® A)** by

fa(a) = p™ 0 0,(a @(b0)) (a € A).
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Then 6, is an A-bimodule morphism and
T 00, — .
That is, A is p—approximate biflat. O

Suppose that A is a Banach algebra and A is a non-empty set. We denote by
My (A) the set of A x A matrices (a;j); jen With entries in A such that

[(ai;)|| = Z [laijlla < oc.
ij

Ma(A) is a Banach algebra with matrix multiplication. The matrix units in M, (C)

are denoted by e; ; so that
eijers = 0jkein (4,5, k, 1 € N),
where 0, = 1if j =k and 0, = 0 if j # k. The map
0 : Mp(A) — (ARM,(C)) given by (a;) = > ai; @ e,

i,J

is an isometric algebra isomorphism.

Corollary 2.1. Let A be a unital Banach algebra and let A be a non-empty set
and also ¢ = @9 @ v1, po € Hom(A) and ¢ € Hom(My(C)). Then My(A) is
p—approzimate biprojectiv(p—approzimate biflat) if and only if A is po— approximate
biprojective(p— approximate biflat).

Proof. Let My(A) be p—approximate biprojective(p—approximate biflat). Since
My (A) = A®@M,(C), the result follows from Proposition 2.1 and Proposition 2.2.
Conversely, fix ko € A and define 6, : My(C) — (Mx(C) ® M,(C)) by

Oa(a) = > pi(ai)eir, @ eryy (a = (a;;) € My(C)).

INISIN
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The sum converges because of ), . | a;; |< co. Hence

Tun@ ©0(a) = a0 > @1(ai)eir, ® enyy
1,JEA

= pi(aiy) = pi(a).

That is, M, (C) is p—approximate biprojective. Therefore, My(A) ¢—approximate

biprojective(p—approximate biflat).

In analogy with the classical case we characterize the second dual of Banach algebra

if p** —approximate biprojective then its p—approximate biflat.

Theorem 2.3. Suppose that A is a Banach algebra and ¢ € Hom(A). If A*™ is

p**—approximate biprojective. Then A is ¢—approzimate biflat.

Proof. Let k: A — A, k1 : A* — A and k, : A*™ — A™** denote the natural
inclusions, 7 (**m, respectively) the product maps on A (A**, respectively) and 7 be

defined as in Lemma (1.1). Then the following diagram commutes:

7r A
A* (A® A
K1 Y
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for each a* € A*, elements aj*, a5* € A* and nets (a,), (bg) C A with w* —lim, a, =

ay*, w* —limg bg = a3, we get

((m(a))(ar” ® ay”) = limlim7™(a”)(as ® bs)

«

= lim lién a*(anbp)

a

= w" —limw" — lign k(aqbp)(a®)

= ki(a")(a

*k _kok

1as”)

= m(a)("r(a” @ ay")) = (T (ki (a?))) (0" ® a3”).

Thus yor* =** 1 0oky. So m*oy* = Ko™ ™. Since A™ is p™* —approximate bipro-

jective, there is an A-bimodule map 6, : A** — (A** ® A**) such that mofy, — ©**.

Putting 0, := v* 0 0y, 0 Kk, then for each a € A we have

T 0 04(a)

That is, A is p—approximate biflat.

T 0" 06y, 0 K(a)
K} o 06y, 0 K(a)
K} o™ 0 Oya(a™)

k1(¢™(a)) = p(a).

O

Theorem 2.4. Suppose that A is a ¢— approximate biflat Banach algebra with

one sided bounded approzimate identity. If I is a closed ideal of A. Then A/I is

p—approximate biflat.

Proof. Let 6, : A — (A® A)* be a bounded A-bimodule map such that lim, 7** o

0n(a) = @(a). Let ¢ : A — A/I be the quotient map. Define a map 0, : A/ —>
(A/](}AQA/I)** by a + I+ (¢®q)*™ o b,(a) (a € A). If (e5) is a bounded left
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approximate identity for A (the right case is similar), then

l(g® )" (Gala)ll = limli(g©q)™(balesa))l
= limla(a)(q ® )" (fa(es))]

< ||q||2||9a||Sgplleﬁllﬂq(a)ﬂ.

And 6, is well-defined. We show that 6, is an A /I- bimodul map. To do this, choose

a,b,c € A, then we have

~

Ou((a+ )0+ 1)(c+ 1) = (¢®q)™ ob4(abc)
= (¢®q)™(a-0a(b)-c)
= a-(¢®q)"(alb) - c

= (a+1)-0,b+1) - (c+1).

We also have

~

lm 7y, 00.(a+1) = limay); o (q®q)™ ob(a)
= limg™ omy o ba(a) — q(p(a)) = ¢(a+ ).
That is, A/I is g—approximate biflat. O

The proof of the next result is similar to that of Theorem (2.4) and we omit it.

Theorem 2.5. Suppose that A is a Banach algebra and p € Hom(A). If A* is o**—

approzimate biflat. Then A is o—approzimate biflat.

a

0 0

norm, we see that A has neither identity nor right approrimate identity. Therefore

Example 2.1. Consider A = { ca,b € (C} under the standard operator
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A is not g—approrimate amenable Banach algebra. Put

10
f:
00
we define i
a b
Oc =a(f® [).
00
a b a 0
Then for a € A and @( = . we have mo 0, — . Thus A is p—
00 00

approzimate biprojective Banach algebra, but A is not o—approzimate biflat.

In the next example, we bring a p—biprojective Banach algebra which is not bipro-

jective Banach algebra.

Example 2.2. The Banach algebra ' with respect to pointwise product is non-
amenable and biprojective Banach algebra [4, Example 4.1.42]. Hence, (I*)* (uni-
tization of I1) not biprojective. If we define ¢ : (I')* — (I')* by (a + \e) = \ for
a € ltand X\ € C, then (I')* is ¢— biprojective and so ¢— approximate biprojective

Banach algebra.

3. (p,1)—AMENABLE BANACH ALGEBRAS

We begin this section with the following definition of (p,1))—amenable Banach
algebra. Let ¢ € ®4. Then ¢ has a unique extension ¢ on A** and defined by
(F) = F(1) for every F € A*.

Definition 3.1. Let A be a Banach algebra and ¢ € Hom(A),v € ®4. Then A
is called (p,1))—amenable if there exists M € A** such that M(¢ o ¢) = 1 and
M(p(a)- f)=M(f -vop(a)) foralla e A, fe A"
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The next theorem characterizes (¢, 1)—amenability of Banach algebra. We are

now going to prove the main result in this section.

Theorem 3.1. Let A be a Banach algebra and ¢ € Hom(A),¢» € ®4. Then A
is (p,)—amenable if and only if there exists a bounded net (my) C A such that
[e(a)ma —matp o p(a)|| — 0 and ¢ o p(ma) =1 for all a.

Proof. There exists M € A* such that M (Y op) =1, M(p(a)-f) = M(f-¢op(a))
fora € A, f € A*. Choose a net (a,) in A with a, — M in the w*-topology of A**
and ||aq|| < ||M|| for all a. Since < po @, a, > — < h o, M >= 1, passing to a
subnet and replacing (aq) by (1/10¢p(aq))as, we may assume that ¢ op(a,) = 1 and
llaall < ||M||+1 for all a. Consider the product space A4 endowed with the product
of norm topologies. If and define a linear map 7' : A — A4 by T(b) = ¢(a)b—by(a),
for all b € A.

B={be A:|b|| <|[[M||+1 and o p(ba) =1}

Clearly, B is convex and so T(B) is a convex subset of A4, For every f € A*, we

have

< fipla)aa —aspop(a) > = < fpla)aq > — < f asop(a) >
= < f-rpla),an>—<vopla):-f, a, >

— <M, f-pla)>—<Mpoyp(a)-f>=0.

By Theorem 1.1 we can replace weak* convergence in equations by weak convergence
and Aapplying Mazur’s Theorem, then we obtain a net (m,,) in A such that ||¢(a)m,—
mat o p(a)]| — 0 and ¥ o p(m,) = 1.

Conversely, assume that a net (m,) exists. Let M be a w*-cluster point of the net

(mgy) in A**. Then, < M1 o >= lim, < ¥ o p,m, >= 1. For every a € A and
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f e A", we get
<M, f-pla) > = liin < f-pla),a, >= liin < fyola)aq >
= lién < fyp(a)an — anth o p(a) > —|—1i£n < f,a 0 p(a) >
= 1i£n<¢090(a)-f,aa>:<M,¢ogp(a)-f>.
O

Definition 3.2. Let A be a Banach algebra and ¢ € Hom(A),¢ € 4. An element
M of (A® A)** is a (p,)— virtual diagonal for A if

i) pla) M =M-ypop(a) (acA).

ii) hom(M) - p(a) = p(a)  (a€A).

Proposition 3.1. Let A be a Banach algebra and ¢ € Hom(A),» € 4. Then a
Banach algebra A has a (@,v)— virtual diagonal if and only if there exists a bounded
net (mgq) in (A® A) such that mg-(a) —pop(a)-me — 0 and Yor(my)-p(a) —
@(a) for every a € A.

Proof. Let M be a p— virtual diagonal for A and let (m,) be a net in (4 ® A) such
that M = w* — lim, m,. Then a routine verification shows that for the net (m,),
Mg - pa) —1op(a) -my, — 0 and ¥ o w(my,) - p(a) — ¢(a) for every a € A, holds
in the weak*— topology. Following the argument given in the proof of [4, Lemma
2.9.64] we can show that there exists a net (mg) of convex combinations of (m,)’s
satisfying both conditions.

Conversely, let (mq) C (A® A) be a bounded net such that mq - ¢(a) — ¢ o @(a) -
me — 0 and ¢ o w(m,) - p(a) — ¢(a) for every a € A. After passing to a
subnet if necessary, let M € (A ® A)*™ be a w*-cluster point of the net (m,). Since
w* —limmg, - p(a) —op(a)-m, = 0, it can easily be shown that ¢(a)-M = M -p(a),
for every a € A. Also the w*-continuity of 7** implies that ¢ o 7**(M) - ¢(a) = ¢(a)

and the proof is complete. 0
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Finally, we prove the following result related to (p,1)— virtual diagonal and

(¢, 1) —amenability.

Theorem 3.2. Assume that A is a Banach algebra and o € Hom(A), v € ®4. If A

is (@, 1) —amenable, then A has a (¢, v)— virtual diagonal.

Proof. Let A be (¢,1)—amenable, then by Theorem(3.1) there exists a bounded net
(ma) C A such that ||p(a)m, — math o p(a)|] — 0 and ¥ o p(m,) = 1 for all a.
Define a, = p(mqs) @ p(m,), therefore

Yom(as) - wla) = Yom(ep(ma) ®p(ma)) - e(a)
= 1o ‘P(ma)dj © @(ma) : 90((1)
= ¢(a).

So by proposition (3.1), A has a (¢, 1¢)— virtual diagonal. O
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