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ON PROJECTIVELY FLAT SPECIAL (a,ﬁ)-METRIC
GANGA PRASAD YADAV () AND AKANSHA @

ABSTRACT. In this paper, we discussed the projectively flat exponential («, 3)-
metric of type L = ae®/* We obtained a necessary and sufficient condition for
this metric to be locally projectively flat and we established the conditions for this

metric to be Berwald type and Douglas type.

1. INTRODUCTION

M. Matsumoto [9] introduced the concept of (v, 3)-metric on a differentiable man-
ifold M", where o = a;;(2)y'y’ is a Riemannian metric and 3 = b;(z)y’ is a 1-form.
The Matsumoto metric is an interesting («, #)-metric introduced by using gradient
of slope, speed and gravity [5]. This metric formulates the model of a Finsler space.
Many authors [5, 1, 11] studied this metric by different perspectives. In projective
Finsler geometry, we have remarkable theorem called Rapcsak theorem, which plays
an important role in the projective geometry of Finsler spaces.

In fact this theorem gives the necessary and sufficient condition that a Finsler space
is projective to another Finsler space. An extensive study of projectively flat Finsler
metrics was taken up by authors [6, 7, 10] and [12, 8]. An interesting and important

class of Finsler spaces is the class of Berwald spaces. As a generalization of a Berwald
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space S. Bacso and M. Matsumoto [2] introduced the notion of a Douglas space. A

Douglas space is a Finsler space whose Douglas tensor vanishes.

2. PRELIMINARIES

Definition 2.1. A smooth manifold is a differentiable manifold for which all transi-

tion maps are smooth i.e. derivatives of all orders exist.

Definition 2.2. A Finsler metric on M™ is a function L : TM"™ — [0, 00) with the
following properties:

o Lis C*™ on TM,

e [ is positively 1-homogeneous on the fiber of tangent bundle TM™,

1 9%F?

e the Hessian of F? with element g;;(x,y) = 5500

det(gi;) # 0.

The pair (M", L) is called a Finsler space. L is called fundamental function and g;;

is regular on T'Mg, i.e.,

is called fundamental tensor.

Let M™ be a real smooth manifold of dimension n and let F,, = (M", L) be a Finsler
space on the differentiable manifold M" endowed with a fundamental function L(z,y),

where
(2.1) L = ae’/?,
Differentiating (2.1) partially with respect to o and 3, we get

(

a) Lo = el — Beble

(2.2)

where L, = 0L/0a, Lg = OL/0B, Loo = OLo /O, Lgg = OLg /0.
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Definition 2.3. A special class of Finsler metrics called (o, 3)-metrics, which is

defined by a Riemannian metric o = /a;;(x)y’y’ and a 1-form 3 = b;(x)y".

Definition 2.4. The («, §)-metric of type L = aef/® is locally projectively flat if
and only if

(1) ( is parallel with respect to a,

(2) « is locally projectively flat, i.e. of constant curvature.

Let a = y/a;j(x)y'y? be a Riemannian metric, 3 = b;y" is a 1-form and let F =
ap(s), s = g, where ¢ is a positive C'*° function defined in a neighborhood of the
origin s = 0. It is well known that F' = a¢ (g) is a Finsler metric for any o and (8

with b = ||3]|o < bo if and only if
P(s) >0, ¢(s) — s¢'(s) + (b* — s*)¢"(s) > 0, (|s] < b < by).
By taking b = s, we obtain

B(s) — s¢'(s) >0, (|s] < bo).

Let G* and G, denote the spray coefficients of L and « respectively, given by

N 6" = Lt ~ (170,

i a 2 k 2
Ga = Z [Oé ]a}kyly - [O[ ]J»‘k )
where 9ij = %[L2]yiyj, (aij> — (aij)_l, ka = % and Lyk = gT[;C

For (a, B)-metric L(«, ) the space R" = (M", «) is called associated Riemannian
space to the Finsler space F,, = (M™, L). The covariant differentiation with respect

to the Levi-Civita connection 7%, (z) of R" is denoted by (;).

Lemma 2.1. [3] The spray coefficient G are related to G°, by

(24) Gl = Gla + OéQSé + J(TQO — 20(@80)% —+ H(TOO — 2@@30){bi _ ya}7
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where
__ ¢
Q= oy
i (¢ —s¢)¢/
20((¢ — s¢') + (b2 — s%)¢")’
b ¢

2((¢ — s¢/) + (0% — s2)¢")’
S0 = Slz‘yi; So = Slobl; Too = rijyiyj; Tij = %(bi;j + bj;z'); Sij = %(bi;j - bj;z'); 7"; = CLir?"rj;

sh=a"s.;, 15 = b1, 55 = b5}, b = a”b. and b* = a"*b,b.
It is well-known that a Finsler metric L = L(z,y) on an open subset U C R" is
projectively flat if and only if [4]
(2.5) Lowgy" — Ly = 0.
By (2.5), we have the following lemma:

Lemma 2.2. [14] An («, §)-metric L = a¢(s), where s = g, is projectively flat on

an open subset U C R™ if and only if
(26) (amloz2 — ymyl)GZ‘ + OégQSZO + HO&(TQO — QOZQSQ)(blOé — Syl) = 0

The functions G* of F),, with an («, §)-metric are written in the form [7]

(2.7) 2G" = 5 + 2B,
2.8 B' = b+ C ' —y'— 0
provided 3% 4+ Lo + 0y*Loq # 0, where 4% = b%a® — 3% and C* = aﬁgfﬁfi;igz(iﬁ)

The subscript 0 means contraction by y. We shall denote the homogeneous polyno-
mials in (y°) of degree r by hp(r) for brevity.
From (2.7) the Berwald connection BI' = (G%,, G%,0) of F,, with an (a, §)-metric is

given by [7]

(2.9) G =0,G' =, + Bl,
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(2.10) Gl = 0Gl =7l + Bl
where B} = d;B' and B = 8kB; On account of [7], B, is determined by

(2.11) Lo By, + aLs(Bjib, — bja)y’ =0,

2

where vy, = a;,y".

A Finsler space F,, with an (a, 8)-metric is a Douglas space if and only if BY =
B'yl — Bly' is hp(3) [2].

From (2.8) B is written as follows

ol o o
(212 BY = S syl — iy +

a?Log
BLa

Lemma 2.3. [8] If (amua? — ymy))G™ = 0, then a is projectively flat.

«

C*(V'y? — by").

3. PROJECTIVELY FLAT SPECIAL («, 3)-METRIC
Let L be an exponential («, 3)-metric, i.e.

(3.1) L=a¢(s), ¢(s)=¢€°, s=

p
a{?
Let by > 0 be the largest number such that

P(5) — s¢'(s) + (b* — %)@ (s) > 0, (|s| < b < by),

ie.,

e(1—s+b—s%) >0, (|s| <b<by).
Lemma 3.1. L = ae®/ is a regular Finsler metric if and only if || 3o < 1.
Proof. If L = aef/® is a regular Finsler metric, then
e(1—s+b*—5%) >0, |s|<b<by.
Let s = b, then we get b < 1,V b < by. Let b — by, then by < 1. So ||3]|o < 1. Now if

s| <b<1,
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then

(1 —s+b*—5%) >e*(1—s) >0 (because b* — s* > 0).

Thus we see that L = ae®/® is a regular Finsler metric. ([

By Lemma 2.1, the spray coefficients G* of L are given by (2.1) with

H =

2(a? — 2 — af + bh2a?)’

Equation (2.7) is reduced to the following form:

9 ot a?
m - Im Gm )
(32) (i = )G+ G0 ST = — af
. o _ 20 s (o — 2y =0
oo a—3 1 i) =

Theorem 3.1. The («a, 3)-metric of type L = ae®/* is locally projectively flat if and
only if

(1) B is parallel with respect to «,

(2) « is locally projectively flat, i.e. of constant curvature.
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Proof. Suppose that L is locally projectively flat. First, we rewrite (3.2) as a poly-

nomial in y* and a. We have
[(—40425 + 23 — 20*°a*B) (ama® — Ymyr) G™
+(2a° + 2b%a® — 22 3%) sy
—20ts9(bia® — Byr) — o Brog(bia® — ﬁyl)}
+o [(2042 + 2020 (@m0 — Ypmyt) G™

—2a*Bsiy + a’roo(ba® — ﬁyz)} =0,

or
where
U = (=406 + 26" — 200> B) (anu@® — ymtn) Gl
+ (2a6 +2b%ab — 204452)510 — 204480(51042 — By)
— o*Broo(bia® — Byr),
and

V = (202 + 2020 (ami@® — Ymit) G

— 2a*Bsyy + a*roo(bia® — By;).

The left hand side of (3.3) is a polynomial in y*, such that U and V are rational in

y* and « is irrational. Therefore we must have

U=0and V =0,
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which implies that
[—2a%6(2 + b?) + 28°)(ame® — ymi)G™
(3.4) = —2a*[a?(1 + b%) — B?]s10 + 2atso(bia® — By))
+a?Broo(bia® — By)
and
2(1+6%)(ama® = ymyn) G2
(3.5)
= 20”8510 — roo(bia® — Bun).-
Transvecting (3.4) and (3.5) with b', we get
[—20°B(2+ %) + 28°](bna® — Y B) G
(3.6) = —2a*[a®(1 +b%) — B%so + 2a'sp(b*a® — 3%)
+ a?Broo(b*a® — 3%)
and

2(1 + b*) (bna® — ymfB)G™
(3.7)

= 20”35y — roo(ba® — 7).
Multiplying (3.7) by a3 and adding in (3.6), we have
(3.8) B(bpma? — ymB)G™ = a’sy.

In (3.8), o’ is not divisible by 8 and 3 is not divisible by a*. Thus sy is divisible by 3
and (b,a? — y,0) is divisible by a?. Therefore there exist scalar functions 7 = 7(z)

and 1 = n(z) such that

(39) S0 = Tﬁa

(3.10) (bm® — ymB)G™ = na.
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From (3.8), (3.9) and (3.10), we have

(3.11) =

In view (3.9), (3.10) and (3.11) equation (3.6), becomes

(3.12) n[2a*(1 + b?) — 2a%5%] = —roo(b?a® — 3?).

Since (b*a? — 3?) is not divisible by [2a*(1 + b%) — 2a23?], it follows from (3.12) that
n=20.
From (3.9), (3.10), (3.11) and (3.12), we get

(3.13) so =0,
(314) (meé2 - ymﬁ)Gz = 07
(3.15) oo = 0.

In view of (3.14) and (3.15), equation (3.5), gives
(3.16) s10 = 0.

In view of Lemma (2.3), equation (3.14) implies that « is projectively flat. From
(3.15) and (3.16), b;;; = 0 i.e., B is parallel with respect to a.

Conversely, if 3 is parallel with respect to o and « is locally projectively flat, then
by Lemma (2.2), we see that L is locally projectively flat. O

Example: The special form of (a, 5)-metric
2

L:a+6ﬁ+k(ﬁ—>,
!

where € and k are non-zero constant to illustrate Theorem 3.1
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4. BERWALD AND DOUGLAS SPACES

In this section, we obtained a necessary and sufficient condition for a Finsler space
F,, with (a, §)-metric to be a Berwald space.

In view of (2.2) equation (2.11), becomes
(41) aeﬁ/aB;iiyjyt - ﬁeﬁ/aB;'iyjyt + &2(B§ibt - bj;i)yj =0.

Assume that F, is a Berwald space i.e., G%, = G% (). Then we have Bf; = Bf;(z).

Since « is irrational in y, from (4.1), we have

(4.2) eﬁ/O‘B;iyjyt =0,

(4.3) —Be’/* Bt yiy, + o*(Bliby — b))y’ = 0.
From (4.2) and (4.3), we get
B;iyjyt =0 and (B;Z-bt — b))y’ =0,
which yield
B;Z-ath + B},a; =0, (B;Z-bt — bj;i)yj =0.
Thus, by the well known Christoffel process, we get B;Z- = 0.

Therefore we have the following Theorem

Theorem 4.1. An exponential («, 3)-metric of type L = ae”/* provides a Berwald

metric if and only if bj; = 0, then Berwald connection is Riemannian.

Now we consider the condition for a Finsler space F™ with an («, (3)-metric to be
Douglas space. Using (2.2) in (2.12), we obtain
2B (o — B)(a® — af + b*a® — §2) — 2% (a® — afB + b*a® — 3%)
(4.4) o o
*(soy’ — spy') — o (U'y’ — by"){ (e = B)roo — 2a%s0}
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Suppose that F™ is a Douglas space, i.e. BY are hp(3). Separating (4.4) in rational

and irrational terms of y?, we have
[(—2a* = 26%a* + 202B%) (shy’ — shy’) + o Broo(b'y’ — Vy")
(4.5) +2ats(b'y? — by') + (—4a?B + 23° — 2b%a?B) B
+a[BY(2a® 4 20%a%) + 20°B(spy’ — spy') — aProo(by’ — y")]
The equation (4.5) is divided into two equations as follows:

w6 [(—2044 —2b%a* + 2a252)(36yj — séyi) + onBroo(biyj - bjy")
4.6
+2atsg(b'y? — by') + (—4a?B + 2% — 2b%a2B)BY],

(4.7) [Bij(2042 + 2b2a2) + 2a25(séyj - séyi) - azroo(b"yj - bjyl)]

Eliminating B% from (4.6) and (4.7), we get

(4.8) A(spy’ — spy') + B(b'y’ = Vy') =0,

where

(4.9) A= —20* — 4b?at 4+ 4a%6% — 2%t + 422 3% — 262,
and

(4.10) B = rgo(3* — &®8%) + 22 (1 + b*)s0.

Transvecting (4.8) by b;y;, we get
(4.11) Aspa? + B(b*a? — %) = 0.

The term of (4.11) which do not contain a? is —3rg. Hence there exits hp(5): vs

such that

(412) —ﬁg)?"oo = 0421)5
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Here we consider two cases:
case (i): When v = 0, this leads to rg9 = 0. Therefore substituting roo = 0 into

(4.11), we get
(413) SQ(A + ’}/231) = O,

where By = 20%(1 + b?).
If A+~2B; =0, then term of A+ v2B; = 0 which do not contain o? is —23*. Thus
there exits hp(2) : vg such that

(4.14) —283* = a*vy,

hence we have v, = 0, which leads to a contradiction. Therefore we must have
a+ 2By # 0. Therefore we have sy = 0, from (4.13). Substituting so = 0 and

roo = 0 into (4.8), we get

(4.15) A(shy? — shy') = 0.

If A =0, then from (4.9), we have

(4.16) —20t — 4b%at + 4a%5% — 261 et + 4b%a?p% — 26 = 0.

The term of (4.15) which does not contain a? is —23%. Thus there exist hp(2): vs
such that

(4.17) —26% = a’vy,

from which we have vy = 0. It is a contradiction, therefore we must have A # 0.
From (4.15), we get

soy’ — sty = 0.
Transvecting above equation y; gives s = 0, which imply s;; = 0. Consequently, we

have Tij = Sij = 0, i.e. bz’;j =0.
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case (ii): The equation (4.12) shows that there exists a function k = k(z) satisfying

roo = k(x)a?.

2 is included in the term —(3°rg.

Thus we have the term of (4.11) does not contain «
Hence we get oo = 0. From (4.14), we have A(shy’ — shy’) = 0. If A =0, then it is a
contradiction. Hence A # 0. Therefore we obtain sy’ — séyi = 0. Transvecting this
equation by y; we get s§ = 0. Hence both the cases (i) and (i) lead to r¢o = 0 and
si; = 0, 1.e. b; = 0.

Conversely if b;; = 0, then F™ is a Berwald space, so F" is a Douglas space.

Thus we have the following Theorem

Theorem 4.2. An exponential (a, 3)-metric of type L = aeP/* is of Douglas type if
and only if o* # 0( mod 3) and b;,; = 0.

From Theorem 4.1 and Theorem 4.2, we have

Theorem 4.3. If the exponential (o, 3)-metric of type L = o €%/ is of Douglas type,

then it is Barwaldian.
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