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COUPLED FIXED POINT THEOREM FOR HYBRID PAIRS OF
MAPPINGS UNDER ¢ —1 CONTRACTION IN FUZZY METRIC
SPACES

ROHIT PATHAK

ABSTRACT. In this paper, we establish some common coupled fixed point theorems
for two hybrid pairs of mappings under ¢ — ¢ contraction on noncomplete fuzzy
metric spaces using the property (E'A) introduced by Deshpande and Handa [3].
We improve, extend and generalize the results of Deshpande and Handa [3] and

several other known results in metric spaces to fuzzy metric spaces.

1. INTRODUCTION

The theory of fuzzy sets was introduced by Zadeh [5] in 1965. Later many authors
have introduced the concept of a fuzzy metric space in different ways. George and
Veeramani [1] modified the concept of fuzzy metric space introduced by Kramosil and
Michalek [11] and defined a Hausdorff topology on fuzzy metric spaces. They also
showed that every metric induces a fuzzy metric.

Many authors studied the existence of fixed points for various multivalued con-
tractive mappings under different conditions. The theory of multivalued mappings
find some of its applications in control theory, convex optimization, differential inclu-

sions, and economics. Nadler [13] extended the famous Banach contraction principle

1991 Mathematics Subject Classification. 54H25,47H10.
Key words and phrases. Fixed point, coupled coincidence point, coupled fixed point, multivalued

maps.
Copyright (© Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.

Received: Sept. 1, 2018 Accepted: Feb. 6, 2019 .



2 ROHIT PATHAK

[12] from single-valued mapping to multivalued mapping and proved the fixed point
theorem for the multivalued contraction.

The coupled coincidence and coupled fixed point theorems for two mappings were
discussed by Bhaskar and Lakshmikantham [15], Lakshmikantham and Ciri¢ [16].
These results were used to study the existence of a unique solution to a periodic
boundary value problem. Luong and Thuan [10] generalized the results of Bhaskar
and Lakshmikantham [15]. Berinde [17] extended the results of Bhaskar and Laksh-
mikantham [15] and Luong and Thuan [10]. Lakshmikantham and Cirié¢ [16] proved
coupled coincidence and common coupled fixed point theorems for nonlinear contrac-
tive mappings in partially ordered complete metric spaces and extended the results of
Bhaskar and Lakshmikantham [15]. Jain et al [9] extended and generalized the results
of Berinde [17], Bhaskar and Lakshmikantham [15], Lakshmikantham and Ciri¢ [16],
and Luong and Thuan [10].

These concepts were extended by Abbas et al [6] to multivalued mappings and
who obtained coupled coincidence point and common coupled fixed point theorems
involving hybrid pair of mappings satisfying generalized contractive conditions in
complete metric spaces.

Aamri and El Moutawakil [7] defined (EA) property for self-mappings which con-
tained the class of noncompatible mappings. Kamran [14] extended the (EA) property
for hybrid pair of mappings. Liu et al [18] introduced common (EA) property for
hybrid pairs of single and multivalued mappings and gave some new common fixed
point theorems under hybrid contractive conditions.

In this paper, we establish some common coupled fixed point theorems for two
hybrid pairs of mappings under ¢ —1) contraction on noncomplete fuzzy metric spaces.
The ¢ — 1) contraction is weaker contraction than the contraction defined in Bhaskar
and Lakshmikantham [15] and Luong and Thuan [10]. We improve, extend, and

generalize the results of Berinde [17], Bhaskar and Lakshmikantham [15], Jain et
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al [9], Lakshmikantham and Ciri¢ [16], Liu et al [18], and Luong and Thuan [10],
Deshpande and Handa [3] to fuzzy metric spaces. The results of this paper generalize
the common fixed point theorems for hybrid pairs of mappings and essentially contain

fixed point theorems for hybrid pair of mappings in fuzzy metric spaces.

2. PRELIMINARIES

Let (X,d) be a metric space and suppose that C'B (X) denotes the set of non-

empty, closed and bounded subsets of X.
For A, B € CB (X), we denote

D(A,B) = inf{d(a,b):a€ Abe B}
D(x,A) = inf{d(z,a):a€ A}

H(A,B) = max{sup{D (a,B):a€ A}, ,sup{D (A,b):be B}}

It is well known that (C'B (X)), H) is a metric space with the distance function H.
Moreover, (CB (X), H) is complete in the event that (X, d) is complete.

Definition 2.1. [5, Definitions, p. 339] Let X be any set. A fuzzy set A in X is a

function with domain X and values in [0, 1].

Definition 2.2. [2, Definition 1.1, p. 315] A binary operation * : [0, 1] x [0, 1] — [0, 1]
is called a continuous t-norm if ([0, 1], *) is an Abelian topological monoid with the
unit 1 such that a * b < ¢ x d whenever a < ¢ and b < d for all a,b,¢,d € [0, 1].

Examples of t-norms are a x b = ab and a * b = min{a, b}.

Definition 2.3. [1, Definition 2.4, p. 395] The 3-tuple (X, M, *) is called a fuzzy
metric space (shortly FM-space) if X is an arbitrary set, * is a continuous ¢-norm and
M is a fuzzy set in X2 x [0, 0o) satisfying the following conditions: for all z,y,z € X

and t,s > 0,
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(fm-1)  M(z,y,t) >

(fm-2) M(z,y,t) =1forallt >0iff z =y,

(fm-3)  M(z,y,t) = M(y, 1),

(fm-4) M(z,y,t)*« M(y,z,s) < M(x,z,t+s),

(fm-5) M(z,y,.) : X? x [0,00) — [0,1] is continuous.

Note that M (z,y,t) can be thought as the degree of nearness between x and y with
respect to t. We identify © =y with M (z,y,t) =1 for all ¢t >0 and M(x,y,t) =0
with oo and we can find some topological properties and examples of fuzzy metric

spaces in [1].
Lemma 2.1. [8, Lemma 4, p. 386] For all x,y € X, M(x,y,.) is nondecreasing.

Example 2.1. [1, Example 2.7, p. 396] Let (X, d) be a metric space wherein axb = ab

t
for

for all a,b € [0,1]. Define a fuzzy metric My (x,y,t) by My (x,y,t) = m

each z,y € X and t > 0. Then (X, My, *) is a fuzzy metric space.

Definition 2.4. [4, Definition 2, p. 2] Let C'B (X) be the set of all nonempty closed
bounded subsets of a fuzzy metric space (X, M, x) Then for every A, B,C € CB (X)
and ¢t > 0,

M (A, B,t) = min {mlnM (a, B, ), minM (A,b t)}

where M (C,y,t) = max {M (z,y,t) : z € C}.

Obviously, M (A, B,t) < M (a, B,t) whenevera € Aand M (A,B,t) =1iff A=B
and 1 = M (A, B,t) < M (a, B,t) for all a € A.

Definition 2.5. [6, Definition 4, p. 2] Let X be a nonempty set, F': X x X — 2%
(a collection of all nonempty subsets of X) and let g be a self-mapping on X. An
element (z,y) € X x X is called
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(7) a coupled coincidence point of hybrid pair {F,g} if gx € F (z,y) and gy €
F(y,z),
(74) a common coupled fixed point of hybrid pair {F, g} if 2 = gz € F (z,y) and

y=gy € F(yx).

We denote the set of coupled coincidence points of mappings F' and g by C'{F,g}.
Note that if (z,y) € C {F, g} then (y,x) is also in C' {F, g}.

Definition 2.6. [6, Definition 5, p. 2] Let F': X x X — 2% be a multivalued mapping
and let g be a self-mapping on X. The mapping ¢ is called F—weakly commuting at

some point (z,y) € X x X if gz € F (gz, gy) and ¢*y € F (gy, gx).

Definition 2.7. [3, Definition 4, p. 2] The mappings f: X — X and F: X x X —
CB (X) are said to satisfy the property (FA) if there exist two sequences {x,}, {y.}
in X,u,v € X and A, B € CB(X) such that-

n—oo n—oo

lim fy, = vé& B= limF (y,,z,)
n—oo

n—o0

Definition 2.8. [3, Definition 5, p. 2] Let f,g : X — X and F;G : X x X —
CB (X). The pairs {F, f} and {G, g} are said to satisfy the property (FA) if there
exist sequences {z,,} ,{yn}, {un},{vn} in X,u,v € X and A, B,C, D € CB (X) such
that

lim F (2,,y,) = A, limG (up,v,) =B

n—oo n—oo
lim fr, = limgu,=u€ ANB,
n—oo n—oo
lim F (yp,z,) = C,lim G (v,,u,) =D,
n—o0 n—oo

lim fy, = limgv,=veCnND.
n—oo

n—00
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Example 2.2. Let X = [1,400) with usual metric d(z,y). Define f,g : X — X
and F,G : X x X - CB(X) by

fr = 1+zx,9gv=x+2

F(z,y) = [L2+2+43y,G(z,y) =[2,3+z+y]

for all z,y € X. Consider the sequences

{zn} = {2+%},yn:{3+%}
o) = 1o s Lo 2).

Then

lim F (x,,y,) = [1,13] = A,

n—oo

lim G (uy,v,) = [2,6] =B,

n—oo
lim fx, = limgu,=3¢€ ANB,
n—oo n—oo

lim F (yn,z,) = [1,11] =C,

n—oo

nll_)IIC}OG (Un,un) = [2,6] =D,
lim fy, = limgv,=4€CnND.
n—o0 n—o0

Therefore the pairs {F, f} and {G, g} satisfy the property (EA).

Let ® denote the set of all functions ¢ : [0,4+00) — [0, +00) satisfying the following
conditions:

(i,) @ is continuous and strictly increasing,

(ity) @ (t) <t forall t >0,

(itiy) ¢ (t+5) < (t)+ ¢ (s) for all t,5 > 0.

And let ¥ denote the set of all functions ¢ : [0,4+00) — [0, +00) satisfying the

following conditions:
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(iy) ngb (t) > 0 for all » > 0 and tlir&w (t) =0,
(iiy) ¥ (t) > 0 for all t > 0 and ¢ (0) =

3. MAIN RESULTS

Theorem 3.1. Let (X, M, ) be a fuzzy metric space. Let f,g: X — X and F,G :
X x X — CB(X) be mappings satisfying the following conditions-

(1.1) {F, f} and {G, g} satisfy the property (EA),

(1.2) for all x,y,u,v € X, there exist some ¢ € ® and some ¢ € V such that

(M(F(J:,y),G(u,v),t)—l—M(F(y,x),G(v,u),t))
2

(M (fr,gu,t) + M (fy,gw)) 3 (M (fr,gu,t) + M (fy,gv,t)>
@ 5 (G

Y

<
- 2

(1.3) f(X) and g(X) are closed subsets of X. Then

(a) F and f have a coupled coincidence point,

(b) G and g have a coupled coincidence point,

(¢) if [ is F—weakly commuting at (z,y), and f*x = fx and f*y = gy for (z,y) €
C{F,f}, then F and f have a common coupled fixed point,

(d) if g is G—weakly commuting at (x,vy), and g’x/ = gx/ and g*y/ = gy’ for
(x/, y/) € C{G, g}, then G and g have a common coupled fized point,

(e) F\G, f and g have common coupled fized point provided that both (c) and (d)

are true.

Proof. Since the pairs {F, f} and {G, g} satisfy the property (FA), there exist se-
quences {z,},{yn},{un},{vn} in X,u,v € X and A, B,C, D € CB (X) such that

lim F (z,,y,) = A, limG (uy,v,) =B

n—0o0 n—oo

lim fz, = limgu,=u€ ANDB,

n—oo n—o0
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lim F (y,,z,) = C,limG (vy,u,) =D,

n—o0 n—oo
lim fy, = limgv,=veCnND.
n—oo n—oo

Since f(X) and ¢ (X) are closed subsets of X, there exist x,y,2/,y/ € X such

that

(2) u=fr=gr v=fy=gy.

Using (1.2), we get

, (M(F(m,y),G(un,vn),t)—;—M(F(y,x),G(vn,un),t))

(M (f, gun,t) + M (fy,gvn,t)) B (M (fr,gun,t) + M (fy,gvn,t))
7 2 v 2

IN

As n — oo, we get by using (1), (2), (i,), (i1,) and (iy),

M (F (z,y),B,t)+ M (F (y,x),D,t)
o '

) <e@-u0 =0
which by (i,) and (74,) implies
M (F (z,y),B,t) =0,M (F (y,z),D,t) =0.
Since fx € B, fy € D, it follows that
fr € F(z,y),fy € F(yx).

That is (x,y) is a coupled coincidence point of F' and f. This proves (a) .

Again using (1.2),

. <M (F(xn,yn),G(x/,y/) ,t) +M(F(yn,xn),G(x/,y/),t)>

2

<

(M (fan, g/ t) + M (fyn,gy/,t)> (M (fan, gz/ t) + M (fymgy/,t)>
© 5 — 5 :
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As n — oo, we get by using (1), (2), (i,) , (it,) and (iy)

(M(A,G(x/,y/),t)+M(C,G(:v/,y/),t)
7 2

) <9 (0)—v(0)=0,
which by (i,,) and (ii,) implies
M (A,G (2, y),t) =0,M (C,G (z/,y) .t) = 0.
Since gx/ € A, gy’ € C, it follows that
gr' € G (2/,y') 9y € G (v/,2).

That is (2/, y/) is a coupled fixed point of G and g. This proves (b).

Further, since f is F—weakly commuting at (z,y) and f?z = fx, f?y = fy, we

have
fPr € F(fx, fy), f*(y) € F(fy, fz).
Thus
fo = f*x € F(f, fy) and fy = f*y € F (fy, fz),
ie.

u= fu€ F(u,v),v= fveF(v,u).

This proves (c) .

Similar argument proves (d). Then (e) holds immediately. O

Put f = ¢ in Theorem 3.1 we get the following result:

Corollary 3.1. Let (X, M, *) be a fuzzy metric space. Let g : X — X and F,G :
X x X — CB(X) be mappings satisfying the following conditions-
(2.1) {F,g} and {G, g} satisfy the property (EA),
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(2.2) for all x,y,u,v € X, there exist some p € ® and some b € VU such that

(M(F(x,y),G(u,v),t)+M(F(y,x),G(v,u),t)>

14 2

< v (M(g%gu,t) -QF M(gy,gw)) _y (M(gx,gu,t) -QF M(gy,gv,t)>

(2.3) g(X) are closed subsets of X. Then

(a) F' and g have a coupled coincidence point,

(b) G and g have a coupled coincidence point,

() if g is F—weakly commuting at (x,y), and g*x = gx and g*y = gy for (z,y) €
C{F,g}, then F' and g have a common coupled fized point,

(d) if g is G—weakly commuting at (z,y), and g*x/ = g/ and g*y/ = gy’ for
(a:/,y/) € C{G, g}, then G and g have a common coupled fized point,

(e) F,G,and g have common coupled fized point provided that both (c¢) and (d) are

true.
Put F = G and f = g in Corollary 3.1 we get the following result:

Corollary 3.2. Let (X, M, x) be a fuzzy metric space. Let g : X — X and F :
X x X — CB(X) be mappings satisfying the following conditions-
(3.1) {F,g} satisfies the property (EA),
(3.2) for all x,y,u,v € X, there exist some ¢ € ® and some ¢ € V such that
, (M(F(x,y),F(u,v),t) +M(F(y,x),F(v,u),t))
2
. (M (g7, gu,t) + M (gy,gut)) Ly (M (g7, gu,t) + M (gy,gv,t))

<
- 2 2

(3.3) g (X) are closed subsets of X. Then

(a) F and g have a coupled coincidence point,

(b) if g is F—weakly commuting at (z,y) and g*x = gx and g*y = gy for (v,y) €
C{F,g}, then F and g have a common coupled fixed point.
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Corollary 3.3. Let (X, M,x*) be a fuzzy metric space. Let f,g: X — X and F,G :
X x X — CB(X) be mappings satisfying the following conditions-

(4.1) {F, f} and {G, g} satisfy the property (EA),

(4.2) for all x,y,u,v € X, there exist some 1 € ¥ such that

M (F (z,y),G (u,v),t)+ M (F (y,x),G (v,u),t)

< M (fr,gu,t) + M (fy.gv.1) — 20 (M<f ngwt) + M(fy,gv,w)

4.3) f(X) and g (X) are closed subsets of X. Then

a) F and f have a coupled coincidence point,

(
(

(b) G and g have a coupled coincidence point,

() if [ is F—weakly commuting at (x,y) and f?z = fz and f*y = fy for (z,y) €
C{F,f}, then F and f have a common coupled fized point,

(d) if g is G—weakly commuting at (x,y) and g*x/ = gx/ and g*y/ = gy’ for
(x/,y/) € C{G, g}, then G and g have a common coupled fized point,

(e) F,G, f and g have common coupled fixed point provided that both (¢) and (d)

are true.

Proof. If ¢» € ¥, the for all £ > 0,ky € V. Divide equation (4.2) by 4 and take
¢ (t) = (1/2)t,t € [0,00). Then the above condition reduces to condition (1.2) of the
Theorem 3.1 with ¢; = (1/2) 1. Hence by Theorem 3.1, we get the result. O

Put f = g in Corollary 3.3, we get the following result:

Corollary 3.4. Let (X, M, *) be a fuzzy metric space. Let g : X — X and F,G :
X x X — CB(X) be mappings satisfying the following conditions-
(5.1) {F,g} and {G, g} satisfy the property (EA),
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(5.2) for all x,y,u,v € X, there exist some 1 € ¥ such that

M (F (z,y),G (u,v),t) + M (F (y,x),G (v,u) ,t)
M (gx, gu,t) + M (gy,gv,t)>

< M(gz,gu,t) + M (gy, gv,t) — 2¢ ( 5

(5.3) g (X) is closed subset of X. Then

(a) F and g have a coupled coincidence point,

(b) G and g have a coupled coincidence point,

() if g is F—weakly commuting at (z,y) and g’z = gz and g*y = gy for (z,y) €
C{F,g}, then F and g have a common coupled fized point,

(d) if g is G—weakly commuting at (x,y) and g*x/ = gx/ and g*y/ = gy’ for
(:U/,y/) € C{G, g}, then G and g have a common coupled fized point,

(e) F\G and g have common coupled fized point provided that both (¢) and (d) are

true.
Put FF'= G and f = g in Corollary 3.4, we get the following result:

Corollary 3.5. Let (X, M,x) be a fuzzy metric space. Let g : X — X and F :
X x X — CB(X) be mappings satisfying the following conditions-

(6.1) {F,g} satisfies the property (EA),

(6.2) for all x,y,u,v € X, there exist some 1» € ¥ such that

M (F (z,y), F (u,v),t)+ M (F (y,z), F (v,u),t)

M (gz, gu,t) + M (gy, gv, t))
9

(6.3) g (X) is closed subset of X. Then

(a) F and g have a coupled coincidence point,

(b) if g is F—weakly commuting at (z,y) and g*x = gx and g*y = gy for (v,y) €
C{F,g}. then F and g have a common coupled fixed point.
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Example 3.1. Let (X, M,*) be a fuzzy metric space where X = [0,1], M (z,y,t) =

m,d : X x X = [0,+00) defined as d(x,y) = max{z,y} and d(x,z) =0
for all x,y € X. Define f,g: X - X and F,G : X x X — CB(X) by
x x
fx - Z7gI:§
Fley) = 0,76 (@y) = 0.

for all x,y € X. Define ¢ : [0, +00) — [0, 4+00) and ¢ : [0,4+00) — [0, +00) by
t t
)= tun=1

Consider the sequences

e = Lo b fi 1)
= {e b= for2).

Then
lim F ( ) = [0 §] =A
nl TnyYn A )
li ( ) [0 g]
n1m<¥ Up, Vp) = g = B,

lim fx, = limgu,=1/2€ ANB,
n—

n—oo o

. 3
nh_>noloF (ymxn> - [07 4_1] - O?
lim G ( ~ 0.9=p
nl—>nc>10 U’ruun) - ag - 9

lim fy, = limgv,=1/4€CND,
n—oo

n—oo
i.e. the pairs {F, f} and {G,g} satisfy the property (EA). Therefore (1.1) of
Theorem 3.1 is satisfied.

Now for all x,y,u,v € X,

SO(M(F(x,y)aG(UW)’t);M(F(y,x)aG(MU)yt))

1
2



14 ROHIT PATHAK

and

(M fx,gu,t) + M(fy, gv, t)) (M(fx,gu7t)+M(fy,gv,t)>
® 5 (0 5

1 t 1 t t

- é_l[t+x/4 t+y/4]_§{t+:v/4+t+y/4}

B 2t{ 8t+x+y ]

N (4t + x) (4t + )

- [8t+x+y}

= 8t

B T4y

= 1+ 5

Therefore x,y,u,v € X,

<M(F(x,y),G(u,U),t)+M(F(y,x),G(v,u),t))
2

< v <M(fw,gu,t) ;r M(fy,gut)) Y (M(fw,gmt) +

2

M (fy, gv, t))
2

Therefore (1.2) of Theorem 3.1 is satisfied.

Also f([0,1]) =1[0,1/4] and f ([0,1]) =[0,1/8] are closed subsets of X.

All other conditions of the Theorem 3.1 are satisfied. The common coupled fixed
point of F,G, f and g is z = (0,0).

REFERENCES

[1] A. George, P. Veeramani, On some results in fuzzy metric spaces, Fuzzy sets and systems
64(1994), 395 — 399.

[2] B. Schweizer, A. Sklar, Statistical metric spaces, Pacific J. Math. 10(1960), 313 — 334.

[3] B. Deshpande, A. Handa, Common coupled fixed point theorems for two hybrid pairs of map-
pings under ¢p—1) contraction, Hindawi Publishing Corporation, International scholarly research
notices (2014), Article ID 608725, 10 pages.

[4] 1. Kubiaczyk, S. Sharma, Common coincidence point in fuzzy metric spaces, J. Fuzzy. Math.
1.11(2003),1 — 6.

[5] L.A. Zadeh, Fuzzy sets, Inf. Control 8 (1965), 338 — 353.



COUPLED FIXED POINT THEOREM FOR HYBRID PAIRS.... 15

[6] M. Abbas, L. Ciri¢, B. Damjanovi¢, M. A. Khan, Coupled coincidence and common fixed point
theorems for hybrid pair of mappings, Fixed Point Theory and Applications article 4,2012.
[7] M. Aamri, D. El Moutawakil, Some new common fixed point theorems under strict contractive
conditions, Journal of Mathematical Analysis and Applications, 270 (1) (2002), 181 — 188.
[8] M. Grabiec, Fixed points in fuzzy metric spaces, Fuzzy Sets and Systems 27(1988), 385 — 389.
[9] M. Jain, K. Tas, S. Kumar, N. Gupta, Coupled common fixed point results involving a ¢, -
contractive condition for mixed g-monotone operators in partially ordered metric spaces, Jour-
nal of Inequalities and Applications article 285 (2012), 19 pages.
[10] N. V. Luong, N. X.Thuan, Coupled fixed points in partially ordered metric spaces and appli-
cation, Nonlinear Analysis.Theory, Methods & Applications, 74 (3) (2011),983 — 992.
[11] O. Kramosil, J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetica
11(1975) ,326 — 334.
[12] S. Banach, Sur les operations dans les ensembles abstraits et leur. applications aux equations
integrales, Fundamenta Mathematicae 3 (1922), 133 — 181.
[13] S. B. Nadler, Multi-valued contraction mappings, Pacific Journal of Mathematics
30 (1969) ,475 — 488.
[14] T.Kamran, Coincidence and fixed points for hybrid strict contractions, Journal of Mathematical
Analysis and Applications 299 (1) (2004) , 235 — 241.
[15] T. G. Bhaskar, V. Lakshmikantham, Fixed point theorems in partially ordered metric spaces
and applications. Nonlinear Anal. TMA 65 (2006), 1379 — 1393.
[16] V. Lakshmikantham, L. B. Ciri¢, Coupled fixed point theorems for nonlinear contractions in
partially ordered metric space. Nonlinear Anal. 70 (2009), 4341 — 4349.
[17] V. Berinde, Coupled fixed point theorems for ¢, 1-contractive mixed monotone mappings
in partially ordered metric spaces, Nonlinear Analysis: Theory,Methods & Applications,
75 (6) (2012) ,3218 — 3228.
[18] Y. Liu, J.Wu, Z. Li, Common fixed points of single-valued and multivalued maps, International

Journal of Mathematics and Mathematical Sciences 19 (2005) , 3045 — 3055.

APPLIED SCIENCE DEPARTMENT, INSTITUTE OF ENGINEERING & TECHNOLOGY, DAVYV, INDORE-
452017, M.P., INDIA

E-mail address: rohitpathak80gmail.com



