
Jordan Journal of Mathematics and Statistics (JJMS) 13(1), 2020, pp 17 - 35

ON DOMINATED CLASSES OF HARMONIC CONVEX

FUNCTIONS AND ASSOCIATED INTEGRAL INEQUALITIES

ERHAN SET(1), MUHAMMAD UZAIR AWAN(2),∗, MUHAMMAD ASLAM NOOR(3),

KHALIDA INAYAT NOOR(4) AND NOUSHEEN AKHTAR(5)

Abstract. In this article, we introduce and investigate dominated classes the no-

tion of (h, g)-harmonic convex dominated functions. As particular cases of (h, g)-

harmonic convex dominated functions, we also define some other new classes of

harmonic convex dominated. We derive some integral inequalities of Hermite-

Hadamard type via (h, g)-harmonic convex dominated functions and also give the

fractional version of these inequalities. Some new special cases are also discussed

which can be deduced from our main results.

1. Introduction

A function f : I ⊂ R → R is said to be convex, if

f(ϑx + (1 − ϑ)y) ≤ ϑf(x) + (1 − ϑ)f(y) ∀x, y ∈ I, ϑ ∈ [0, 1].

Convexity plays a pivotal role in modern analysis. It has great impact in our daily

life through its numerous applications in other fields of pure and applied sciences. In

recent years several authors have shown their keen interest in the theory of convexity.

As a result many people have generalized the notion of classical convexity in different
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directions using novel and innovative ideas, see [1, 2, 3, 5, 7, 9, 10, 15, 11, 16, 17, 18].

Dragomir et al. [5] introduced the notion of g-convex dominated functions as follows:

Definition 1.1. Let g : I ⊂ R → R be a convex function on I. The function

f : I ⊂ R → R is said to be g-convex dominated on I, if

|ϑf(x) + (1 − ϑ)f(y) − f(ϑx + (1 − ϑ)y)|

≤ ϑg(x) + (1 − ϑ)g(y) − g(ϑx+ (1 − ϑ)y),(1.1)

for all x, y ∈ I and ϑ ∈ [0, 1].

Dragomir et al. [7] obtained the following Hermite-Hadamard like inequalities for

g-convex dominated functions
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The notions of harmonic convex function and h−convex function were introduced as

the following:

Definition 1.2. [18] Let h : J ⊆ R → R be a nonnegative function. The function

f : I ⊆ R → R is h−convex function, or f belongs to the class SX(h; I), if f is

nonnegative and for all x, y ∈ I and ϑ ∈ (0, 1), we have

f (ϑx + (1 − ϑ)y) ≤ h(ϑ)f(x) + h(1 − ϑ)f(y).

Definition 1.3. [10] A function f : I ⊆ R \ {0} → R is said to be harmonic convex,

if

f

(

xy

ϑx + (1 − ϑ)y

)

≤ (1 − ϑ)f(x) + ϑf(y), ∀x, y ∈ I, ϑ ∈ [0, 1].
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Noor et al. [15] introduced the notion of harmonic h-convex functions, which not

only generalizes the class of harmonic convex functions but also includes some other

new classes of harmonic convex functions.

Iscan [10] obtained Hermite-Hadamard like inequalities for harmonic convex func-

tions. Noor et al. [15] extended the result of Iscan for the class of harmonic h-convex

functions and discussed some other special cases. For some recent investigations

on Hermite-Hadamard type inequalities via different classes of convex functions, see

[4, 6, 8, 13, 14].

The aim of this article is to introduced the notion of (h, g)-harmonic convex dom-

inated convex functions. We obtain some Hermite-Hadamard like inequalities and

their fractional version as well. Several new special cases are also discussed. This is

the main motivation of this article. It is expected that the ideas and techniques of this

article may inspire interested readers to explore the applications of (h, g)-harmonic

convex dominated functions in other fields of pure and applied sciences. The results

of this article may be useful in the fields of numerical analysis and statistics where

the error analysis and different means of real numbers are required respectively.

2. New Definitions

First of all we introduce the class of (h, g)-harmonic convex dominated functions.

Definition 2.1. Let I, J be two intervals in R, h : (0, 1) ⊆ J → R be non-negative

function, h 6= 0 and g : I ⊆ R \ {0} → R be a harmonic h-convex function on I. The

function f : I ⊆ R \ {0} → R is said to be (h, g)-harmonic convex dominated on I, if

∣

∣
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∣

h(ϑ)f(x) + h(1 − ϑ)f(y) − f
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(2.1)

for all x, y ∈ I and ϑ ∈ (0, 1).



20 E. SET, M. U. AWAN, M. A. NOOR, K. I. NOOR AND N. AKHTAR

Now we discuss some special cases of Definition 2.1.

I. If h(ϑ) = ϑ in Definition 2.1, then we have the following new concept.

Definition 2.2. Let g : I ⊆ R \ {0} → R be a harmonic convex function on I. The

function f : I ⊆ R \ {0} → R is said to be g-harmonic convex dominated on I, if
∣
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for all x, y ∈ I and ϑ ∈ [0, 1].

II. If h(ϑ) = ϑs in Definition 2.1, then we have the following new concept.

Definition 2.3. Let g : I ⊆ R+ → R be a Breckner type of harmonic s-convex

function on I. The function f : I ⊆ R+ → R is said to be Breckner type of (s, g)-

harmonic convex dominated on I, if
∣
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for all x, y ∈ I, ϑ ∈ [0, 1] and s ∈ (0, 1].

III. If h(ϑ) = ϑ−s in Definition 2.1, then we have the following new concept.

Definition 2.4. Let g : I ⊆ R+ → R be a Godunova-Levin type of harmonic s-

convex function on I. The function f : I ⊆ R+ → R is said to be Godunova-Levin

type of (s, g)-harmonic convex dominated on I, if
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IV. If h(ϑ) = ϑ−1 in Definition 2.1, then we have the following new concept.

Definition 2.5. Let g : I ⊆ R \ {0} → R be a Godunova-Levin type of harmonic

convex function on I. The function f : I ⊆ R\{0} → R is said to be Godunova-Levin

g-harmonic convex dominated on I, if
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V. If h(ϑ) = 1 in Definition 2.1, then, we have following new concept.

Definition 2.6. Let g : I ⊆ R \ {0} → R be a harmonic P -convex function on I.

The function f : I ⊆ R \ {0} → R is said to be a (P, g)-harmonic convex dominated

on I, if
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3. Hermite-Hadamard type Inequalities

In this section, we obtain some Hermite-Hadamard like inequalities for (h, g)-

harmonic convex dominated functions.

Theorem 3.1. Let h : (0, 1) ⊆ J → R be a non-negative function, and g : I ⊆

R \ {0} → R be a harmonic h-convex function. Suppose f : I ⊆ R \ {0} → R is a

(h, g)-harmonic convex dominated function on I and f ∈ L1[a, b], then for h
(

1
2

)

6= 0,
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we have
∣

∣

∣

∣

∣

∣

ab

b− a

b
∫

a

f(x)

x2
dx−

1

2h
(

1
2

)f

(

2ab

a + b

)

∣

∣

∣

∣

∣

∣

≤
ab

b− a

b
∫

a

g(x)

x2
dx−

1

2h
(

1
2

)g

(

2ab

a + b

)

.

Proof. Using ϑ = 1
2
, x = ab

ϑa+(1−ϑ)b
and y = ab

(1−ϑ)a+ϑb
where ϑ ∈ [0, 1] in the Definition

2.1, we have
∣

∣

∣

∣

h
(1

2

)

[

f

(

ab

ϑa + (1 − ϑ)b

)

+ f

(

ab

(1 − ϑ)a + ϑb

)]

− f

(

2ab

a + b

)
∣

∣

∣

∣

≤ h
(1

2

)

[

g

(

ab

ϑa + (1 − ϑ)b

)

+ g

(

ab

(1 − ϑ)a+ ϑb

)]

− g

(

2ab

a + b

)

.

Integrating above inequality with respect to ϑ on [0, 1], we have
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This completes the proof. �

We now discuss some special cases of Theorem 3.1.

Corollary 3.1. Let g : I ⊆ R \ {0} → R be harmonic convex function. Suppose

f : I ⊆ R\{0} → R is g-harmonic convex dominated function on I where f ∈ L1[a, b],
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then, we have
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Corollary 3.2. Let g : I ⊆ R+ → R be Breckner type of harmonic s-convex function.

Suppose f : I ⊆ R+ → R is (s, g)-harmonic convex dominated function on I where
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Corollary 3.3. Let g : I ⊆ R+ → R be Godunova-Levin type of harmonic s-convex

function. Suppose f : I ⊆ R+ → R is Godunova-Levin type of (s, g)-harmonic convex

dominated function on I where f ∈ L1[a, b], then for s ∈ [0, 1], we have
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Corollary 3.4. Let g : I ⊆ R \ {0} → R be harmonic P -convex function. Suppose
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Theorem 3.2. Let h : (0, 1) ⊆ J → R be a non-negative function, g : I ⊆ R \ {0} →
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Proof. Let x = a and y = b in the Definition 2.1, we have
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This completes the proof. �

We now discuss some special cases of Theorem 3.2.

Corollary 3.5. Let g : I ⊆ R \ {0} → R be harmonic convex function. Suppose

f : I ⊆ R\{0} → R is g-harmonic convex dominated function on I where f ∈ L1[a, b],
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Corollary 3.6. Let g : I ⊆ R+ → R be Breckner type of harmonic s-convex function.

Suppose f : I ⊆ R+ → R is Breckner type of (s, g)-harmonic convex dominated



DOMINATED HARMONIC CONVEX FUNCTIONS 25

function on I where f ∈ L1[a, b], then for s ∈ (0, 1], we have
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Corollary 3.8. Let g : I ⊆ R \ {0} → R be harmonic P -convex function. Suppose

f : I ⊆ R \ {0} → R is (P, g)-harmonic convex dominated function on I where
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4. Fractional Hermite-Hadamard type inequalities

In this section, we derive the fractional version of the Hermite-Hadamard type

inequalities obtained in the previous section. First of all, we recall some preliminaries

of the fractional calculus which will be helpful in obtaining the results of this section.
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where

Γ(α) =
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We now derive some fractional Hermite-Hadamard type inequalities for (h, g)-harmonic

convex dominated functions.
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− g

(

2ab

a+ b

)

.
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Multiplying both sides of above inequality with µα−1 and then integrating with respect

to µ on [0, 1], we have

∣

∣

∣

∣

∣

∣

h

(

1

2

)







1
∫

0

µα−1f

(

ab

(1 − µ)a+ µb

)

dµ+

1
∫

0

µα−1f

(

ab

µa+ (1 − µ)b

)

dµ







−f

(

2ab

a+ b

)

1
∫

0

µα−1dµ

∣

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∣

h

(

1

2

)







1
∫

0

µα−1g

(

ab

(1 − µ)a+ µb

)

dµ+

1
∫

0

µα−1g

(

ab

µa+ (1 − µ)b

)

dµ







−g

(

2ab

a + b

)

1
∫

0

µα−1dµ

∣

∣

∣

∣

∣

∣

.

This implies that

∣

∣

∣

∣

∣

∣

∣

h

(

1

2

) (

ab

b− a

)α











1

a
∫

1

b

(

x−
1

b

)α−1

f

(

1

x

)

dx +

1

a
∫

1

b

(

1

a
− x

)α−1

f

(

1

x

)

dx











−
1

α
f

(

2ab

a+ b

)
∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∣

∣

h

(

1

2

) (

ab

b− a

)α











1

a
∫

1

b

(

x−
1

b

)α−1

g

(

1

x

)

dx +

1

a
∫

1

b

(

1

a
− x

)α−1

g

(

1

x

)

dx











−
1

α
g

(

2ab

a+ b

)
∣

∣

∣

∣

.

This further implies
∣

∣

∣

∣

∣

Γ(α + 1)

(

ab

b− a

)α {

Jα
1

a−

(f ◦ w)

(

1

b

)

+ Jα
1

b+

(f ◦ w)

(

1

a

)}

−
1

h
(

1
2

)f

(

2ab

a+ b

)

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

Γ(α + 1)

(

ab

b− a

)α {

Jα
1

a−

(g ◦ w)

(

1

b

)

+ Jα
1

b+

(g ◦ w)

(

1

a

)}

−
1

h
(

1
2

)g

(

2ab

a+ b

)

∣

∣

∣

∣

∣

.

This completes the proof. �
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Now we discuss some special cases of Theorem 4.1.

Corollary 4.1. Let g : I ⊆ R \ {0} → R be a harmonic convex function. Let

f : I ⊆ R\{0} → R be g-harmonic convex dominated function such that f ∈ L1[a, b],

then for α > 0, following inequality holds:

∣

∣

∣

∣

Γ(α + 1)

(

ab

b− a

)α {

Jα
1

a−

(f ◦ w)

(

1

b

)

+ Jα
1

b+

(f ◦ w)

(

1

a

)}

− 2f

(

2ab

a+ b

)
∣

∣

∣

∣

≤

∣

∣

∣

∣

Γ(α+ 1)

(

ab

b− a

)α {

Jα
1

a−

(g ◦ w)

(

1

b

)

+ Jα
1

b+

(g ◦ w)

(

1

a

)}

− 2g

(

2ab

a+ b

)
∣

∣

∣

∣

.

Corollary 4.2. Let g : I ⊆ R+ → R be a Breckner type of harmonic s-convex

function. Let f : I ⊆ R+ → R be Breckner type of (s, g)-harmonic convex dominated

function such that f ∈ L1[a, b], then for α > 0 and s ∈ (0, 1], following inequality

holds:

∣

∣

∣

∣

Γ(α + 1)

(

ab

b− a

)α {

Jα
1

a−

(f ◦ w)

(

1

b

)

+ Jα
1

b+

(f ◦ w)

(

1

a

)}

− 2sf

(

2ab

a+ b

)
∣

∣

∣

∣

≤

∣

∣

∣

∣

Γ(α + 1)

(

ab

b− a

)α {

Jα
1

a−

(g ◦ w)

(

1

b

)

+ Jα
1

b+

(g ◦ w)

(

1

a

)}

− 2sg

(

2ab

a+ b

)
∣

∣

∣

∣

.

Corollary 4.3. Let g : I ⊆ R+ → R be a Godunova-Levin type of harmonic s-convex

function. Let f : I ⊆ R+ → R be Godunova-Levin type of (s, g)-harmonic convex

dominated function such that f ∈ L1[a, b], then for α > 0 and s ∈ [0, 1], following

inequality holds:

∣

∣

∣

∣

Γ(α + 1)

(

ab

b− a

)α {

Jα
1

a−

(f ◦ w)

(

1

b

)

+ Jα
1

b+

(f ◦ w)

(

1

a

)}

−
1

2s
f

(

2ab

a+ b

)
∣

∣

∣

∣

≤

∣

∣

∣

∣

Γ(α + 1)

(

ab

b− a

)α {

Jα
1

a−

(g ◦ w)

(

1

b

)

+ Jα
1

b+

(g ◦ w)

(

1

a

)}

−
1

2s
g

(

2ab

a+ b

)
∣

∣

∣

∣

.

Corollary 4.4. Let g : I ⊆ R \ {0} → R be a harmonic P -convex function. Let

f : I ⊆ R \ {0} → Rw be (P, g)-harmonic convex dominated function such that



DOMINATED HARMONIC CONVEX FUNCTIONS 29

f ∈ L1[a, b], then for α > 0, following inequality holds:

∣

∣

∣

∣

Γ(α + 1)

(

ab

b− a

)α {

Jα
1

a−

(f ◦ w)

(

1

b

)

+ Jα
1

b+

(f ◦ w)

(

1

a

)}

− f

(

2ab

a + b

)
∣

∣

∣

∣

≤

∣

∣

∣

∣

Γ(α + 1)

(

ab

b− a

)α {

Jα
1

a−

(g ◦ w)

(

1

b

)

+ Jα
1

b+

(g ◦ w)

(

1

a

)}

− g

(

2ab

a + b

)
∣

∣

∣

∣

.

Theorem 4.2. Let h : (0, 1) ⊆ J → R be a non-negative function and g : I ⊆

R \ {0} → R be a harmonic h-convex function. Let f : I ⊆ R \ {0} → R be (h, g)-

harmonic convex dominated function such that f ∈ L1[a, b], then for α > 0, following

inequality holds:

∣

∣

∣

∣

ψ1f(a) + ψ2f(b) − Γ(α)

(

ab

b− a

)α

Jα
1

a−

(f ◦ w)

(

1

b

)
∣

∣

∣

∣

+

∣

∣

∣

∣

ψ2f(a) + ψ1f(b) − Γ(α)

(

ab

b− a

)α

Jα
1

b+

(f ◦ w)

(

1

a

)
∣

∣

∣

∣

≤ ψ3[g(a) + g(b)] − Γ(α)

(

ab

b− a

)α [

Jα
1

a−

(f ◦ w)

(

1

b

)

+ Jα
1

b+

(f ◦ w)

(

1

a

)]

,

where

ψ1 =

1
∫

0

ϑα−1h(ϑ)dϑ,

ψ2 =

1
∫

0

ϑα−1h(1 − ϑ)dϑ,

and

ψ3 =

1
∫

0

ϑα−1[h(ϑ) + h(1 − ϑ)]dϑ.
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Proof. Let x = a and y = b in the Def of (h, g)-harmonic convex dominated functions,

we have

∣

∣

∣

∣

h(ϑ)f(a) + h(1 − ϑ)f(b) − f

(

ab

(1 − ϑ)a + ϑb

)
∣

∣

∣

∣

+

∣

∣

∣

∣

h(1 − ϑ)f(a) + h(ϑ)f(b) − f

(

ab

ϑa + (1 − ϑ)b

)∣

∣

∣

∣

≤ [h(ϑ) + h(1 − ϑ)][g(a) + g(b)] −

[

g

(

ab

(1 − ϑ)a + ϑb

)

+ g

(

ab

ϑa + (1 − ϑ)b

)]

.

Multiplying both sides of above inequality with respect to ϑα−1 and then integrating

it with respect to ϑ on [0, 1], we have

∣

∣

∣

∣

∣

∣

f(a)

1
∫

0

ϑα−1h(ϑ)dϑ + f(b)

1
∫

0

ϑα−1h(1 − ϑ)dϑ−

1
∫

0

ϑα−1f

(

ab

(1 − ϑ)a+ ϑb

)

dϑ

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

f(a)

1
∫

0

ϑα−1h(1 − ϑ)dϑ + f(b)

1
∫

0

ϑα−1h(ϑ)dϑ−

1
∫

0

ϑα−1f

(

ab

ϑa+ (1 − ϑ)b

)

dϑ

∣

∣

∣

∣

∣

∣

≤ [g(a) + g(b)]

1
∫

0

ϑα−1[h(ϑ) + h(1 − ϑ)]dϑ

−





1
∫

0

ϑα−1g

(

ab

(1 − ϑ)a + ϑb

)

dϑ +

1
∫

0

ϑα−1g

(

ab

ϑa + (1 − ϑ)b

)

dϑ



 .
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This implies
∣

∣

∣

∣

∣

∣

f(a)

1
∫

0

ϑα−1h(ϑ)dϑ + f(b)

1
∫

0

ϑα−1h(1 − ϑ)dϑ− Γ(α)

(

ab

b− a

)α

Jα
1

a−

(f ◦ w)

(

1

b

)

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

f(a)

1
∫

0

ϑα−1h(1 − ϑ)dϑ + f(b)

1
∫

0

ϑα−1h(ϑ)dϑ − Γ(α)

(

ab

b− a

)α

Jα
1

b+

(f ◦ w)

(

1

a

)

∣

∣

∣

∣

∣

∣

≤ [g(a) + g(b)]

1
∫

0

ϑα−1[h(ϑ) + h(1 − ϑ)]dϑ

− Γ(α)

(

ab

b− a

)α [

Jα
1

a−

(f ◦ w)

(

1

b

)

+ Jα
1

b+

(f ◦ w)

(

1

a

)]

.

�

Now we discuss some special cases of Theorem 4.2.

Corollary 4.5. Let g : I ⊆ R \ {0} → R be a harmonic convex function. Let

f : I ⊆ R\{0} → R be g-harmonic convex dominated function such that f ∈ L1[a, b],

then for α > 0, following inequality holds:

∣

∣

∣

∣

ψ∗

1f(a) + ψ∗

2f(b) − Γ(α)

(

ab

b− a

)α

Jα
1

a−

(f ◦ w)

(

1

b

)
∣

∣

∣

∣

+

∣

∣

∣

∣

ψ∗

2f(a) + ψ∗

1f(b) − Γ(α)

(

ab

b− a

)α

Jα
1

b+

(f ◦ w)

(

1

a

)
∣

∣

∣

∣

≤ ψ∗

3 [g(a) + g(b)] − Γ(α)

(

ab

b− a

)α [

Jα
1

a−

(f ◦ w)

(

1

b

)

+ Jα
1

b+

(f ◦ w)

(

1

a

)]

,

where

ψ∗

1 =
1

α+ 1
,

ψ∗

2 =
1

α(α + 1)
,

and

ψ∗

3 =
1

α
.
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Corollary 4.6. Let g : I ⊆ R+ → R be a Breckner type of harmonic s-convex

function. Let f : I ⊆ R+ → R be Breckner type of (s, g)-harmonic convex dominated

function such that f ∈ L1[a, b], then for α > 0 and s ∈ (0, 1], following inequality

holds:
∣

∣

∣

∣

ψ∗∗

1 f(a) + ψ∗∗

2 f(b) − Γ(α)

(

ab

b− a

)α

Jα
1

a−

(f ◦ w)

(

1

b

)
∣

∣

∣

∣

+

∣

∣

∣

∣

ψ∗∗

2 f(a) + ψ∗∗

1 f(b) − Γ(α)

(

ab

b− a

)α

Jα
1

b+

(f ◦ w)

(

1

a

)
∣

∣

∣

∣

≤ ψ∗∗

3 [g(a) + g(b)] − Γ(α)

(

ab

b− a

)α [

Jα
1

a−

(f ◦ w)

(

1

b

)

+ Jα
1

b+

(f ◦ w)

(

1

a

)]

,

where

ψ∗∗

1 =
1

α+ s
,

ψ∗∗

2 = B(α, s+ 1),

and

ψ∗∗

3 =
1

α + s
+B(α, s+ 1).

Corollary 4.7. Let g : I ⊆ R+ → R be a Godunova-Levin type of harmonic s-convex

function. Let f : I ⊆ R+ → R be Godunova-Levin type of (s, g)-harmonic convex

dominated function such that f ∈ L1[a, b], then for α > 0 and s ∈ [0, 1], following

inequality holds:
∣

∣

∣

∣

ψ∗∗∗

1 f(a) + ψ∗∗∗

2 f(b) − Γ(α)

(

ab

b− a

)α

Jα
1

a−

(f ◦ w)

(

1

b

)
∣

∣

∣

∣

+

∣

∣

∣

∣

ψ∗∗∗

2 f(a) + ψ∗∗∗

1 f(b) − Γ(α)

(

ab

b− a

)α

Jα
1

b+

(f ◦ w)

(

1

a

)
∣

∣

∣

∣

≤ ψ∗∗∗

3 [g(a) + g(b)] − Γ(α)

(

ab

b− a

)α [

Jα
1

a−

(f ◦ w)

(

1

b

)

+ Jα
1

b+

(f ◦ w)

(

1

a

)]

,

where

ψ∗∗∗

1 =
1

α− s
,

ψ∗∗

2 = B(α, 1 − s),
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and

ψ∗∗

3 =
1

α− s
+B(α, 1 − s).

Corollary 4.8. Let g : I ⊆ R \ {0} → R be a P -function. Let f : I ⊆ R \ {0} → R

be (P, g)-harmonic convex dominated function such that f ∈ L1[a, b], then, for α > 0,

following inequality holds:

∣

∣

∣

∣

f(a) + f(b)

α
− Γ(α)

(

ab

b− a

)α

Jα
1

a−

(f ◦ w)

(

1

b

)
∣

∣

∣

∣

+

∣

∣

∣

∣

f(a) + f(b)

α
− Γ(α)

(

ab

b− a

)α

Jα
1

b+

(f ◦ w)

(

1

a

)
∣

∣

∣

∣

≤
2[g(a) + g(b)]

α
− Γ(α)

(

ab

b− a

)α [

Jα
1

a−

(f ◦ w)

(

1

b

)

+ Jα
1

b+

(f ◦ w)

(

1

a

)]

.
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