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SOME PROPERTIES OF FUZZY STAR GRAPH AND FUZZY
LINE GRAPH

F. FAYAZI (U, F. MAHMUDI ® AND A. GHOLAMI ©)

ABSTRACT. In 1973, Kauffman [8] introduced the concept of fuzzy graphs. The
Wiener index of a graph was introduced in 1947 by Wiener in [24]. The Wiener
index of a fuzzy graph was introduced by Mordeson and Mathew in [14]. In this
paper, we've achieved the fuzzy Wiener index, the fuzzy hyper-Wiener index, the
fuzzy reverse-Wiener index of fuzzy star graph and fuzzy line graph. We also
study the concept of the first and second fuzzy Zagreb indices and coindices and
mention the relation between fuzzy Wiener index, fuzzy hyper-Wiener index and

fuzzy Zagreb indices and coindices of the fuzzy star graph.

1. INTRODUCTION

The first definition of fuzzy graph was introduced by Kauffman [8] in the year
1973. But, Rosenfeld [19] described fuzzy relations on fuzzy sets and developed some
theories of fuzzy graphs. The importance of fuzziness in different environments, and
the concept of fuzzy logic as introduced by Lofti.A.Zadeh [25].

A number of places fuzzy graphs have been studied such as [4], [11], [15] and [20].
Fuzzy graphs structures are important because they have some possible applications
in various branches of knowledge like Environmental Science, Social Science, Geog-

raphy, Linguistics etc.
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In 1947, Harold Wiener [24] defined W (G) as the sum of the distances between all
the pairs of vertices of graph G (see also [12]). The hyper-Wiener index of a cyclic
graph was introduced by Randic in 1993. Then Klein et al. [9] generalized Randic’s
definition for all connected graphs, as a generalization of the Wiener index. The
reverse-Wiener index was proposed by Balaban et al. in 2000 [3].

The first and second Zagreb indices were introduced by Gutman et al. in [7].
These coindices were introduced by Doslic in [5]. The hyper-Zagreb index HM;(G)
was introduced by Shirdel et al. in [21]. The hyper Zagreb coindex HM(G) was
introduced by Veylaki et al. in [23]. The second hyper-Zagreb index H My(G) was
introduced by Farhani et al. in [6]. Kulli in [10], introduced the second hyper-Zagreb
coindex HM,(G).

Now we state some definitions and notations used throughout this paper.

Definition 1.1. A fuzzy graph G = (V,0, 1) is a nonempty set V' together with a
pair of functions ¢ : V' — [0,1] and g : V x V' — [0, 1] such that for all z,y € V,
w(z,y) < o(x) Ao(y), where z Ay = min{z,y}.

A weakest arc of G = (V, 0, 1) is an arc with least membership value.

A path P of length n is a sequence of distinct nodes ug, u1, ..., u,, such that
(w1, u;) > 0,4 =1,2,3,...,n and the degree of membership of a weakest arc in the
path is defined as its strength.

A leaf is a node in a tree with degree 1.

Two nodes that are joined by a path are said to be connected. A fuzzy graph is

connected if for any two vertices  and y, there is a path whose endpoints are x and

y.

Definition 1.2. Let G = (V, 0, 1) be a connected fuzzy graph. For any path P :
Uy — Uy — Uy — U3 — ... — Uy, , length of P is denoted by L(P), if n = 0, define L(P) =0
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and for n > 1, L(P) is defined as the sum of the weights of the arcs in P, i.e.
L(P) =) p(ui v, u).
i=1

For any two nodes u,v in G, let P ={P;: P;isau —v path,i=1,2,3,...}.

The sum distance between v and v is defined as
ds(u,v) =min{L(P;)| P, € P,i=1,2,3,...}.
(See also [22]).

Definition 1.3. [1] Let G = (V, o, 1) be a connected fuzzy graph. The fuzzy diameter
d(G) of G is defined by

d(G) = max{yncvc)ds(u,v).

Definition 1.4. Let G = (V,0,u) be a fuzzy graph. The degree of a vertex wu is
defined by
deg(u) = 3 p(u,v).
uFv

Since p(u,v) > 0 for uv € E and pu(u,v) = 0 for uv ¢ E, this is equivalent to

deg(u) = 3 p(uv).

wveE

(See also [16], [17], [18] ).

Definition 1.5. A fuzzy star graph consists of two vertex sets V = {v} and
U = {wi,...,u,} such that p; = p(v,u;) > 0 for 1 < i < n and p(u;,u;) = 0 for
1 <j,k<nandj#k. It is denoted by F'S,. (See also [2]).

Mordeson in [13], defined the fuzzy line graph as follows.
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Definition 1.6. A fuzzy line graph is a path with n vertices, of which exactly two
vertices are leaves and denoted by F'P,.
Throughout this paper, for vertices uy, ..., u, of F'P,, p; is p(u;, u;yq) for

1< <n—1.

In section 2, we obtain the fuzzy Wiener index and fuzzy hyper-Wiener index of
fuzzy star graph and fuzzy line graph.

In section 3, we obtain the fuzzy degree distance and fuzzy reverse-Wiener index
of fuzzy star graph and fuzzy line graph.

In section 4, 5 we define the first and second fuzzy Zagreb indices and coindices
of fuzzy graphs and the first and second fuzzy hyper-Zagreb indices and coindices of

fuzzy graphs also we state some theorems for fuzzy star graph and fuzzy line graph.

2. THE rFuzzy WIENER INDEX, FUZZY HYPER-WIENER INDEX OF FUZZY GRAPHS

We begin this section by the following lemma.

Lemma 2.1. Let F'S, be a fuzzy star graph and F'P, be a fuzzy line graph. Then
(i) d(F'Sy) = max{p; +p;| 1 < 4,5 <n,i# j}.
(ii) d(FP,) = Y1) s

Proof. The proof is obvious. O
Lemma 2.2. Let F'S,, be a fuzzy star graph. Then
deg(v) = iui, deg(u;) = pi
i=1
where 1 <4 <n.

Proof. The proof is clear. 0

Now we mention the definitions of fuzzy Wiener index and fuzzy average distance

of a fuzzy graph.



SOME PROPERTIES OF FUZZY STAR GRAPH AND... 143

Definition 2.1. Let G = (V, 0, 1) be a connected fuzzy graph. The fuzzy Wiener
index W(G) of G is defined by

WG = ) ds(uv).
{u}CV(G)

Definition 2.2. Let G = (V, 0, ) be a connected fuzzy graph. The fuzzy average
distance u(G) between the vertices of G is defined by

Theorem 2.1. Let F'S,, be a fuzzy star graph. Then
W(FS,) = nz 1
i=1
Proof. The proof is obvious. OJ

Theorem 2.2. Let F'P, be a fuzzy line graph. Then

n—1

W(FP,) =Y i(n—i)u,

i=1

Proof. 1t is clear. 0

The next two corollaries follow from the definition of fuzzy average distance, and

theorems 2.1 and 2.2, respectively.

Corollary 2.1. Let F'S,, be a fuzzy star graph. Then

2 Z?: i
pESn) = =20

Corollary 2.2. Let F'P, be a fuzzy line graph. Then

2 Z?gll i(n —i)pi
n(n —1) '

u(FF,) =

Now we mention the definition of fuzzy hyper-Wiener index of a fuzzy graph.
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Definition 2.3. Let G = (V,0, ) be a connected fuzzy graph. The fuzzy hyper-
Wiener index WW(G) of G is defined by
1
WW(G) = 5 Z [ds(u,v) + ds(u,v)?
{vu}CV(G)

Theorem 2.3. Let F'S,, be a fuzzy star graph. Then

WW(FSn)Z;( Zuzﬂtl +22 Z Lhift;)-

=1 j=i+1

Proof. By definition,

n n—1 n
1
WW(FS,) = 5(2 ds(v,u) +ds(v,w)? + > 0> ds(ui,ug) + ds(us, u;)°)
i=1 i=1 j=i+1

;(Z (1t + 13) +Z Z (i + p15) + (i + 11)*)

=1 j=i+1

1
=5 Zuﬂruz +22 Z pitty).

=1 j=i+1

3. THE FUZZY DEGREE DISTANCE AND FUZZY REVERSE-WIENER INDEX OF

FUZZY GRAPHS

Definition 3.1. Let G = (V,0,) be a connected fuzzy graph. The fuzzy degree
distance DD(G) of G is defined by
DD(G) = (deg(u)+ deg(v))ds(u,v)
{v,u}CV(G)

Theorem 3.1. Let F'S,, be a fuzzy star graph. Then

D(FS,) = (n+1) Z“z*‘lzzﬂz%

=1 j=i+1

Proof. Tt is similar to the idea in the proof of Theorem 2.3. U
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Theorem 3.2. Let F'P, be a fuzzy line graph. Then

n—2 n—1
D(FP, —nZuﬂrZZ (j — )it
=1 j=i+1
Proof.
n—1 n
DD(FP,) = Z Z (deg(u;) + deg(u;))ds(u;, uj)
i=1 j=i+1
(deg(ur) + deg(uy))ds(ur, uy)
j=2
n—2 n
+3 73 (deg(ug) + deg(u))ds (i, 1) + (deg(tn—1) + deg(uy))ds (-1, u,)
=2 j=i+1
= Z(Ml + fj-1+ ) (et -1)
j=2
n—2 n
+ Z Z (fic1 + s+ prj—1 + ) (s + oo+ p15-1) + (fn—2 + fn—1 + fn—1) fin—1
i=2 j=i+1
n—2 n—1
SONIES ) SE RN
=1 j=i+1

U

Definition 3.2. Let G = (V, 0, 1) be a connected fuzzy graph. The fuzzy reverse-
Wiener index A(G) is defined by

A(G) = %n(n —1)d(G) - W(G).

where n is the number of vertices and d(G) is the fuzzy diameter of G.

Lemma 3.1. Let F'S,, be a fuzzy star graph. Then

1 n
A(F'S,) = §(n+ Dn. maz{p; + pi|1 <i,5 <n,i#j} —nz,ui.

=1

Proof. 1t is obtained from Lemma 2.1(i) and Theorem 2.1. d
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Lemma 3.2. Let F'P, be a fuzzy line graph. Then

n—1 n—1
1
A(FP,) = 5 (n—lg ;zn—z
Proof. 1t is obtained from Lemma 2.1(ii) and Theorem 2.2. O

4. THE FIRST AND SECOND FUZZY ZAGREB INDICES AND COINDICES OF FUZZY

GRAPHS

Definition 4.1. Let G = (V, 0, 1) be a connected fuzzy graph. The first fuzzy Zagreb
index M;(G) and the second fuzzy Zagreb index My(G) of G are defined as
MG = S (deglu)+ deg(v)), Mo(G) = S deg(u)deg(v).
weE(G) weE(G)
Definition 4.2. Let G = (V, o, i) be a connected fuzzy graph. The first fuzzy Zagreb
coindex M (G) and the second fuzzy Zagreb coindex My(G) of G are defined as
Mi(G)= ) (deg(u)+ deg(v)), = > deg(u)deg(v).
wgE(G) wiB(G)
Theorem 4.1. Let F'S,, be a fuzzy star graph. Then
(i) My(FSn) = (n+1) 320y i,
(it) Ma(FSy) = (325 1),
(iii) My(FS,) = 3200 Y (s + ) = (n = 1) 30, s
(iv) Ma(FS,) =317} D it Mibti-

Proof. (i) From the definition, we have

n

FS,) = deg(v)+ deg(u;) :Z Zuj )+ pmi=n+1))
i=1

i=1 j=1 i=1

Z deg(v).deg(u
= ZZM-M@' = ZM;‘~ZM - (Z“i)2
j=1 i=1 i=1

i=1 j=1
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(iii)

—_

n—

My(FS,) =, deg(u;) + deg(u;)

(iv)
n—1 n n—1 n
My (F'S,) = Z Z deg(u;).deg(u;) = Hifhs-
i=1 j=i+1 i=1 j=i+1

Corollary 4.1. Let F'S,, be a fuzzy star graph. Then
(1) My(FSy) = W(F5,) + deg(v),
(ii) Mz(F'S,) = (deg(v))?,
(iii) M, (FS,) = W(FS,) — deg(v),
1

_ 1
(iv) Mo(FS,) = WW(FS,) = SW(FS,) = SnSip?

Proof. 1t is obtained from Lemma 2.2, Theorem 2.1, Theorem 2.3 and Theorem 4.1.
O

Theorem 4.2. Let F'P, be a fuzzy line graph. Then
(i) My(FP,) = 3pu1 + 4507 pi + 3pn-1,
(i) Ma(FP,) = py(pur + pi2) + S0 (pti1 + 1) (15 + pir) + (s + 1) b1,
(iti) My(FPy) = Y0 (i + s+ piga) + p1 + 1 + Z;L;g ZZJQH Hj—1 7+ pg =+ i +
Miv1 + Z;L;s i1+ 5 + fn—1 + fp—3 + fn—2 + fn-1,
(iv) My(FPy) = 32075 (s + pisa) + (paptnr) + Z?;zg Z?;j%rl(,ujfl + ) (pi +

pivt) + 255 (M1 + 1) i1 + (fin—3 + fin—2)fn-1-

Proof. (i) From the definition, we have

n—1

M\(FF,) = Z deg(u;) + deg(uis1)

i=1
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n—2

= 1+ 1+ po + Z(Mifl + i+ i+ i) + fn—2 + fn—1 + fin—1
i=2
n—2
=31 + 4Zm + 3fn-1-
i=2
(ii)
n—1

M (FP,) = Z deg(u;).deg(uis1)
=1
n—2
= pa(p1 + p2) + Z(Mz‘—l + pi) (s + pis1) + (fn—2 + Hn—1) 1.
=2
(i)
n—2
M(FP,) = deg(u) + deg(uis1) + deg(uy) + deg(u,)
=2
n—3 n—2 n—3
+3 ) deg(uy) + deg(ui) + Y deg(uy) + deg(un,) + deg(tn—o) + deg(uy,)
j=2 i=j+1 j=2
2 n—3 n—2

= (i i) A o+ Y > i1+ g i i
Jj=2i=j+1

n

<.
[|
N

n—3
+ Z Hj—1 + 5 + fp—1 + fn—3 + fin—2 + fin—1.
=2
(iv)
L n—2
Ms(FP,) = Z deg(ur).deg(uirr) + deg(wr).deg(uy)
=2
n—3 n—2 n—3
+ Z Z deg(u;).deg(uit1) + Z deg(u;).deg(uy,) + deg(u,—2).deg(uy,)
=2 i=j+1 j=2

)
w
S

)

n—

=) malpi + pir1) + (papn—1) + (k-1 + 1) (i + pig)

=741

n—

S
Il
)

<
Il
)
¥

w

n—

+ (:U’] 1+:uj):u'n 1+(Mn 3+ fhn— Z)Mn 1-

<.
[|
N
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5. THE FIRST AND SECOND FUZZY HYPER-ZAGREB INDICES AND COINDICES OF

FUZZY GRAPHS

Definition 5.1. Let G = (V, 0, ) be a connected fuzzy graph. The first fuzzy hyper-
Zagreb index HM{(G) and the second fuzzy hyper-Zagreb index HM4(G) of G are
defined as
HM(G)= ) (deg(u)+deg(v))®, HM(G) = > (deg(u)deg(v))*.
weE(G) weE(G)
Definition 5.2. Let G = (V, 0, 1) be a connected fuzzy graph. The first fuzzy hyper-
Zagreb coindex HM(G) and the second fuzzy hyper-Zagreb coindex HMy(G) of G
are defined as
HM\(G)= ) (deg(u)+deg(v))’, HM3(G) = ) (deg(u)deg(v))*
weE(G) w¢E(G)

We have following theorem.

Theorem 5.1. Let F'S, be a fuzzy star graph. Then
(i) HMy(FSn) = 320 (305 1y + mi)?,
(it) HM(FS,) = 320 (300 p-1i)?,
(iii) HM1(FS,) = Y3070 35 (i + 1),
(iv) HMs(FSy) = Y2000 3 (iony)”.

Proof. The proof of this theorem is similar to the proof of Theorem 4.1. 0

Theorem 5.2. Let F'P, be a fuzzy line graph. Then

(i) HMy(FP,) = (211 + p2)* + 20005 (pic1 + 201+ pti1)* + (2pn1 + pin2)?,

(ii) HMo(FP,) = (u1(p1 + p2))* + 2005 (a4 i) (s + pin))® + (o +
fin—1)-Pn-1)>

(iii) HM(FP,) = Y0550+ g + pas)® + (i + pne1)? + 3075 202 (i +
1y s+ i) 4 30505 (g1 + iy A 1)+ (s + s + i),
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(iv) HMo(FP,) = Y07 (i (i + pig1))? + (npin1)® + 30525 S (g +
1) (i + pri1))? + Y0 (i1 + 1) n-1)? + ((tins + pn—2)in—-1)?.

Proof. The proof of this theorem is similar to the proof of Theorem 4.2. OJ
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