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ON ALTERNATE DUALS OF GENERALIZED FRAMES

K.N. RAJESWARI (1) AND NEELAM GEORGE (2)

Abstract. In this paper we give a sufficient condition as to when the difference

of two g-frames is a g-frame and characterize an alternate dual g-frame of a given

g-frame in a Hilbert space.

1. Introduction

Frames in Hilbert spaces have been introduced in 1952 by J. Duffin and A.C.

Schaeffer [5] while studying non harmonic Fourier series. The work of Daubechies,

Grossmann and Meyer [4] in 1986 reintroduced the Frames. Since then Frames have

been widely developed and applied in signal and image processing [1], characterizing

functional spaces [4], wireless communications [10, 11], probabilistic [6, 13] and coding

theory [12]. The concept of generalized frames (or g-frames) in Hilbert spaces was

introduced by W. Sun in [15]. G-frames are a natural generalizations of frames which

cover many other recent generalizations of frames such as bounded quasi-projections

[7], fusion frames [2] and pseudo frames [14]. In this paper, we obtain a sufficient

condition [Theorem 3.1] for difference of g-frames to be a g-frame and characterization

[Theorem3.3] of alternate dual g-frames.
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2. Preliminaries

Throughout this paper, H and K are separable Hilbert spaces and {Vi}i∈I is a

sequence of closed subspaces of K , where I is a subset of Z and L(H ,Vi) is the

collection of all bounded linear operators from H into Vi. And we denote by IH the

identity operator on H .

Definition 2.1. A sequence {fi : i ∈ I} of elements in H is called a frame for H if

there exist constants 0 < A ≤ B <∞ such that

A‖f‖2 ≤
∑
i∈I

|〈f, fi〉|2 ≤ B‖f‖2 ∀ f ∈H(1)

The constants A and B are called lower and upper frame bounds.

Definition 2.2. A sequence {Λi ∈ L (H ,Vi) : i ∈ I} of bounded operators is said

to be a generalized frame or simply a g-frame for H with respect to {Vi}i∈I if there

exist constants 0 < A ≤ B <∞ such that

A‖f‖2 ≤
∑
i∈I

‖Λif‖2 ≤ B‖f‖2 ∀ f ∈H(2)

we call A and B the lower and upper g-frame bounds, respectively. We call {Λi}i∈I

a tight g-frame if A = B and a Parseval g-frame if A = B = 1. If only the second

inequality is required, we call it a g-Bessel sequence.

Definition 2.3.
(∑

i∈I ⊕Vi

)
l2

is a Hilbert space and is defined by(∑
i∈I

⊕Vi

)
l2

=

{
{fi}i∈I : fi ∈ Vi, i ∈ I, ‖{fi}i∈I‖2 =

∑
i∈I

‖fi‖2 <∞

}
.

with the inner product defined by: 〈{fi}, {gi}〉 =
∑

i∈I〈fi, gi〉.

The synthesis(g-pre frame) operator of {Λi}i∈I is defined by

TΛ :

(∑
i∈I

⊕Vi

)
l2

→H , TΛ

(
{fi}i∈I

)
=
∑
i∈I

Λ∗i fi,
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We call the adjoint T ∗Λ, where T ∗Λ : H →
(∑

i∈I ⊕Vi

)
l2
, of the synthesis operator,

the analysis operator which is given by

T ∗Λf = {Λif}i∈I ∀ f ∈H .

By composing TΛ and T ∗Λ, we obtain the g-frame operator SΛ : H →H given by

SΛf = TΛT
∗
Λf =

∑
i∈I

Λ∗i Λif(3)

which is bounded, positive, self adjoint, invertible operator and satisfies AIH ≤ SΛ ≤

BIH . Then the following reconstruction formula takes place for all f ∈H

f = S−1
Λ SΛf = SΛS

−1
Λ f.

{ΛiS
−1
Λ }i∈I is also a g-frame for H with respect to {Vi}i∈I with bounds B−1 and A−1

and is said to be the canonical dual g-frame of {Λi}i∈I .

Definition 2.4. A g-frame {Θi}i∈I of H is called an alternate dual g-frame of {Λi}i∈I

if it satisfies

f =
∑
i∈I

Λ∗i Θif, ∀ f ∈H .(4)

It is easy to show that if {Θi}i∈I is a dual g-frame of {Λi}i∈I , then {Λi}i∈I will be an

alternate dual g-frame of {Θi}i∈I .

Definition 2.5. We call two g-Bessel sequences {Λi}i∈I and {Θi}i∈I to be orthogonal

if ∑
i∈I

Λ∗i Θif = 0 or
∑
i∈I

Θ∗i Λif = 0 ∀ f ∈H .(5)

In terms of synthesis operators

TΛT
∗
Θ = 0 or TΘT

∗
Λ = 0.(6)

where TΛ and TΘ are the synthesis operators for {Λi}i∈I and {Θi}i∈I respectively.
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Definition 2.6. Let {Ξi ∈ L (H ,Wi) : i ∈ I} be a sequence of operators. Then

(1) {Ξi}i∈I is a g-complete set for H with respect to {Wi}i∈I if H = Span {Ξ∗i (Wi)}i∈I ;

(2) {Ξi}i∈I is a g-orthonormal system for H with respect to {Wi}i∈I if ΞiΞ
∗
j =

δijIW j for all i, j ∈ I;

(3) a g-complete and g-orthonormal system {Ξi}i∈I is called a g-orthonormal basis

for H with respect to {Wi}i∈I .

For more details about g-frames theory and it’s applications Ref. [9] and [15].

Definition 2.7. (8):Let {Ξi}i∈I and {Ψi}i∈I be g-orthonormal basis for H with

respect to {Wi}i∈I and {Vi}i∈I , respectively. Let {Λi ∈ L (H ,Vi) : i ∈ I} be such

that the series
∑

i∈I Λ∗i g
′
i is convergent for all {g′

i}i∈I ∈
(∑

i∈I ⊕Vi

)
l2

The g-R-dual sequence for the sequence {Λi}i∈I is ΓΛ
j : H → Wj and is defined as

ΓΛ
j =

∑
i∈I

ΞjΛ
∗
i Ψi ∀ j ∈ I.

The following results which are referred to in this paper are listed in the form of

lemmas.

Lemma 2.8.(3): Let {Λi ∈ L (H ,Vi) : i ∈ I} be a g-frame for H with g-frame

operator S and bounds A and B. Let L be a bounded linear operator on H . Then

{ΛiL ∈ L (H ,Vi) : i ∈ I} is a g-frame for H if and only if L is invertible on H .

Moreover, in this case, the g-frame operator for {ΛiL}i∈I is L∗SL and new bounds

are A‖L−1‖2 and B‖L‖2.

Lemma 2.9.(9): Suppose that {Λi : i ∈ I} and {Θi : i ∈ I} are g-frames for Hilbert

space H , T1 and T2 are g-pre frame operators associated with {Λi : i ∈ I} and

{Θi : i ∈ I} respectively. If T2T
∗
1 = 0, then {Λi + Θi : i ∈ I} is a g-frame for

H . Moreover, if {Λi : i ∈ I} and {Θi : i ∈ I} are normalized tight g-frames and

T2T
∗
1 = 0, then {Λi + Θi : i ∈ I} is a tight g-frame for H with bounds 2.
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3. Characterization of Duality

Theorem 3.1. Let {Λi ∈ L (H ,Vi) : i ∈ I} and {Θi ∈ L (H ,Vi) : i ∈ I} be

two g-frames for H and S be the g-frame operator of {Λi}i∈I . Then {(Λi − Θi) ∈

L (H ,Vi) : i ∈ I} is a g-frame for H , if Θi = ΛiS
a, i ∈ I, a ∈ R − {0}

Proof. Let A and B be the frame bounds of the g-frame {Λi}i∈I . Note that∑
i∈I

‖(Λi −Θi)f‖2 =
∑
i∈I

‖Λif‖2 +
∑
i∈I

‖Θif‖2 − 2〈Sa+1f, f〉 ∀ f ∈H .

For a > 0, we have for all f ∈H(
A+ A2a+1 − 2Ba+1

)
‖f‖2 ≤

∑
i∈I

‖(Λi −Θi)f‖2 ≤
(
B +B2a+1 − 2Aa+1

)
‖f‖2.

and for a < 0, we have for all f ∈H(
A+B2a+1 − 2Aa+1

)
‖f‖2 ≤

∑
i∈I

‖(Λi −Θi)f‖2 ≤
(
B + A2a+1 − 2Ba+1

)
‖f‖2.

Hence {Λi −Θi}i∈I is a g-frame for H with respect to {Vi}i∈I .

Corollary 3.2. Let {Λi}i∈I be a g-frame for H and S be the g- frame operator of

{Λi}i∈I .Then {Λi − ΛiS
−1}i∈I is a g-frame.

Proof. This follows immediately from Theorem 3.1 if we take a = −1.

We state our main result �

Theorem 3.3. Let {Λi}i∈I be a g-frame for H with respect to {Vi}i∈I and SΛ be the

g-frame operator of {Λi}i∈I . Then {Θi}i∈I is an alternate dual g-frame of {Λi}i∈I if

and only if {Λi − ΛiS
−1
Λ }i∈I and {ΛiS

−1
Λ −Θi}i∈I are orthogonal.

Proof. Since {Λi}i∈I and {Θi}i∈I are g-frames, there exist 0 < A1 ≤ B1 < ∞ and

0 < A2 ≤ B2 <∞ such that

A1‖f‖2 ≤
∑
i∈I

‖Λif‖2 ≤ B1‖f‖2 ∀ f ∈H(7)
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and

A2‖f‖2 ≤
∑
i∈I

‖Θif‖2 ≤ B2‖f‖2 ∀ f ∈H .

Let {Θi}i∈I be an alternate dual g-frame of {Λi}i∈I . Then we have

f =
∑
i∈I

Λ∗i Θif =
∑
i∈I

Θ∗i Λif ∀ f ∈H .(8)

By corollary 3.2, the sequence {Λi − ΛiS
−1
Λ }i∈I is a g-frame.

And

‖(ΛiS
−1
Λ −Θi)f‖2 = ‖ΛiS

−1
Λ f‖2 + ‖Θif‖2 − 2Re〈ΛiS

−1
Λ f,Θif〉

= ‖ΛiS
−1
Λ f‖2 + ‖Θif‖2 − 2Re〈Θ∗i ΛiS

−1
Λ f, f〉

Therefore∑
i∈I

‖(ΛiS
−1
Λ −Θi)f‖2 =

∑
i∈I

‖ΛiS
−1
Λ f‖2 +

∑
i∈I

‖Θif‖2 − 2Re

〈∑
i∈I

Θ∗i ΛiS
−1
Λ f, f

〉
By eq.(8), we get∑

i∈I

‖(ΛiS
−1
Λ −Θi)f‖2 =

∑
i∈I

‖ΛiS
−1
Λ f‖2 +

∑
i∈I

‖Θif‖2 − 2〈S−1
Λ f, f〉(9)

Since {Θi}i∈I and {ΛiS
−1
Λ }i∈I are g-frames with bounds A2, B2 and B−1

1 , A−1
1 respec-

tively, we have for each f ∈H

B−1
1 ‖f‖2 ≤

∑
i∈I

‖ΛiS
−1
Λ f‖2 ≤ A−1

1 ‖f‖2

and A2‖f‖2 ≤
∑
i∈I

‖Θif‖2 ≤ B2‖f‖2

⇒ B−1
1 ‖f‖2 + A2‖f‖2 ≤

∑
i∈I

‖ΛiS
−1
Λ f‖2 +

∑
i∈I

‖Θif‖2

⇒ B−1
1 ‖f‖2 + A2‖f‖2 − 2〈S−1

Λ f, f〉 ≤
∑
i∈I

‖ΛiS
−1
Λ f‖2 +

∑
i∈I

‖Θif‖2 − 2〈S−1
Λ f, f〉

(10)
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Now

〈S−1
Λ f, f〉 =

〈
S
−1/2
Λ S

−1/2
Λ f, f

〉
=
〈
S
−1/2
Λ f, S

−1/2
Λ f

〉
=
∥∥∥S−1/2

Λ f
∥∥∥2

≤
∥∥∥S−1/2

Λ

∥∥∥2

‖f‖2

Therefore

〈S−1
Λ f, f〉 ≤

∥∥∥S−1/2
Λ

∥∥∥2

‖f‖2

⇒ −2〈S−1
Λ f, f〉 ≥ −2

∥∥∥S−1/2
Λ

∥∥∥2

‖f‖2.(11)

Therefore from equations (9),(10) and (11) we get

∑
i∈I

‖(ΛiS
−1
Λ −Θi)f‖2 ≥

(
B−1

1 + A2 − 2
∥∥∥S−1/2

Λ

∥∥∥2 )
‖f‖2.

Similarly, we can show that

∑
i∈I

‖(ΛiS
−1
Λ −Θi)f‖2 ≤

(
A−1

1 +B2

)
‖f‖2.

Thus {ΛiS
−1
Λ −Θi}i∈I is a g-frame.

To prove the orthogonality of {Λi − ΛiS
−1
Λ }i∈I and {ΛiS

−1
Λ − Θi}i∈I , we compute∑

i∈I
(
Λi − ΛiS

−1
Λ

)∗(
ΛiS

−1
Λ −Θi

)
f .

∑
i∈I

(
Λi − ΛiS

−1
Λ

)∗(
ΛiS

−1
Λ −Θi

)
f =

∑
i∈I

(
Λ∗i − S−1

Λ Λ∗i
)(

ΛiS
−1
Λ −Θi

)
f

=
∑
i∈I

(
Λ∗i ΛiS

−1
Λ − Λ∗i Θi − S−1

Λ Λ∗i ΛiS
−1
Λ + S−1

Λ Λ∗i Θi

)
f

=
(
SΛS

−1
Λ − I − S

−1
Λ SΛS

−1
Λ + S−1

Λ I
)
f

=
(
I − I − S−1

Λ + S−1
Λ

)
f

= 0

Thus {Λi − ΛiS
−1
Λ }i∈I is orthogonal to {ΛiS

−1
Λ −Θi}i∈I .
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Conversely, let {Λi − ΛiS
−1
Λ }i∈I be orthogonal to {ΛiS

−1
Λ − Θi}i∈I . We note that

sequences {Λi − ΛiS
−1
Λ }i∈I and {ΛiS

−1
Λ −Θi}i∈I are g-Bessel sequences .∑

i∈I

‖(ΛiS
−1
Λ −Θi

)
f‖2 ≤ 2(

∑
i∈I

‖ΛiS
−1
Λ f‖2 +

∑
i∈I

‖Θif‖2)

≤ 2(A−1
1 +B2)

∥∥f‖2.

We shall prove that {Θi}i∈I is an alternate dual of {Λi}i∈I . Since {Λi − ΛiS
−1
Λ }i∈I is

orthogonal to {ΛiS
−1
Λ −Θi}i∈I , we have∑

i∈I

(
Λi − ΛiS

−1
Λ

)∗(
ΛiS

−1
Λ −Θi

)
f = 0

(
I −

∑
i∈I

Λ∗i Θi − S−1
Λ + S−1

Λ

∑
i∈I

Λ∗i Θi

)
f = 0

⇒
(
I − S−1

Λ

)(
I −

∑
i∈I

Λ∗i Θi

)
f = 0

Since {Λi − ΛiS
−1
Λ }i∈I = {Λi(I − S−1

Λ )}i∈I is a g-frame, we have by lemma [2.8] that

(I − S−1
Λ ) is invertible. Therefore for all f ∈H

(
I −

∑
i∈I

Λ∗i Θi

)
f = 0

which implies that
∑

i∈I Λ∗i Θif = f . Thus {Θi}i∈I is an alternate dual g-frame of

{Λi}i∈I .

Corollary 3.4. Let {Λi}i∈I be a g-frame for H with respect to {Vi}i∈I and S be the

g-frame operator of {Λi}i∈I . If {Θi}i∈I is an alternate dual g-frame of {Λi}i∈I , then

{Λi −Θi}i∈I is also a g-frame for H .

Proof. Let T1 and T2 be synthesis operators of {Λi−ΛiS
−1
Λ }i∈I and {ΛiS

−1
Λ −Θi}i∈I .

Since {Θi}i∈I is an alternate dual g-frame of {Λi}i∈I , we have by theorem 3.3 {Λi −
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ΛiS
−1
Λ }i∈I and {ΛiS

−1
Λ −Θi}i∈I are orthogonal that is T2T

∗
1 = 0. Therefore by lemma

2.9[9], {Λi −Θi}i∈I is a g-frame for H .

Remark 3.5. In [8] authors discussed the duality of frames in terms of their R-dual

sequences. We note that the g-R-dual sequences of orthogonal g-Bessel sequences are

orthogonal.

By theorem 3.3 if {Θi}i∈I is an alternate dual g-frame of {Λi}i∈I then {Λi−ΛiS
−1
Λ }i∈I

and {ΛiS
−1
Λ −Θi}i∈I are orthogonal.

Let the g-R-dual sequences of {Λi − ΛiS
−1
Λ }i∈I and {ΛiS

−1
Λ − Θi}i∈I be denoted by

Γ
(1)
j and Γ

(2)
j respectively and are given by

Γ
(1)
j =

∑
i∈I

Ξj(Λi − ΛiS
−1
Λ )∗Ψi ∀ j ∈ I.

and

Γ
(2)
j =

∑
i∈I

Ξj(ΛiS
−1
Λ −Θi)

∗Ψi ∀ j ∈ I.

where {Ξi}i∈I and {Ψi}i∈I are g-orthonormal bases for H with respect to {Wi}i∈I

and {Vi}i∈I .

Now for every i, j ∈ I and {gj}j∈I ∈
(∑

j∈I ⊕Wj

)
l2

Γ
(1)
i

(
Γ

(2)
j

)∗
gj =

∑
k∈I

Ξi

(
Λk − ΛkS

−1
Λ

)∗
Ψk

{∑
m∈I

Ξj

(
Θm − ΛmS

−1
Λ

)∗
Ψm

}∗
gj

=
∑
k∈I

∑
m∈I

Ξi

(
Λ∗k − S−1

Λ Λ∗k
)
ΨkΨ∗m

(
Θm − ΛmS

−1
Λ

)
Ξ∗jgj

=
∑
k∈I

Ξi

(
Λ∗k − S−1

Λ Λ∗k
)(

Θk − ΛkS
−1
Λ

)
Ξ∗jgj

= Ξi

∑
k∈I

(
Λ∗kΘk − Λ∗kΛkS

−1
Λ − S

−1
Λ Λ∗kΘk + S−1

Λ Λ∗kΛkS
−1
Λ

)
Ξ∗jgj

= Ξi

(
I − SΛS

−1
Λ − S

−1
Λ I + S−1

Λ SΛS
−1
Λ

)
Ξ∗jgj

= 0
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Therefore g-R-dual sequences of orthogonal g-Bessel sequences are orthogonal.

Remark 3.6. If {Λi}i∈I and {Θi}i∈I are dual g-frames then the difference of their

g-R-dual sequences is a g-R-dual sequence of the g-frame {Λi −Θi}i∈I .

g-R-dual of {Λi}i∈I and {Θi}i∈I are

ΓΛ
j =

∑
i∈I

ΞjΛ
∗
i Ψi ∀ j ∈ I.

and

ΓΘ
j =

∑
i∈I

ΞjΘ
∗
i Ψi, ∀ j ∈ I.

Now

ΓΛ
j − ΓΘ

j =
∑
i∈I

ΞjΛ
∗
i Ψi −

∑
i∈I

ΞjΘ
∗
i Ψi, ∀ j ∈ I

=
∑
i∈I

Ξj(Λi −Θi)
∗Ψi, ∀ j ∈ I.

which is the g-R-dual sequence of the g-frame {Λi −Θi}i∈I .
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