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ON G—-BANACH FRAMES
GHANSHYAM SINGH RATHORE () AND TRIPTI MITTAL

ABSTRACT. Abdollahpour et.al [1] generalized the concepts of frames for Banach
spaces and defined g—Banach frames in Banach spaces. In the present paper, we
define various types of g—Banach frames in Banach spaces. Examples and counter
examples to distinguish various types of g—Banach frames in Banach spaces have
been given. It has been proved that if a Banach space X has a Banach frame, then
X has a normalized tight g—Banach frame for X. A characterization of an exact
g—Banach frame has been given. Also, we consider the finite sum of g—Banach
frames and give a sufficient condition for the finite sum of g—Banach frames to be
a g—Banach frame. Finally, a sufficient condition for the stability of g—Banach

frames in Banach spaces which provides optimal frame bounds has been given.

1. INTRODUCTION

Frames are main tools for use in signal processing, image processing, data compres-
sion and sampling theory etc. Today even more uses are being found for the theory
such as optics, filter banks, signal detection as well as study of Besov spaces, Banach
space theory etc. Frames for Hilbert spaces were introduced by Duffin and Schaeffer
[18]. Later, in 1986, Daubechies, Grossmann and Meyer [17] reintroduced frames and
found a new application to wavelet and Gabor transforms. For a nice introduction

to frames, one may refer [7].
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Coifman and Weiss [14] introduced the notion of atomic decomposition for function
spaces. Feichtinger and Grochenig [20] extended the notion of atomic decomposition
to Banach spaces. Grochenig [23] introduced a more general concept for Banach
spaces called Banach frame. Banach frames were further studied in [5, 9].

Stability theorems for frames in Hilbert spaces were studied in [2, 6, 32] and for
Banach frames were studied by Christensen and Heil [9]. Casazza and Christensen
[4] investigated stability of Banach frames via perturbation of operators. Also, Jain,
Kaushik and Vashisht [24, 25, 26] proved various stability results for Banach frames
which in some sense are more general than similar results given by Christensen and
Heil [9].

Over the last decade, various other generalizations of frames for Hilbert spaces
have been introduced and studied. Some of them are bounded quasi-projectors by
Fornasier [21]; Pseudo frames by Li and Ogawa [28]; Oblique frames by Eldar [19];
Christensen and Eldar [8]; (p;Y)-Operators frames by Cao et.al [3]. W. Sun [30]
introduced and defined g—frames in Hilbert spaces and observed that bounded quasi-
projectors, frames of subspaces, Pseudo frames and Oblique frames are particular
cases of g—frames in Hilbert spaces. G—frames are further studied in [10, 11, 12, 13,
29, 31].

Abdollahpour et.al [1] generalized the concept of frames for Banach spaces and
introduced g—Banach frames in Banach spaces. G—Banach frames in Banach spaces
are generalized frames in Banach spaces which includes Banach frames, frames of
subspaces (fusion frames) for Banach spaces as well as many recent generalization
of frames in Banach spaces. Infact, g—Banach frames are natural generalizations of
frames in Banach spaces which provides more choices to reconstruct vectors of the
space from reconstruction operator. We further study g—Banach frames in Banach
spaces and give a characterization of g—Banach frames and proved that g—Banach

frames share many useful properties of Banach frames in Banach spaces.
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In the present paper, we define various types of g—Banach frames in Banach spaces.
Examples and counter examples to distinguish various types of g—Banach frames
in Banach spaces have been given. It has been proved that if a Banach space X
has a Banach frame, then X has a normalized tight g—Banach frame for X'. A
characterization of an exact g—Banach frames has been given. Also, we consider the
finite sum of g—Banach frames and give a sufficient condition for the finite sum of
g—Banach frames to be a g—Banach frame. Finally, a sufficient condition for the
stability of g—Banach frames in Banach spaces which provides optimal frame bounds

has been given.

2. PRELIMINARIES

Throughout this paper, X will denote a Banach space over the scalar field K(R
or C), X; and A}, , respectively, are associated Banach space of vector valued and
scalar valued sequences indexed by IN. H is a separable Hilbert space, B(X,H) is the
collection of all bounded linear operators from X into H, span{A,} is closed linear
span of {A,} in the strong operator topology in B(X,H).

A Banach space of vector valued sequences (or BV-space) is a linear space of
sequences with a norm which makes it a Banach space. Let X be a Banach space

and 1 < p < oo, then

Y = {{xn} L1, € X, (311:\1 H:anp) " oo}

and
loo = {{xn} : sup [|7,]| < 00, x, € X}
ne

are BV spaces of X' (a sequence space generated by the elements of X').

It may verify that Y is a BV space (see [27], [15], [16]).
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Definition 2.1. ([23]) Let X’ be a Banach space and X}, an associated Banach space
of scalar-valued sequences indexed by IN. Let {f,} C X* and S : X;;, — X be given.
Then the pair ({f,},5) is called a Banach frame for X with respect to Xy, , if

(1) {fu(2)} € Xy, for each z € X.
(2) there exist positive constants A and B with 0 < A < B < oo such that

(2.1) Allzllxe < I{fa(@)}xs, < Bllzllx, =€ &
(3) S is a bounded linear operator such that S({f.(z)}) =z, =€ X.

The positive constants A and B, respectively, are called lower and upper frame bounds
of the Banach frame ({f,},S). The operator S : X;, — X is called the reconstruction
operator ( or the pre-frame operator ). The inequality (2.1) is called the frame

inequality:.

Definition 2.2. ([1]) Let X be a Banach space and H be a separable Hilbert space.
Let X; be an associated Banach space of vector-valued sequences indexed by IN. Let
{An}, ey € B(X,H) and S : Xy — X be given. Then the pair ({A,}, ) is called a
g—Banach frame for X with respect to H and A}, if

(1) {A,(2)} € X, , for each z € X.

(2) there exist positive constants A and B with 0 < A < B < oo such that

(2.2 Azl < 1H{Aw@)Hlx, < Blalle, @€ .
(3) S is a bounded linear operator such that S({A,(z)}) =z, z € X.

The positive constants A and B, respectively, are called the lower and upper frame
bounds of the g—Banach frame ({A,},S). The operator S : X; — X is called the
reconstruction operator and the inequality (2.2) is called the frame inequality for

g—Banach frame ({A,}, ).
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3. MAIN RESULT

We begin this section with the following definition of total sequence of operators

over X.

Definition 3.1. Let X be a Banach space and H be a separable Hilbert space. A
sequence of operators {A,,} C B(X,H) is called total over X, if {x € X : A, (x) =
0,n € IN} = {0}.

Next, we prove a basic result in the form of lemma which will be used in the

subsequent results.

Lemma 3.1. Let X be a Banach space and H be a separable Hilbert space. Let
{A,} C B(X,H) be a sequence of non-zero operators. If {A,} is total over X, then
A= {{A.(v)} : x € X} is a Banach space with the norm given by ||[{A.(z)}||4 =

||| 2,z € X.

Proof. Clearly, A is a linear space under pointwise addition and scalar multiplication.

Also
[{An(2)}H|a=[lzl|lx >0 V2 ei.

Let [[{An(2)}]|a = 0. Then ||z||x =0, i.e., z = 0. This gives {A,(z)} = 0.

Also, if {A,(x)} =0. Then A,(x) =0 V n € IN. Since {A,} is total over X', we have
x = 0. This gives ||{A.(z)}||4 = 0.

Therefore, |[{A,(2)}||la =0 <= {A,(2)} =0.

Also, we have

la{An(z)H]a = laf[{An(z)}].4

and

{An(2)} + {An()}Hla < [{An(@)}la + [{AR () }H] 4
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Thus A is normed linear sapce.

Let {{A,(z;)}n}i be a Cauchy sequence in A. Then {x;} is a Cauchy sequence in X.
Since X" is complete, then there exists an element x € X such that z; — x as i — oo.
Thus, the Cauchy sequence {{A,(x;)},}; converges in A. Hence A is a Banach space
with the norm given by |[{A,(2)}|4 = ||z]|x, x € X. O

Note. The Banach space A associated with a given Banach space X is a space of
vector-valued sequences, indexed by IN. This associated Banach space may not be
unique. Further, if ({A,},S) is a g—Banach frame for X with respect to A, then
{A(z)} € A, € X, e, {{An(2)} : x € X} C A. Moreover, if {A,} is total over
X, then {{A,(z)} : 2 € X} behaves as the associated Banach space.

Next, we give definition of various types of g—Banach frames.

Definition 3.2. Let X be a Banach space and H be a separable Hilbert space. A
g—Banach frame ({A,},S) for X with respect to ‘H and X, with frame bounds A
and B is called

o Tight, if it is possible to choose A = B satisfying (2.2).

o Normalized tight, if it is possible to choose A = B = 1 satisfying (2.2).

e FEzact, if there exist no reconstruction operator Sy such that ({A;}n2m, So)

(m € IN) is a g—Banach frame for X'.

Regarding the existence of these various types of g—Banach frames, we have the

following examples:

Example 3.1. Let H be a separable Hilbert space and let E = (*°(H) = {{z,} : z, €

H; SUD <00 |Tnll < 00} be a Banach space with norm given by

Hantlle = sup fzalls, {on} € E.

1<n<oo
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Now, for each n € IN, define A,, : E — H by
A (z) =2, v ={z,} € E.
Then {A,} is a non-zero sequence of bounded linear operators on E into H such that
{r e E:A,(x) =0, forallne IN} ={0}.

Therefore, by Lemma 3.1, there exists an associated Banach space A = {{A,(x)} :
x € E} with the norm given by ||[{A.(z)}|4 = ||z|lg, * € E. Define S : A — E by
S{A@)}Y) =, 1€ B

(1) Tight and Ezxact. ({A,},S) is a g—Banach frame for E with respect to A
with bounds A = B = 1. Also, there exists no reconstruction operator Sy such

({An}nzm, So)(m € IN) is a g— Banach frame for E. Indeed, we have

0#2=1(0,0,...,1,...,0,..) € E, where 1 is in the m' place,

such that A, (z) =0, n € IN, n # m.
(2) Non-Tight and Exact. Define the sequence of operators {©,} on E into H by

1
O1(z) = FM(2),
On(z)=A,(z), n>2, ne N, ze€k.

Then, for each x € E, {O,(x)} € A such that
1
slelle < [{8n(@)}a < llzlle, = € E.
Now, define two operators U and V on E into A by
U(z) ={A.(2)} and V(z) = {O,(z)}, = € E.

Then U = V|| <1 and SU = 1. Also ||I — SV| < 1. So, the operator SV is
invertible. Put T = (SV)™'S. Then T : A — E is a bounded linear operator
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such that T({©,(x)}) = x, x € E. Therefore, ({0,},T) is a g—Banach frame
for E with respect to A which is non-tight and ezact.
(3) Tight and Non-Exact. Define the sequence of operators {©,} on E into H by

Ou(r) = 5 i (a),

On(z) =AN,1(z), n>2, ne N, z€kFE.
Then, by Lemma 3.1, there exists an associated Banach space Ay = {{O,(x)} :
x € E} of vector-valued sequences indexed by IN with the norm given by
I{On(®) |4y = l|z||E, © € E. Define Sy : Ay — E given by So({O,(z)}) = =z,
x € E. Then ({©,}, So) is a g— Banach frame for E with respect to Ay with frame
bounds A = B = 1. Also, by Lemma 3.1, there exists an associated Banach
space Ay = {{O,(2)}n1 : © € E} and an operator S; : Ay — E defined by
S1{On(2) }ns1) =z, © € E such that ({Op}nz1,51) is a g—Banach frame for E
with respect to Ay. Hence ({©,}, So) is a tight and non-exact g— Banach frame
for E.

(4) Non-Tight and Non-Exact. Let {c,} C R be the sequence defined by

1
ap =42
1, n#3, n€ IN.
Define a sequence of operators {©,} C B(E, H) as
On(z) = ayAy(x), n=1
O,(z) = aAy1(x), n>2, ne N, x € E.
Then for each x € E, {©,(x)} € A such that

1
slelle < [{8n(@)}a < llzlle, = € E.

Then, proceeding as in (2), we can find a bounded linear operator T : A — E such

that ({©,},T) is a non-tight g— Banach frame for E with respect to A. Also, by
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Lemma 3.1, there exists an associated Banach space Ay = {{O,(z)}nz1 : x € E}
and an operator Sy : Ay — E defined by S1({0,(2)}ns1) =z, v € E such that
({On}nz1, S1) is a g—Banach frame for E with respect to A;. Hence ({©,},T)

is a non-tight and non-exact g— Banach frame for E with respect to A.

Example 3.2. (Not a g—Banach Frame). Let H be a separable Hilbert space and
let

E=0CMH)={{za}:zn € H; > [lanll3 < oo}

Define a norm ||.|g on E by

1} = (fj feal,) " e

Thus E is a Banach space.
Now, for each n € IN, define A,, : E — (*(H) by

Ai(z) = 057
Ao (z) =06, n>2, v ={x,} € E,

where 6 = (0,...,0 _x ,,0,...), foralln € IN and x € H.

nthplace
Then, there exists no associated Banach space A such that ({A,},S) (S: A — E) is
a g—Banach frame for E with respect to A. Indeed, we have x = (1,0,0,...) in E

such that A, (z) = 0, for alln € IN.

Regarding the existence of g—Banach frame, Abdollahpour et.al [1] prove that
every separable Banach space has g—Banach frame with frame bounds A = B = 1.
In the next theorem, we give more general result regarding the existence of g—Banach

frame in Banach spaces.

Theorem 3.1. Let X be a Banach space and H be a separable Hilbert space. If X

has a Banach frame, then X has a g— Banach frame with frame bounds A = B = 1.
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Proof. . Let X has a Banach frame. Then, by the Theorem 4.2 [24], X has an exact
Banach frame. Let ({f,},S) ({fn} C X", S: &y — X) be an exact Banach frame
for X with respect to Xy,. Then, there exist constants A, B with 0 < A < B < o

such that

(3.1) Allzllx < [{fa(@)} |y, < Bllzllx, for all z € .
Also, by Lemma 4.1 [24], there exists a sequence {x,} C X such that
(3.2) fix;) = d;5, foralli, jeIN.

Let {e,} be an orthonormal basis for H.

Now, for each n € IN, define A,, : X — H as
A () = fulz)e,, o ={x,} € X.

Then {A,} is a sequence of non-zero bounded and linear operators from X into H.
Also, {A,,} is total over X. Therefore, by Lemma 3.1, there exist an associated Banach
space A = {{An(x)} Lz € X} with the norm given by [|[{An(2)}|a = |z]|x, = € X.
Define T': A — X by T({A,(2)}) =z, v € X. Thus ({A,},T) is a g—Banach frame
for X with respect to A. d

Corollary 3.1. Let X be a Banach space and H be a separable Hilbert space. If X

has a Banach frame, then X has a normalized tight and exact g— Banach frame.

Proof. . Let X has a Banach frame. Then, by the Theorem 3.1, ({A,},T) is a
normalized tight g—Banach frame for X with respect to A.

Now, we shall show that X has an exact g—Banach frame for X.

Let, if possible ({A,},T) be not an exact. Then, there exists a positive integer m
and a reconstruction operator 1y : Ay — X such that ({Ay,}nzm, To) is a g—Banach

frame for X, where A is some associated Banach space of vector-valued sequences
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indexed by IN.
Let Ay and By be the choice of bounds for ({A,}nzm,To). Then,

(3.3) Aollzllx < I{An(2)}nrmllag < Bollzllx, z € X.

Let x = (0,0,...,0, _1  ,0,...) be an element in E.
~—

mthplace
Then A,(z) =0, n € IN, n # m. Which implies = 0, which is a contradiction.
Hence ({A,},T) is normalized tight and exact g—Banach frame for X with respect

to A. O

Remark 1. (I) The converse of the Theorem 3.1 need not be true, in general. Let
E =(>*(H)/co(H). Let, if possible ({f,},S) be a Banach frame for E with respect
to E4. Then, there exist constants A and B with 0 < A < B < oo such that

Allzlle < [{fa(@)H e, < Bllzllp, © € E.

Then {x € E : f,(x) =0, forall n € IN} = {0}. But, this contradicts the
Theorem 2 in [16]. However, E does have a g—Banach frame. Indeed, let {z,} be a

basic sequence in E.

Now, for each n € IN, define A,, : E — H as
A (x) =2, v ={x,} € E.

Then, by Lemma 3.1, there exists an associated Banach space A = {{A,(z)} : 2 € E}
together with a bounded linear operator S; : A — F defined by S;1({A,(x)}) =z, x €
E such that ({A,},S1) is a g—Banach frame for F with respect to .A.

(IT) We observe that for a sequence of operators {A,} C B(X,H), if the coefficient
mapping 7" : X — X, defined by T'(z) = {A,(x)}, x € X is a topological isomorphism

onto X;. Then there exists a reconstruction operator S : X; — X such that ({A,},S)



510 GHANSHYAM SINGH RATHORE AND TRIPTI MITTAL

is a g—Banach frame for X with respect to H and X; with bounds || T!||~! and || T

Indeed, for each = € F, we have

A (@) Hlx, = T2y, < ITIHl2]

and
lzlly < N7 IH{AR() H
Therefore
1T el < H{Aw@) 2 < ITH2]2, = € X.

Put S =T"'. Then S : X; — X is a bounded linear operator such that S({A,(z)}) =
xz, x € X. Hence ({A,},S) is a g—Banach frame for X with respect to X,; with frame
bounds 71|~ |IT]|.

In the next theorem, we provide a characterization of an exact g—Banach frame.

Theorem 3.2. Let ({A,},S){A.} € B(X,H), S:X; — X) be a g—Banach frame
for X with respect to Xy. Then ({A,},S) is exact if and only if A; ¢ Span{A, }nzi,
for alli € IN.

Proof. Let ({A,},S) be an exact g—Banach frame for X and let A; € span{A, }n4,
for some ¢ € IN.

Then, A;(x) = limy_ an:1 (x%k)/\n(x), reX.

Thus, by frame inequality Zéf g—Banach frame ({A,},S), {A,}nz is total over X.
So, by Lemma 3.1, there exists an associated Banach space Ay = {{A,(2)}nzi : z €
X'} with the norm given by |[{A,(2)}nzilla, = ||lz]|x, z € X. Let Sp: Ay — X be
given by So({An(2)})nzi = x, x € X. Then ({A,}nz,S0) is a g—Banach frame for

X with respect to Ay, which is a contradiction to given hypothesis.

Therefore, A; ¢ span{A,}n, for all i € IN.
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Conversely, let A; ¢ span{A,},z, for all i € IN. Let ({A,},S) be not an exact.
Then there exists a positive integer m and a reconstruction operator S; such that
({An}nzm, S1) is a g—Banach frame for X with respect to Ay, where A; is some
associated Banach space of vector valued sequences indexed by IN. Let A; and By be

choice of bounds for ({A; }n2m,S1). Then

(3.4) Arllzllx < [{An(2) bngmllay < Blle]lx, v € X.

This gives {A; }nxm is total over X, since otherwise there exists a non zero element
x € X such that A, (x) =0,n € IN, n # m. Then, by frame inequality (3.4), z = 0,
which is a contradiction.

Therefore span{A, }nzm = B(X,H). This gives A, € span{A,}nzn. Which is again

a contradiction. Hence ({A,}, S) is an exact g—Banach frame for X O

Now, in the next result, we give a condition under which the Banach space )
possesses a g—Banach frame, when ) is related in some sense to a Banach space X

which is having a g—Banach frame.

Theorem 3.3. Let X and Y be two Banach spaces. Let ({A,},S) ({A.} € B(X,H),
S : Xy — X) be a g—Banach frame for X with respect to Xy. Let {©,} C B(Y,H)
be any sequence of operators. If there exists a continuous linear mapping U from X
onto Y such that ©,0U = A,,,n € IN. Then Y has a g—Banach frame with respect to

some associated Banach space A.

Proof. Since U : X — ) is an onto map. Then, for each y € ), there exists x € X
such that U(x) = y. Suppose that ©,(y) = 0 for all n € IN. Then, A, (x) = 0 for
all n € IN. This gives y = 0. Thus {©,,} is total over ). Therefore, by Lemma 3.1,
there exists an associated Banach space A = {{©,(y)} : y € Y} with the norm given
by [[{On(y)}la = llylly. y € Y. Define T': A — Y by T({On(y)}) =y, y € Y. Then
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T is a bounded linear operator such that ({©,},7T) is a g—Banach frame for ) with
respect to A. d

4. FINITE SUM OF G—BANACH FRAMES

Let ({Ain},Si), i = 1,2, ...,k be g—Banach frames for X with respect to X and H.
Then, there exists, in general no reconstruction operator S such that ({35 A; .}, S)

is a g—Banach frame for X'. Regarding this, we give the following example:

Example 4.1. Let H be a separable Hilbert space and let E = (*°(H) = {{z,} : z, €

H; SUP <pcoo || Tnll < 00} be a Banach space with norm given by

{en}le = sup |lzals, {zn} € E.
1<n<oo

For each n € IN, define Ay, : E — (*(H) by

n+1
Ain(z) =) 67, o ={z,} € E,
where §F = (0,...,0 _x  ,0,...), for alln € IN and xz € H.

nthplace

Then, by Lemma 3.1, there exists an associated Banach space A = {{A1,(2)} : 2z €
E} with the norm given by |[{A1,(2)}|a = |z||lg, v € E. Define Sy : A — E by
S1({A1n(2)}) =2, x € E. Then Sy is a bounded linear operator such that ({A1,,}, S1)
is a g—Banach frame for E with respect to A.

Now, we define a sequence of operators {\a,} C B(E,(*(H)) by

AQ,n(l') = _Al,n(l')a n=1
Aop(z) =Aip(x), n>2, nelN, x € E.

Then, there exists a reconstruction operator Sy : A — E such that ({As,},Ss) is a
g— Banach frame for E with respect to A. But there exists no reconstruction operator
So such that ({ Zle Am},SO) (So : A9 — E) is a g—Banach frame for E with

respect to Ao, where Ag is some associated Banach space of vector valued sequences
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indexed by IN.
Indeed, let ({ 2?21 Am}, SO) be a g—Banach frame for E with respect to Ag. Let
A and B be choice of bounds for ({ Z?Zl Ai,n}, SO). Then

Ao

(41) Allz]s < H{ (ZA) )}

Let x = (1,0,0,...) be a non-zero element in E such that

2
(Z Ai,n) (x) =0, for alln € IN.
i=1

Then, by frame inequality (4.1), we get x = 0. This is a contradiction. Hence
({ Zle Ai,n}, SO) is not a g— Banach frame for E with respect to Ay.

In view of Example 4.1, we give a condition under which the finite sum of g—Banach

frames for a Banach space & is a g—Banach frame for X

Theorem 4.1. Let ({A;,}, S)({Ain} C B(X,H), S;: Xy — X), i =1,2,3,...,k
be a g— Banach frames for X with respect to Xy. Then, there exists a reconstruction
operator Sy such that ({ Zle Am}, SO) 1s a normalized tight g— Banach frame for

X, provided

[{Apn()Hlx, < H{ (ZA) )}

i=1

, v €X, for somepe {1,2,... k}.
Xa

Proof. Since for each ¢ = 1,2,...,k, ({Ain},Si) is a g—Banach frame for X with

respect to X;. Thus

lellx = 1S, ({Apn(@) 1)l 2

{(ze)oo}

IN

(A , TEX.

Xa
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Then

, reX.
Xa

I, lelle < [{ (ZA) )}

Therefore, by Lemma 3.1, there exists an associated Banach space

Ay = {{ (Zle Am) (x)} L x € X} with the norm given by H (Zf:l Ai,n) (x)} B

= ||z|lx, x € X. Define Sy : Ay — X by SO({(ZflAim)(x)}) =ux, x € X.

Thus Sy is a bounded linear operator such that Zle Aip 2,50 | is a normalized

tight g—Banach frame for X with respect to Aj. O

Remark 2. Towards the converse of Theorem 4.1, we observe that ({ Zle Ai,n}, S )
(S: Xy — X)isag—Banach frame for X with respect to X, where {A;,,} C B(X,H)
1 = 1,2,..., k. Then there exists, in general, no reconstruction operator S;, for
i=1,2,...,ksuch that ({A;,},S:), i =1,2,...,k is a g—Banach frame for X with
respect to some associated Banach space Ajy. Regarding this, we give the following

example:

Example 4.2. Let H be a separable Hilbert space and let E = (*°(H) = {{z,} : z, €

H; SUD <pcoo |Tnll < 00} be a Banach space with norm given by

Hazn}le = sup |lzals, {zn} € E.
1<n<oo
For each n € IN, define {Ay,}, {A2n} C B(E,(*(H)) by

A1,1($) = 0, Al,n(x) =0 n>1

Aoi(z) = 61", Aopu(2) =0, n>1, v ={z,} € E,

where §F = (0,...,0 _x  ,0,...), for alln € IN and z € H.

nthplace

Then {322, Ain} is total over E. Therefore, by Lemma 3.1, there exists an asso-
ciated Banach space A = {{ (Z?Zl Am) (x)} LT € E} with the norm given by
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= ||z||g, z € E.

(=t )],

Now, define S : A — E by S({(Zfl Am) (:L‘)}) =ux, v € E. Thus S is a

bounded linear operator such that Z?Zl Nin¢,S) is a g—Banach frame for E
with respect to A. But there exist no reconstruction operator Si and S, such that

({A1.},S1) and ({A2n}, S2) are g—Banach frame for E.

5. STABILITY OF G—BANACH FRAMES

In 2011, W. Gang [22] studied stability of g—Banach frames in Banach spaces and
obtained various stability conditions for g—Banach frames in Banach spaces. But,
the stability of g—Banach frame in Theorem 2 and 3 in [22] depends on the value
of positive constant M. Since for large value of M, the g—Banach frame inequality
becomes redundant. Therefore, we still need stability conditions which gives optimal

frame bounds. The following theorem gives such stability conditions.

Theorem 5.1. Let ({A,},S) ({A.} € B(X,H),S: X; — X) be a g—Banach frame
for X with respect to Xy. Let {©,} C B(X,H) be such that {0, (z)} € Xy, v € X
and let V : X — X; be coefficient mapping given by V(z) = {©,(x)}, z € X. If

there exist non-negative constants \, u, v and & such that

IR —
o (M) vimtrmng <2

(it) [I{(An — ©n)(@)}Z, < A{An(2)}]%,

F2pl{ A (@) } |2, [{On ()} 2,

+v|{On(@)}Ix, +Ellzlz, =€ X,

then there exists a reconstruction operator U such that ({©,},U) is a g—Banach

frame for X with respect to X; and with frame bounds

((||5||)1 = (UISI)~" + 1) y/max{, u, V;€}>
1+ \/max{/\, w, v, £}
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and

((IITII) + ((I71) + 1) /max{\, p, v, 5})

1— /max{X, p, v, £}
where T is the coefficient mapping given by T'(x) = {A,(2)}, =€ X.

Proof. Let n = max{\, u,v,£}. Then (ii) may be restated as
o=Vl < Vi(ITolle + Vel +llole ), o .
Now,

Vallx, < [[Tzlx, + Ve - Tz,

< el + V{17l + Vel + ol )
This gives
A =vn)lVelx, < ((1 + VT + \/ﬁ) ] -
Also, since ST : X — X is an identity operator, then
(5.1) lzllx = ST ()l < ISI[T]|,-
Thus,

Vallx, = [Tzlx, =Tz =V,

1Tz, — ﬁ(umm T WValla + ||x||x)

v

which implies

At vilVale > (1= yDITelx — Vil
((1 — IS - \/ﬁ) lelle (by using(5.1)).

v
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Therefore,

((1—\/7_7)(H5H)_ —ﬁ)”xnx < {Ou@)} I,

I+n
I+ vlT[ + v
< ( T—n )Hx”x, reX.

Also, ST = I, where [ is an identity operator on X and

17 =SV < ST -V
< ISIvadiT+1VI+1)

< 1.

Thus, SV is an invertible operator. Let U = (SV)7!S. Then U : X; — X is a
bounded linear operator such that U({©,(z)}) = =, © € X. Hence ({6,},U) is a

g—Banach frame for X with respect to X; with desire frame bounds. O
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