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ON DOMINATED CLASSES OF HARMONIC CONVEX
FUNCTIONS AND ASSOCIATED INTEGRAL INEQUALITIES

ERHAN SET(!"), MUHAMMAD UZAIR AWAN®):* MUHAMMAD ASLAM NOOR®),
KHALIDA INAYAT NOOR) AND NOUSHEEN AKHTAR®)

ABSTRACT. In this article, we introduce and investigate dominated classes the no-
tion of (h, g)-harmonic convex dominated functions. As particular cases of (h, g)-
harmonic convex dominated functions, we also define some other new classes of
harmonic convex dominated. We derive some integral inequalities of Hermite-
Hadamard type via (h, g)-harmonic convex dominated functions and also give the
fractional version of these inequalities. Some new special cases are also discussed

which can be deduced from our main results.

1. INTRODUCTION

A function f: I C R — R is said to be convex, if
F0x+ (1= 0)y) < Of (@) + (L= 0)f(y) Vaye L9 e 0,1,

Convexity plays a pivotal role in modern analysis. It has great impact in our daily
life through its numerous applications in other fields of pure and applied sciences. In
recent years several authors have shown their keen interest in the theory of convexity.

As a result many people have generalized the notion of classical convexity in different
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directions using novel and innovative ideas, see [1, 2, 3, 5, 7, 9, 10, 15, 11, 16, 17, 18].

Dragomir et al. [5] introduced the notion of g-convex dominated functions as follows:

Definition 1.1. Let g : I € R — R be a convex function on /. The function

f:I CR — Ris said to be g-convex dominated on [, if
[0f(2) + (1 =9)f(y) = f(Pz + (1= D)y)]
(1.1) < g(x) + (1 = 9)g(y) — gz + (1 - J)y),

for all z,y € I and ¥ € [0, 1].

Dragomir et al. [7] obtained the following Hermite-Hadamard like inequalities for

g-convex dominated functions

() —bia/bfmdx < bia/bg@)dw—g(“;b),

a

and
b

f@)+f0) 1 g(@) +g(b) 1
2 _b—a/f(:c)daj =T _b—a/g(x)dx'

a

The notions of harmonic convex function and A—convex function were introduced as

the following:

Definition 1.2. [18] Let A : J C R — R be a nonnegative function. The function
f: 1 C R—Ris h—convex function, or f belongs to the class SX(h; 1), if f is

nonnegative and for all z,y € I and 9 € (0, 1), we have

f @z + (1 =0)y) <h(0)f(x) + h(1 =) [(y)-
Definition 1.3. [10] A function f: I C R\ {0} — R is said to be harmonic convex,
if

zy
f (m) <(1-=-9)f(zx)+9f(y), Vx,yeldel01].
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Noor et al. [15] introduced the notion of harmonic h-convex functions, which not
only generalizes the class of harmonic convex functions but also includes some other
new classes of harmonic convex functions.

Iscan [10] obtained Hermite-Hadamard like inequalities for harmonic convex func-
tions. Noor et al. [15] extended the result of Iscan for the class of harmonic h-convex
functions and discussed some other special cases. For some recent investigations
on Hermite-Hadamard type inequalities via different classes of convex functions, see
4, 6, 8, 13, 14].

The aim of this article is to introduced the notion of (h, g)-harmonic convex dom-
inated convex functions. We obtain some Hermite-Hadamard like inequalities and
their fractional version as well. Several new special cases are also discussed. This is
the main motivation of this article. It is expected that the ideas and techniques of this
article may inspire interested readers to explore the applications of (h, g)-harmonic
convex dominated functions in other fields of pure and applied sciences. The results
of this article may be useful in the fields of numerical analysis and statistics where

the error analysis and different means of real numbers are required respectively.

2. NEw DEFINITIONS

First of all we introduce the class of (h, g)-harmonic convex dominated functions.

Definition 2.1. Let I, J be two intervals in R, A : (0,1) C J — R be non-negative
function, h # 0 and g : I CR\ {0} — R be a harmonic h-convex function on I. The

function f: I CR\ {0} — R is said to be (h, g)-harmonic convex dominated on I, if

h(¥) f(z) +h(1—9)f(y) — f (L) '

(1—=9)z +Jy
(2.1) < h(@)g(z) +h(1 = I)g(y) — g (g_q;—iﬂgly)

for all z,y € I and ¢ € (0, 1).
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Now we discuss some special cases of Definition 2.1.

I. If A(Y¥) =¥ in Definition 2.1, then we have the following new concept.

Definition 2.2. Let g : I C R\ {0} — R be a harmonic convex function on I. The

function f: I CR\ {0} — R is said to be g-harmonic convex dominated on I, if
xry
v 1-9 —fl———
)+ =000~ 1 (= )|

<dg(z) + (1 = )gly) — g ((l—zf)—i—i—ﬁy) ’

for all z,y € I and ¥ € [0, 1].
IL. If h(¥) = ¥° in Definition 2.1, then we have the following new concept.

Definition 2.3. Let g : I € R™ — R be a Breckner type of harmonic s-convex
function on I. The function f : I C Rt — R is said to be Breckner type of (s, g)-

harmonic convex dominated on I, if

9 f(x)+ (1 —9) fy) — f ((1—153—3;“93/) ‘

<Pg(z) + (1 -9)°gy) — g ((1—5)—1—1—193/) ’

forall z,y € I, ¥ € [0,1] and s € (0, 1].
III. If A(Y) = ¥~ in Definition 2.1, then we have the following new concept.

Definition 2.4. Let g : I € R™ — R be a Godunova-Levin type of harmonic s-
convex function on I. The function f : I € RT — R is said to be Godunova-Levin

type of (s, ¢g)-harmonic convex dominated on I, if

for all z,y € I, ¥ € (0,1) and s € [0, 1].



DOMINATED HARMONIC CONVEX FUNCTIONS 21

IV. If h(9) = 9~ in Definition 2.1, then we have the following new concept.

Definition 2.5. Let g : I C R\ {0} — R be a Godunova-Levin type of harmonic
convex function on I. The function f : I C R\ {0} — Ris said to be Godunova-Levin

g-harmonic convex dominated on I, if

forall z,y € I, ¥ € (0,1) .
V. If h(¥) =1 in Definition 2.1, then, we have following new concept.

Definition 2.6. Let g : I C R\ {0} — R be a harmonic P-convex function on I.
The function f: I C R\ {0} — R is said to be a (P, g)-harmonic convex dominated

on [, if

'f(x) 10~ 1 (= ) ] <o) +90) — 3 (=l )

forall z,y € I, ¥ € (0,1) .

3. HERMITE-HADAMARD TYPE INEQUALITIES

In this section, we obtain some Hermite-Hadamard like inequalities for (h,g)-

harmonic convex dominated functions.

Theorem 3.1. Let h : (0,1) C J — R be a non-negative function, and g : I C
R\ {0} — R be a harmonic h-convex function. Suppose f: I C R\ {0} — R is a
(h, g)-harmonic convex dominated function on I and f € Li[a,b], then for h(1) # 0,
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we have

Proof. Using ¥ = 3, z = 19a+(“1b_19)b and y = #Zﬂ% where ¢ € [0, 1] in the Definition

2.1, we have
1 ab ab 2ab
h= = SR N
’ <2) [f(ﬁa—l—(l—z?)b)+f((1—19)a+19b)} f(a—i—b)’
1 ab ab 2ab
<h(= - — || - .
= (2) {9 (19a+(1—79)b)+9((1—19)a+19b)] g(a+b>
Integrating above inequality with respect to ¥ on [0, 1], we have

2h<1)a—b | J@) 4, (L“b)

2/b—a 2 a+b

1\ ab g(z) 2ab
< 2h(= CASSEA P .
_Qh(2>b—a/ x? de g(a—irb)

This implies that

This completes the proof. 0

We now discuss some special cases of Theorem 3.1.

Corollary 3.1. Let g : I € R\ {0} — R be harmonic convex function. Suppose

f I CR\{0} — R is g-harmonic convex dominated function on I where f € Ly|a,b],
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then, we have

b b
ab f(x) 2ab ab g(x) 2ab
— < — .
b—a x? do f(a—i—b) _b—a/ x? dz =g a+b

a

Corollary 3.2. Let g : I C Rt — R be Breckner type of harmonic s-convex function.
Suppose [ 1 C Rt — R is (s, g)-harmonic convex dominated function on I where

f € Lila,b], then for s € (0,1], we have

b b
ab f(x) 1 2ab ab g(x) 1 2ab
—2° < —2° — .
b—a/ x2 dz / a+b _b—a/ x2 dz g a+b

a

Corollary 3.3. Let g : I € Rt — R be Godunova-Levin type of harmonic s-convex
function. Suppose f: I C RT — R is Godunova-Levin type of (s, g)-harmonic convex

dominated function on I where f € Li[a,b], then for s € [0, 1], we have

b b
ab f(x) 1 2ab ab / g(x) 1 2ab
— < dr — .
b—a x? de 25+1f(a+b) “b—a R AV

a

Corollary 3.4. Let g : I C R\ {0} — R be harmonic P-convex function. Suppose
f I CR\A{0} — R is (P, g)-harmonic convexr dominated function on I where
f € Li[a,b], then we have

b
ab f( ) 1 2ab ab /g(x) 1 2ab
- < —Z .
b—a x? do Qf(a+b) “b—a) 2? do 27 \a+o

Theorem 3.2. Let h: (0,1) C J — R be a non-negative function, g : I C R\ {0} —

R be a harmonic h-convex function. Suppose f: 1 C R\ {0} — R is (g, h)-harmonic

conver dominated function on I where f € Lla,b], then
1 ) b (@)
a T
@)+ 0] [ a0 — 2 [ L
0 a
1

<[ofa) + 9] [ nio)ao — ;2 jgf

T
0
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Proof. Let x = a and y = b in the Definition 2.1, we have
ab
s+ - 050 - 1 (=555 )|
ab
< H(gt) + 11 = D)g0) ~ g (=g )

Integrating above inequalities with respect to 9 on [0, 1], we have

1 1 1

f(a)/h(q‘})dGJrf(b)/h(l—ﬁ)d&—/f (#’;H%) dv

0 0 0
1 1 1

< g(a)/h(ﬁ)d@ +g(b)/h(1 — 9)df — /g (#’;H%) dd,

0 0 0

This implies

This completes the proof. 0

We now discuss some special cases of Theorem 3.2.

Corollary 3.5. Let g : I C R\ {0} — R be harmonic convex function. Suppose
f: I CR\{0} — R is g-harmonic convex dominated function on I where f € Ly|a,b],

then
f(a)+ f(b) _ab / f(:v)dx < g(a) + g(b) _ab /bg(:v)dx.

2 b—a 2 2 b—a 22

Corollary 3.6. Let g : I C Rt — R be Breckner type of harmonic s-convex function.

Suppose [ : I C Rt — R is Breckner type of (s,g)-harmonic convexr dominated
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function on I where f € Liyla,b], then for s € (0,1], we have

b b
fla)+ f(b)  ab [ f(z) gla) +g() ab [ g(z)
s+1  b—ua 22 dz| < s+1 _b—a/ x2 dz.

Corollary 3.7. Let g : I C Rt — R be Godunova-Levin type of harmonic s-convex
function. Suppose f: I CRT — R is Godunova-Levin type of (s, g)-harmonic convex

dominated function on I where f € Li[a,b], then for s € [0,1], we have

@+ f®)  ab fr@), | o) o) _ab /bgwdx,

1—s b—a T2 - 1—s b—a 2

Corollary 3.8. Let g : I C R\ {0} — R be harmonic P-convex function. Suppose
f 1 CR\{0} — R is (P, g)-harmonic convexr dominated function on I where

f € Li[a,b], then we have
b

@)+ 1) = 52 fi,f)dx < g(a) +g(b) - biba/%dx.

4. FRACTIONAL HERMITE-HADAMARD TYPE INEQUALITIES

In this section, we derive the fractional version of the Hermite-Hadamard type
inequalities obtained in the previous section. First of all, we recall some preliminaries

of the fractional calculus which will be helpful in obtaining the results of this section.

Definition 4.1 ([12]). Let f € Ly[a,b]. Then Riemann-Liouville integrals J% f and
Jit f of order av > 0 with a > 0 are defined by

T (@) = / (e — Ot >,

and

b
1
Sy f :—F / ) f(t)dt, <D,
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where

is the Gamma function.

The well known Beta function is defined as:

1
B(z,y) :/ 71—t dt.
0

It is known [12] that

L(2)C(y)

Bloy) = Tz +y)

We now derive some fractional Hermite-Hadamard type inequalities for (h, g)-harmonic

convex dominated functions.

Theorem 4.1. Let h : (0,1) € J — R be a non-negative function and g : I C
R\ {0} — R be a harmonic h-convez function. Let f : 1 C R\ {0} — R be (h,g)-
harmonic convex dominated function such that f € Li[a,b], then for a > 0 and

h () #0, following inequality holds:
o (2 frscrem (3) eozem () - g ()
e (52) {rnoem () 100w () g (2)

Proof. Using ¢ = %7 r = (1—;37[;4,-”[)

<

and y = where p € [0,1] in the Def of

ab
pat(1—p)b?

(h, g)-harmonic convex dominated functions, we have
1 ab 1 ab 2ab
hi{= — | +h| = — | —
' (2)f((1—u)a+ub) (2)f<ua+(1—u)b) f(a+b)‘
<o) (a=iemm) + (2)o Gairan) 2 (53)
="\2)7 (1—p)a+ pb 2)9 pa—+ (1 — )b INa+v)
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Multiplying both sides of above inequality with ;®~! and then integrating with respect
to p on [0, 1], we have

1

1 o1 ab i o1l ab
h<5) O/M f((l—u)a+ub)dM+O/M f(ua+(1—u)b)dM
2ab / o1
_f<a+b)/’u du
0

This implies that

(0 G2 ) G [ () o (D)

This further implies

oo () (o (2) =000 (3) - s (22)
I(a+1) (biba)a {J;(gow) (%) +J% (gow) G)} - @g (%)

This completes the proof. 0

<




28 E. SET, M. U. AWAN, M. A. NOOR, K. I. NOOR AND N. AKHTAR
Now we discuss some special cases of Theorem 4.1.

Corollary 4.1. Let g : I C R\ {0} — R be a harmonic convex function. Let
f: I CR\{0} — R be g-harmonic convex dominated function such that f € Li|a,b],

then for a > 0, following inequality holds:

e (525) ven () rapem (§) - (G55
<froen (25) {roem (5) s toem ()} 20 (G55

Corollary 4.2. Let g : I € RT — R be a Breckner type of harmonic s-convex

function. Let f: I C Rt — R be Breckner type of (s, g)-harmonic convex dominated
function such that f € Li[a,b], then for a« > 0 and s € (0,1], following inequality
holds:

o (25 (o0 () 0o ()} 21 (2)
clesn(2) fronn () oem (D)= (2)

Corollary 4.3. Let g : I CR" — R be a Godunova-Levin type of harmonic s-convex

function. Let f : I C RT — R be Godunova-Levin type of (s, g)-harmonic convex
dominated function such that f € Lila,b], then for « > 0 and s € [0,1], following

inequality holds:

reen (525) {ven () +aem (5)) -5 (55)
<froen (25) e (5) +stoem () -0 (55|

Corollary 4.4. Let g : I C R\ {0} — R be a harmonic P-convex function. Let

f I CR\A{0} — RZ be (P,g)-harmonic convex dominated function such that
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f € Li[a,b], then for a > 0, following inequality holds:

reen(525) {rven (5) wntren (0 - ()
<o (525) {rem (5) + oo (3)} -0 (255)]

Theorem 4.2. Let h : (0,1) € J — R be a non-negative function and g : I C

R\ {0} — R be a harmonic h-convex function. Let f : 1 C R\ {0} — R be (h,g)-
harmonic convex dominated function such that f € Li[a,b], then for a > 0, following

inequality holds:

Baf@) + 2 ) - Tl (72 ) o) (é)'

+

afla@)+ 070 - 1@ () 5 (row) (1))
< valo(a) +90] - 1@ (72 ) [ ow) (3) +aiirew (1)),

b—a o P
where
1
v = [0 hio)a,
0
1
Py = /ﬁo‘lh(l — 9)dd,
0
and

Y3 = /ﬁal[h(ﬁ) + h(1 — 9)]dv.

0
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Proof. Let x = a and y = b in the Def of (h, g)-harmonic convex dominated functions,

we have

sl - 050 - 1 (=g )|

+ 'h(l —9)f(a) +h(I)f(b) - f (Wlb—ﬁ)la) ‘

< [h(9) + h(1 —9)][g(a) + g(b)] — [g (Mﬁ) tg (Wlb—ﬂ)bﬂ '

Multiplying both sides of above inequality with respect to 9*~! and then integrating

it with respect to ¢ on [0, 1], we have

/ / ab
fla) [ 927 th(9)dY + £(b) [ 9> h(1 —9)dY — [ 91 f (_—> dd
0/ 0/ 0/ (1 —-39)a+ 9b

1 1

/196“ Yh(1 —9)d9 + f(b )/ﬁa‘lh(ﬁ)dﬁ—/ﬁo“lf (#16—19)1) dv

0

1

< l9(a) + 9(b) / 9N R(0) + h(1 - 9)]do

0

i l/ s () 40+ / s (g =) dﬁ} '

0
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This implies

fmy/ﬁQIMﬂmﬁ+fw)/ﬁ“1M1ﬁﬁﬁfﬂ”(bd})aJ%(fow)(;>

f(a) /190—%(1 — 9)dv + f(b) /190“%(19)&9 — (o) ( “ )a T (fow) G)

b—a
0 0

1

<loa) + 9] [ 0 n(0) + b1~ D)0

0

~T(a) (b‘ibay {le(fow) (%) +J% (fow) (%)] .

Now we discuss some special cases of Theorem 4.2.

_|_

Corollary 4.5. Let g : I € R\ {0} — R be a harmonic convex function. Let
f: I CR\{0} — R be g-harmonic convex dominated function such that f € Li|a,b],

then for a > 0, following inequality holds:

s 1011 (525) 0w (;

|
S~

_|_

¢3f(a) + i F(b) = T(e) (biba)a e ow) (1)’

< 3[g(a) + g(b)] — I(a) (bibo)a [Ji(f o w) (2) L ew) (1)] ’

where
1
vi= oo
1
Y= i
and
vi= o
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Corollary 4.6. Let g : I € RT — R be a Breckner type of harmonic s-convex
function. Let f: I C Rt — R be Breckner type of (s, g)-harmonic convex dominated
function such that f € Li[a,b], then for a« > 0 and s € (0,1], following inequality
holds:

(@) + 03T () = T(@) (biba)ajfdf °w) (%)'

_|_

51+ i) - vl (72 ) 5. (ow)
1
b

<03 lo@) +90] - T(@) (52 |7 trew)

where
*k 1
L a+ s’
5-=B(a,s+ 1),
and

1
= B 1).
] a+8+ (a, s+ 1)

Corollary 4.7. Let g : I CR" — R be a Godunova-Levin type of harmonic s-convex
function. Let f : I C RT — R be Godunova-Levin type of (s, g)-harmonic convex
dominated function such that f € Lila,b], then for « > 0 and s € [0,1], following

inequality holds:

@) + 050 - 1) (2 ) L) (%)’

oz s+ i) 1) (24 ) s row) (1))
< 5*[g(a) + g(b)] — () (biba)a [J‘:‘l(f ow) (%) + J‘%(f ow) (2)} :
where
ok 1 ’
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and
1

Corollary 4.8. Let g : I CR\ {0} — R be a P-function. Let f : I CR\ {0} - R
be (P, g)-harmonic convexr dominated function such that f € Li|a,b], then, for a > 0,

following inequality holds:

'M —I'(a) (biba)a‘]al(fow) G)‘

N 'M _T(a) (b‘iba)aji(fow) (l)’

< M _T(a) (b“ba)ab[le(fow) (%) + 5 (f ow) G)} .
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