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4-TOTAL PRIME CORDIAL LABELING OF SOME SPECIAL
GRAPHS

R. PONRAJ U J. MARUTHAMANI (3 AND R. KALA )

ABSTRACT. Let G be a (p,q) graph. Let f: V(G) — {1,2,...,k} be a map where
k € N is a variable and k£ > 1. For each edge uv, assign the label ged(f(u), f(v)). f
is called k-total prime cordial labeling of G if |t¢(¢) — t7(j)| < 1,¢,5 € {1,2,--- , k}
where tf(x) denotes the total number of vertices and the edges labeled with z. A
graph with a k-total prime cordial labeling is called k-total prime cordial graph. In

this paper we investigate the 4-total prime cordial labeling of some special graphs.

1. INTRODUCTION

All graphs in this paper are finite, simple and undirected. The notion of prime
cordial labeling was introduced in [8]. Ponraj et al. [4], have been introduced the
concept of k-total prime cordial labeling and investigate the k-total cordial labeling
of certain graphs. Also in [4, 5, 6, 7], we investigate the 4-total prime cordial labeling
for path, cycle, star, bistar, ladder, triangular snake, friendship graph, comb, double
comb, double triangular snake, some complete graphs, subdivision of some graphs,
gear graph and flower graph. In this paper we investigate the 4-total prime cordiality

of some special graphs like jelly fish, book, irregular triangular snake.

2000 Mathematics Subject Classification. 05CT8.

Key words and phrases. Jelly fish, book, irregular triangular snake, corona.
Copyright (© Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.

Received: Nov. 1, 2018 Accepted: Jan. 30, 2019 .
153



154 R. PONRAJ ) J. MARUTHAMANI ® AND R. KALA ©®

2. k-TOTAL PRIME CORDIAL LABELING

Definition 2.1. Let G be a (p, q) graph. Let f: V(G) — {1,2,...,k} be a function
where k € N is a variable and & > 1. For each edge uv, assign the label ged(f(u),
f(v)). f is called k-total prime cordial labeling of G if |t;(i) —t;(j)| < 1, i,j €
{1,2,--- ,k} where t;(x) denotes the total number of vertices and the edges labeled
with x. A graph with a k-total prime cordial labeling is called k-total prime cordial

graph.

3. PRELIMINARIES

Definition 3.1. Let G, G respectively be (p1,q1), (p2,q2) graphs. The corona of
G, with G5 is the graph G ® G5 obtained by taking one copy of G; , p; copies of
G5 and joining the i** vertex of G; by an edge to every vertex in the i'® copy of G5

where 1 < i < p;.

Definition 3.2. The cartesian product of two graphs GG; and G5 is the graph G; x G,
with vertex set Vi x V4, and two vertices u = (uy,us) and v = (v, vy) are adjacent

whenever [u; = v and uy adj vs] or [ug = vy and uy adj vy].

Definition 3.3. The book B, is the graph S, X P, where S, is the star with n + 1

vertices.

Definition 3.4. Jelly fish graph J(m,n) is obtained from a cycle Cy : uzvwu by
joining x and w with an edge and appending m pendent edges to u and n pendent

edges to v.

Definition 3.5. The triangular snake T}, is obtained from the path P, : ujus...u,
with V(T,,) = V(P,) U{v; : 1 < i < n— 1} and edge set E(IT,) = E(P,) U

{uvi, uppqv; 1 <i<n—1}.
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Definition 3.6. The graph wrreqular triangular snake IT, n > 4 is obtained by the
path P, : ujus ... u, with vertex set V(IT,) = V(P,)U{v; : 1 <i <n—2} and edge
set E(IT,) = E(P,) U {wv;, ujov; : 1 <i<n-—2}

4. MAIN RESULTS

Theorem 4.1. The Jelly fish J(n,n) is 4-total prime cordial for all values of n.

Proof. Let u, w, v, x be the vertices such that u, v are adjacent to x and w, w is ad-
jacent to x. Let uy, us, ..., u, be the pendent vertices adjacent to v and vy, vs, ..., v,
be the pendent vertices adjacent to v. Clearly |V (J(n,n))| + |E(J(n,n))| = 4n + 9.
We consider the following cases according as the nature of n.

Case 1. n =0 (mod 4).

Let n =4t, t € N and t > 1. Assign the labels 4, 2, 3, 3 respectively to the vertices
u, w, v and v. Assign the label 4 to the vertices uq,us, ..., us and assign the label
2 to the vertices ugi1, Ugpya, - - ., uy. Next we consider the vertices v; (1 < i < n).
Assign the label 3 to the vertices vy, v, ..., vy. Next we assign the label 4 to the
vertex vy 1. Finally we assign the label 1 to the vertices vos 9, vos13, ..., vy. Clearly
tr(1) =t5(2) =tp(4) =4t + 2 and t;(3) = 4t + 3.

Case 2. n=1 (mod 4).

Let n =4t +1,¢t € Nand ¢t > 1. In this case, assign the same label as in case 1 to
the vertices u, w, x, v, u; (1 <i<n-—1)and v; (1 <i<n—1). Next assign the
labels 2, 4 to the vertices u,, and v, respectively. Here t;(1) = t;(3) = t;(4) = 4t + 3
and t7(2) = 4t + 4.

Case 3. n =2 (mod 4).

Let n=4t+2,t € Nand ¢t > 1. Assign the same label as in case 2 to the vertices u,
w, z, v, u; (1 <i<mn-—1)andv; (1 <i<n—1). Finally we assign the labels 3,
4 to the vertices u,, and v, respectively. It is easy to verify that t;(1) = 4¢ + 5 and
tr(2) =t5(3) =t;(4) = 4t + 4.
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Case 4. n =3 (mod 4).

Let n =4t +3,t € Nand t > 1. Assign the same label as in case 3 to the vertices
u, w, z, v, u; (1 <i<n-—1)and v; (1 <i<n-—1). Now we relabel the vertices
Vorro and vy 3 by 4, 2 respectively. Finally we assign the labels 3, 2 respectively to
the vertices w, and v,, . Here t;(1) =t;(3) = t;(4) =4t + 5 and t;(2) = 4t + 6.
Case 5. n € {1,2,3,4,5,6,7}.

A 4-total prime cordial labeling follows from Table 1.

Example 4.1. A 4-total prime cordial labeling of J(5,5) is given in Figure 1.

FIGURE 1

Corollary 4.1. The Jelly fish J(m,n) is 4-total prime cordial if m,n > 8.

Proof. Let u, w, v, x be the vertices such that u, v are adjacent to z and w, w is adja-
cent to x. Let uy, ug, ..., u,, be the pendent vertices adjacent to uw and vy, vo, ..., v, be
the pendent vertices adjacent to v. Clearly |V (J(m,n))|+|E(J(m,n))| = 2m+2n+9.
We consider the following cases according as the nature of m and n.

Case 1. m = n.

It follows from the Theorem 4.1
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Case 2. m > n.

Subcase 1. m =1 (mod 4) and n =0 (mod 4).
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157

Assign the same label as in case 1 of Theorem 4.1 to the vertices u, w, x, v, u;

(1<i<m-—1)and v; (1 <i<n). Next we relabel the vertex vg; o by 4. Finally

we assign the label 1 to the vertex w,,. Here t;(1) = t;(3) = t;(4) = 4t + 3 and

tf(Q) =4t + 2.



158 R. PONRAJ ) J. MARUTHAMANI ® AND R. KALA ©®

Subcase 2. m =2 (mod 4) and n =0 (mod 4).

Assign the same label as in subcase 1 to the vertices u, w, x, v, u; (1 <i <m —1)
and v; (1 <1i < n). Finally we assign the label 2 to the vertex w,,. Clearly t;(1) =
tr(3) =tp(4) =4t + 3 and t;(2) = 4t + 4.

Subcase 3. m =3 (mod 4) and n =0 (mod 4).

Assign the same label as in subcase 2 to the vertices u, w, x, v, u; (1 <i <m —1)
and v; (1 <@ < n). Finally we assign the label 3 to the vertex u,,. Here t;(1) =
t4(2) = t;(3) = 4t + 4 and t,(4) = 4t + 3.

Case 3. m < n.

The proof is symmetry to case 2. U

Example 4.2. A 4-total prime cordial labeling of J(4, 3) is given in Figure 2.

4

FIGURE 2

Theorem 4.2. The irregular triangular snake I7T;, is 4-total prime cordial for n > 4.

Proof. Let P, be the path ujus . ..u,. Let v; be the vertex which is adjacent to both
w; and u;4o (1 <@ <n—2). It is easy to verify that |V (IT,)| + |E(IT,)| = 5n — 7.
We consider the following cases according as the nature of n.

Case 1. n =0 (mod 4).

Let n =4t,t > 1t € N. Assign the label 4 to the vertices uy, us, ..., u; and assign the

label 2 to the vertices w1, Usyo, ..., usy. Next we assign the label 3 to the vertices
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Uggi1, Ugra, - - -, Uz then we assign 1 to the vertices usyi1, Usgro, - - ., Ugy_o. Finally we
assign the labels 4, 3 to the vertices u4_1 and uy respectively. Next we consider the
vertices v; (1 < i <n—2). Assign the label 4 to the vertices vy, vs, ..., v, and assign
the label 2 to the vertices vy11,vi12, ..., v%_1 and we assign the label 3 to the vertices
Vog, Uggi1, - - -, U1 Finally we assign the label 1 to the vertices wvs;, v3i1, ..., V2.
Here t;(1) = 5t — 1 and t7(2) = t;(3) = t;(4) = 5t — 2.

Case 2. n=1 (mod 4).

Let n =4t +1,t > 1t € N. Assign the same label as in case 1 to the vertices wu;
(1 <i<4t—3)andv; (1 <i<4t—4). Next we assign the labels 4, 4, 3, 3, 2 to the
vertices wg_o, Ug—1, Uay, Va—3 and vy_o respectively. Clearly ¢,(1) = t7(3) =5t — 1
and t7(2) = tp(4) = 5t.

Case 3. n =2 (mod 4).

Let n =4t +2,¢t > 1t € N. Assign the same label as in case 1 to the vertices
u; (1 <i < 4t—2)and v; (1 < i < 4t—5). Finally we assign 2, 3, 3, 4, 4 to
the vertices w41, Ugs, Var—4, Vy—3 and vy o respectively. It is easy to verify that
tr(1) =t5(3) =tp(4) =5t + 1 and t;(2) = 5t.

Case 4. n =3 (mod 4).

Let n =4t +3,¢t > 1t € N. Assign the same label as in case 3 to the vertices
u; (1 <i<4t—2)and v; (1 <i <4t —4). Finally we assign the labels 4, 1, 3, 4
respectively to the vertices wy_1, wa, var—3 and vgy_o. Clearly t;(1) =t7(2) =t(3) =
tr(4) =5t + 2.

Case 5. n=4,5,6,7.

A 4-total prime cordial labeling follows from Table 2.
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n(4|5/6|7
uy | 414144
us | 21224
ug | 33|32
ug | 313|134
Us 41413
Ug 413
Uy 1
v 4141414
Vo |2]2]2]2
U3 31313
Uy 213
Vs 4
TABLE 2

Example 4.3. A 4-total prime cordial labeling of IT7 is given in Figure 3.

FIGURE 3

Theorem 4.3. The corona of triangular snake 7, with Ky, T,, ©® K; is 4-total prime

cordial for all n.

Proof. Let P, be the path uqus ... u,. Let v, vq,...,v,_1 be the vertices such that v;
is adjacent to both u; and u; 41 (1 <i < n—1). Let z; be the pendent vertices adjacent

towv; (1 <i<n-—1). Let y; be the pendent vertices adjacent to u; (1 <i <n). It is
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easy to verify that |V (T,, © Ky)| + |E(T, ® K;)| = 9n — 6. We consider the following
cases according as the nature of n.
Case 1. n =0 (mod 4).

Let n = 4t,t > 1t € N. First we assign the labels to the vertices u; (1 < i < n).

Assign the label 4 to the vertices uq, us, ..., u; and assign the label 2 to the vertices
U1, Upsa, - - -, Uoe. Next we assign the label 3 to the vertices ugs i1, Ugyo, ..., ug then
we assign 1 to the vertices ugi1, Usiio, - .., ug—1. Finally we assign the label 3 to the

vertex uy. Next we consider the vertices v; (1 <i <n—1). Assign the label 4 to the
vertices vy, Vs, ..., v; and assign the label 2 to the vertices v 1, vii9, ..., v 1 and we
assign the label 3 to the vertices vo;, vosy1,...,v3_1. Now we assign the label 1 to
the vertices vs, U3py1, ..., V4 3. Finally we assign the labels 2, 4 respectively to the
vertices vy _o and vy_q. Next we move to the pendent vertices z; (1 <i <n —1).
Assign the label 4 to the vertices 1, xs, ..., x; and assign the label 2 to the vertices
Tii1, Teaa, .-, Ty—1 and we assign the label 3 to the vertices o, oii1, ..., T3-1.
Finally we assign the label 1 to the vertices xs;, x3¢11, ..., Z4. Now we consider the
pendent vertices y; (1 < i < n —1). Assign the label 4 to the vertices y1, vz, ..., ¥
and assign the label 2 to the vertices y; 11, Yo, ..., y2. Next we assign the label 3 to
the vertices yar11, Y2t 12, - - -, Y3 then we assign 1 to the vertices ysii1, Ysiio, - - - Yar—1-
Finally we assign the label 2 to the vertex yy. Here ty(1) = t;(2) = 9¢ — 2 and
tr(3) =tp(4) =9t —1. For t = 1, a 4-total prime cordial labeling of T ® K is shown

in Figure 4.

FIGURE 4
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Case 2. n=1 (mod 4).

Let n =4t +1,t > 1t € N. Assign the same label as in case 1 to the vertices wu;
1<i<n—-1),vyu(1<i<n-=2),r(1<i<n-—2)andy (1 <i<n-—1).
Finally we assign the labels 3, 4, 2, 4 respectively to the vertices w4, V41, T44—1 and
yar. Clearly t7(1) =t;(3) =t5(4) =9t + 1 and ¢;(2) = 9¢. For t = 1, a 4-total prime

cordial labeling of T5 ® K is shown in Figure 5.

FIGURE 5

Case 3. n =2 (mod 4).

Let n =4t +2,t > 1t € N. Assign the same label as in case 2 to the vertices wu;
1<i<n—1),v(1<i<n—-2),z; (1<i<n—-2)andy; (1 <i<n-—4). Finally
we assign the labels 4, 2, 4, 4, 3, 2, 1 respectively to the vertices wgs, Vag_1, Tap—1, Yar—3,
Yar—2, Yar—1 and yy. It is easy to verify that t;(1) = t;(2) = t,(3) = t;(4) = 9t + 3.

For t =1, a 4-total prime cordial labeling of T ® K is shown in Figure 6.

FIGURE 6
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Case 4. n =3 (mod 4).
Let n=4t+3,t> 1t € N. For t =1, a 4-total prime cordial labeling of T7 ® K is

shown in Figure 7.

FIGURE 7

Assign the same label as in case 3 to the vertices u; (1 < i <n—1), v (1 <i <
n—2),xz (1 <i<n-—1)and y; (1 <i < n—2). Finally we assign the labels
4, 3, 3, 1, 2 respectively to the vertices w4s, Var—1, Tar—1, Yar—2, Yar—1 and yy. Here
tr(1) =tp(2) =t4(3) =9t + 5 and t(4) = 9t + 6.

Case 5. n = 2,3.

A 4-total prime cordial labeling follows from Table 3.
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Y2 3 2
Y3 2
Table 3:

Example 4.4. A 4-total prime cordial labeling of T75 ® K is given in Figure 8.

FIGURE 8

Theorem 4.4. The book B, is 4-total prime cordial if n ¢ {1,4,5}.

Proof. Let u, v, u;, v; (1 < i < mn) be the vertices of the book B,, and uv, uu;, v,
w;v; (1 <1i < n) be the edge of the book. Clearly |V(B,)| + |E(B,)| = 5n + 3. We
consider the following cases according as the nature of n.

Case 1. n =0 (mod 4).

Letn=4t,t>1teN.

Subcase 1. t is even.

Assign the label 4 to the vertex u and 3 to the vertex v. Next we assign the label 4 to
the vertices uy, us, . . ., u; and assign the label 2 to the vertices w1, Usyo, ..., ugy. Next
we assign the label 3 to the vertices ugs i1, g yo, . . ., ug; then we assign 4 to the vertices

Ugi41, U342, - - -, ure. Finally we assign the label 2 to the vertices uz , ..., us. Next
2 2
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we move to the vertices v; (1 <i <n). Assign the label 4 to the vertices vy, vy, ..., v
and assign the label 2 to the vertices vy 1, Viio, ..., vy. Next we assign the label 3 to
the vertices vop i1, Vorio, ..., Usg, .- -y vt Finally we assign the label 1 to the vertices
Ut 4y, - vy Here tr(1) =t4(3) =tp(4) =5t + 1 and t(2) = 5t.

Subcase 2. t is odd.

Assign the label 4 to the vertex u and 3 to the vertex v. Next we assign the label 4 to
the vertices wuy,us,...,u; and assign the label 2 to the vertices w;y1, Upio, ..., Usgy.
Next we assign the label 3 to the vertices wopiq, uoiio, ..., us3 then we assign 4
to the vertices wussii1,Usira, - - - Uz Next we assign the label 2 to the vertices
UTtod gy Usgo1- Finally we assign the label 3 to the vertex uy. Next we move
to the vertices v; (1 < i < n). Assign the label 4 to the vertices vy, v, ..., v, and
assign the label 2 to the vertices vyi1,v¢y9,...,v9. Next we assign the label 3 to
the vertices voi1, Varia, ., Usgy - - , VTt Now we assign the label 2 to the vertices
(LSRR Finally we assign the label 4 to the vertex vy,. Here t;(1) = 5¢ and
tr(2) =t5(3) =t;(4) =5t + 1.

Case 2. n=1 (mod 4).

Let n =4t 4+ 1,t > 1t € N. Assign the same label as in case 1 to the vertices u, v,
w; (1 <i<4t—1) and v; (1 <i <4t —1). Next we relabel the vertex ugy 1 by 4
and vy 1 by 3. Finally we assign the labels 1, 2 respectively to the vertices uy; and
vy. Clearly t7(1) =t;(2) = t5(3) =t;(4) = 5t + 2.

Case 3. n =2 (mod 4).

Let n =4t+2,t > 1t € N. Assign the same label as in case 1 to the vertices u, v, u;
(1 <i<4t—2)andw; (1 <i<4t—2). Finally we assign the labels 4, 2, 3, 1 to the
vertices ug—1, Uar, vgy—1 and vy respectively. It is easy to verify that ¢;(1) = 5t +4

and tf(2) = tf(g) = tf(4) = 5t —f- 3
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Case 4. n =3 (mod 4).

Let n =4t 4+ 3,t > 1t € N. Assign the same label as in case 3 to the vertices u, v,
w; (1 <i<4t—2)and v; (1 <i <4t —2). Finally we assign the labels 2, 3, 2, 4
respectively to the vertices wg_1, U4, vy—1 and vy. Here t;(1) = t4(2) = 5t + 5 and
t4(3) = tp(4) = 5t + 4.

Case 5. n=2,3,06,7.

A 4-total prime cordial labeling follows from Table 4.
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Example 4.5. A 4-total prime cordial labeling of Bg is given in Figure 9.

FIGURE 9
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