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ON ALTERNATE DUALS OF GENERALIZED FRAMES
K.N. RAJESWARI () AND NEELAM GEORGE ®

ABSTRACT. In this paper we give a sufficient condition as to when the difference
of two g-frames is a g-frame and characterize an alternate dual g-frame of a given

g-frame in a Hilbert space.

1. INTRODUCTION

Frames in Hilbert spaces have been introduced in 1952 by J. Duffin and A.C.
Schaeffer [5] while studying non harmonic Fourier series. The work of Daubechies,
Grossmann and Meyer [4] in 1986 reintroduced the Frames. Since then Frames have
been widely developed and applied in signal and image processing [1], characterizing
functional spaces [4], wireless communications [10, 11}, probabilistic [6, 13] and coding
theory [12]. The concept of generalized frames (or g-frames) in Hilbert spaces was
introduced by W. Sun in [15]. G-frames are a natural generalizations of frames which
cover many other recent generalizations of frames such as bounded quasi-projections
[7], fusion frames [2] and pseudo frames [14]. In this paper, we obtain a sufficient
condition [Theorem 3.1] for difference of g-frames to be a g-frame and characterization

[Theorem3.3] of alternate dual g-frames.
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2. PRELIMINARIES

Throughout this paper, .7 and .# are separable Hilbert spaces and {%;}cs is a
sequence of closed subspaces of £, where [ is a subset of Z and L(.7,%;) is the
collection of all bounded linear operators from . into ¥;. And we denote by I, the

identity operator on 7.

Definition 2.1. A sequence {f; : i € I} of elements in 5 is called a frame for .7 if
there exist constants 0 < A < B < oo such that
(1) AllEl* < D KEf)P < BIFI® ¥ f €

icl

The constants A and B are called lower and upper frame bounds.

Definition 2.2. A sequence {A; € L (5, 7;) : i € I} of bounded operators is said
to be a generalized frame or simply a g-frame for # with respect to {¥;};c; if there
exist constants 0 < A < B < oo such that
(2) AP < D IAIP < BIFIP ¥ f € 2

iel
we call A and B the lower and upper g-frame bounds, respectively. We call {A;}ier
a tight g-frame if A = B and a Parseval g-frame if A = B = 1. If only the second

inequality is required, we call it a g-Bessel sequence.

Definition 2.3. (Ziel @%) , is a Hilbert space and is defined by
!

(Z@%) {{fz}zel fie Viiel, |{fi} zeIH2 Z Hfz||2 < Oo}

el i€l

with the inner product defined by: ({fi}, {g:}) = >/ (fi» 9i)-

The synthesis(g-pre frame) operator of {A;};c; is defined by

(Z@”f/> =, Ta({fikier) = YAt

el i€l
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We call the adjoint Ty, where T} : 5 — (Ziel G}%) g of the synthesis operator,
!

the analysis operator which is given by
Tyf ={Niftier Vfe A
By composing Ty and 75, we obtain the g-frame operator Sy : 5 — S given by

(3) Saf =TaTif =) AiAS
i€l

which is bounded, positive, self adjoint, invertible operator and satisfies Al ,» < Sy <

B1I,,. Then the following reconstruction formula takes place for all f € 7
f=5"S0f = SaSy'f.
{AiS;l}ief is also a g-frame for % with respect to {¥;};cr with bounds B~! and A~}

and is said to be the canonical dual g-frame of {A;};c;.

Definition 2.4. A g-frame {O, };c; of 7 is called an alternate dual g-frame of {A; }ies

if it satisfies

(4) f=Y_Noeif, Vfex
icl

It is easy to show that if {©;};cr is a dual g-frame of {A;}icr, then {A;};c; will be an

alternate dual g-frame of {©;};c;.

Definition 2.5. We call two g-Bessel sequences {A;};c; and {©;};c; to be orthogonal
if
(5) D ANOif=0o0r Y ONf=0 VfeH
i€l i€l
In terms of synthesis operators

(6) TATg =0 or T@TX = 0.

where T and Tg are the synthesis operators for {A;};c; and {©;}ic; respectively.
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Definition 2.6. Let {Z; € ZL(,#;) : i € I} be a sequence of operators. Then
(1) {Zi}ics is a g-complete set for 2 with respect to {#; }ics if = Span {Z:(#;) Yier;
(2) {Z;}iesr is a g-orthonormal system for 7 with respect to {#;}c; if EE; =
0ijlyj for all i, 5 € I;
(3) a g-complete and g-orthonormal system {Z,; };; is called a g-orthonormal basis

for 7 with respect to {#;}icr.

For more details about g-frames theory and it’s applications Ref. [9] and [15].

Definition 2.7. (8):Let {Z;}ic; and {V¥;}ier be g-orthonormal basis for J# with
respect to {#;}icr and {¥;}icr, respectively. Let {A; € L (2, 7;) : i € I} be such
that the series Y, ; Afg; is convergent for all {g; }icr € (Ziel @%)

l2

The g-R-dual sequence for the sequence {A;};c; is F? : & — W; and is defined as

IP=>Y ZANT,  Vjiel

J
el

The following results which are referred to in this paper are listed in the form of

lemmas.

Lemma 2.8.(3): Let {A; € L(A,Y;) i € I} be a g-frame for F with g-frame
operator S and bounds A and B. Let L be a bounded linear operator on €. Then
{N;L € L(,7;) i € I} is a g-frame for A if and only if L is invertible on €.
Moreover, in this case, the g-frame operator for {\;L};c; is L*SL and new bounds

are A||[L7'|? and B||L|J.

Lemma 2.9.(9): Suppose that {A; :i € I} and {O©; :i € I} are g-frames for Hilbert
space F€, Ty and Ty are g-pre frame operators associated with {A; : i € I} and
{©; : i € I} respectively. If TyTy = 0, then {A; + ©; : i € I} is a g-frame for
€. Moreover, if {\; : 1 € I} and {©; : i € I} are normalized tight g-frames and
ToT) =0, then {A; + ©; : i € I} is a tight g-frame for 4 with bounds 2.
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3. CHARACTERIZATION OF DUALITY

Theorem 3.1. Let {\; € L(A, ;) i € I} and {©; € L (A, Y;) i € I} be
two g-frames for A and S be the g-frame operator of {A;}ier. Then {(A; — ©;) €
LA, V;) 1€ 1} is a g-frame for H, if ©;, = NS i€ l,a e Z— {0}

Proof. Let A and B be the frame bounds of the g-frame {A;};,c;. Note that

DI =017 =D NP+ D N0 = 2(S* f, f) Y f et
iel iel iel
For a > 0, we have for all f € 7
(At A 2B )72 < ST (A — 0| < (B + B+ — 24| £
iel
and for a < 0, we have for all f € 7
(A + BQa-i—l _ 2Aa+l) HfH2 < Z H(Az o Gz)fH2 < (B + AQa—i—l . QBa—H)HfHQ-
iel
Hence {A; — ©,}ics is a g-frame for 2 with respect to {¥;}icr.
Corollary 3.2. Let {A;}icr be a g-frame for 7€ and S be the g- frame operator of
{AN:}ier -Then {A; — NiS™ ' }ier is a g-frame.

Proof. This follows immediately from Theorem 3.1 if we take a = —1.
We state our main result O

Theorem 3.3. Let {A;}ic; be a g-frame for 7€ with respect to {¥;}icr and Sy be the
g-frame operator of {A\;}icr. Then {O;}ier is an alternate dual g-frame of {A;}ier if
and only if {\; — NSy Yier and {A;Sy' — ©;}ier are orthogonal.

Proof. Since {A;}ic; and {©;}ic; are g-frames, there exist 0 < A; < B; < oo and

0 < As < By < 0o such that

(7) AP <Y IASP < Blf)> Y fe st

iel
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and
AP <D |0 < Bo|lfl* YV f e
icl
Let {O;}icr be an alternate dual g-frame of {A;};c;. Then we have
(8) F=Y Neif=> Oi\f Vfex
icl icl

By corollary 3.2, the sequence {A; — A; S} ' }ics is a g-frame.

And
[(AsSy = @) fII? = [IASTFIIP + 18i fII* — 2Re{A; Sy £, ©i f)
= [|ASFIP + 18 fIIP — 2Re(©; NS £, £)
Therefore
D OIS =00 F17 =Y NS 1P+ ) 10if|* — 2Re <Z @fAi5A1f7f>
iel il il iel

By eq.(8), we get

9) D OIS = O FIP =) ISP+ 0117 = 2(S3 . f)

el el el
Since {O;}ier and {A; Sy ' }ier are g-frames with bounds Ay, By and By ', A} respec-
tively, we have for each f €
BUUAIP < D INS I < AT
el
and Al [ <D 101 < Bl
iel
= BUUIIP + A 1P < D ISP+ D lleaf P
il iel
(10)
= BUUSIP + Aol AP = 208571, 1) < D IASTUIP + 3 16:F1 = 2053, )

i€l il
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Now

<5X1f’ ) = <SX1/25X1/2JC’ f> _ <5X1/2f, 5X1/2f> _ HSXWfHZ < HSXWHQ ||f||2

Therefore

o7 < s e

(1) = a5y ) = 2|5 e

Therefore from equations (9),(10) and (11) we get

SISt - @I = (Bt + Az —2 sy

iel

DR

Similarly, we can show that
D NS = O fIP < (AT + Bo) I
iel

Thus {AiSX1 — O, }ier is a g-frame.

To prove the orthogonality of {A; — Ainl}ieI and {Ais,;l — ©,}ier, we compute
Sier (A = ASTH (A8 = ©,) f.

> (M= AS) (NS =) f =D (A = SAN) (MSy - ©5) f

el el

=3 (ATASY = A1O; — STATAS + Sy O f

iel
= (SaSy' = I —Sy'SaSy + Sy ) f
= (I - 183" +5)f

=0

Thus {A; — A;Sy*}ier is orthogonal to {A;Sy*t — ©;}icr.
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Conversely, let {A; — A;Sy'}ier be orthogonal to {A;Sy " — ©;}ic;. We note that
sequences {A; — A;Sy ' bier and {A; St — ©,}icr are g-Bessel sequences .

D ST =) FIP <200 IIASK P+ N0 11

icl icl icl

< 2(A7 + Bo) || 1.

We shall prove that {O;},c; is an alternate dual of {A;};c;. Since {A; — A;Sy' }ies is

orthogonal to {A;Sy' — ©;}icr, we have

> (M= AST) (A —0:) f =0

el
(1 S A -5+ Sy ZA;*@i)f —0
el el
= (T=s) (1= a6 f =0

iel
Since {A; — AiSy ' Vier = {Ai(I — SiY)Yier is a g-frame, we have by lemma [2.8] that
(I — Sy*1) is invertible. Therefore for all f € J#

<I—2Aj@i>f:0

il

which implies that ) .., Aj©;f = f. Thus {6;}c; is an alternate dual g-frame of
{Aitier-

Corollary 3.4. Let {A;}icr be a g-frame for & with respect to {¥;}icr and S be the
g-frame operator of {A;}ier. If {O;}icr is an alternate dual g-frame of {A;}icr, then
{A; — O, }ier is also a g-frame for F€.

Proof. Let T; and T, be synthesis operators of {A; — A;Sy " }ier and {A; Sy — O, }ier.

Since {0©;};cs is an alternate dual g-frame of {A;};c;, we have by theorem 3.3 {A; —
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AiS;l}ig and {AZ-SX1 — 0, }ier are orthogonal that is 7,7} = 0. Therefore by lemma
2.909], {A; — ©,}ier is a g-frame for 2.

Remark 3.5. In [8] authors discussed the duality of frames in terms of their R-dual
sequences. We note that the g- R-dual sequences of orthogonal g-Bessel sequences are
orthogonal.

By theorem 3.3 if {O;}c; is an alternate dual g-frame of {A; };c; then {A; — A;S ' }ics
and {AZSK1 — O, }ier are orthogonal.

Let the g-R-dual sequences of {A; — Aisxl},-e[ and {AiSX1 — 0O, }ier be denoted by

Fg-l) and F;Q) respectively and are given by

IV =3 2 (A - AST) T Vel
el

and

I =3 Z,(ASy - 0,) W Vjel

J
el

where {Z;}ie; and {V;};c; are g-orthonormal bases for S with respect to {#;}ics
and {%}ZEI
Now for every 4,5 € I and {g;}jer € <Zje[ @%)

l2

i (1“;.2))*% =) (A - Aksil)*‘l’k{ PTG Amsil)*‘l’m}*gj

kel mel
S YR - S (0 - AT
kel mel
=Y " =(Ar - S5AL) (O — AkSy )l
kel
== > (A1Or — MpARSy! — Sy ALO) + Sy AARSE ) E g,
kel

= Z;(I — SxS5t — Sy + Sy SaS =l

=0
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Therefore g-R-dual sequences of orthogonal g-Bessel sequences are orthogonal.

Remark 3.6. If {A;};c; and {O;}ics are dual g-frames then the difference of their
g-R-dual sequences is a g-R-dual sequence of the g-frame {A; — ©;}ic;.
g-R-dual of {A;}icr and {©;};cr are

I => EA0,  Vjel

el
and
I9=>% =0/, vVjiel.
el
Now
e —T9=> AT — ) Z0/0, Vijel
el el

il

which is the g-R-dual sequence of the g-frame {A; — ©;}i¢;.
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