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NONUNIQUE FIXED POINT THEOREMS ON »-METRIC SPACES
VIA SIMULATION FUNCTIONS

H. AYDI ), E. KARAPINAR ) AND V. RAKOCCEVIC ®)

ABSTRACT. Based on the concepts of a-orbital admissibility given by Popescu in
[29] and simulation functions introduced by Khojasteh in [25], we introduce in this
paper different types of contractive mappings. We also provide some nonunique
fixed point results for such contractive mappings in the class of orbital complete
b-metric spaces. Some consequences on known results in literature are also given

in support of our obtained results.

1. INTRODUCTION AND PRELIMINARIES

As a generalization of metric spaces, the concept of a b-metric was introduced by

Bakhtin [12] and Bourbaki [19] (see also [21]).

Definition 1.1 (Czerwik [21]). Let X be a nonempty set and d : X x X — [0, 00)

be a function satisfying the following conditions:

(b1) d(z,y)
(b2) d(z,y)
(03) d(z,y) < s[d(x,z) + d(z,y)] for all x,y,z € X, where s > 1.

0 if and only if x = y;
d(y,z) for all x,y € X;

T,
T,

The function d is called a b-metric and the space (X, d) is called a b-metric space, in

short, bMS.
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Note that for s = 1, the b-metric becomes a usual metric.

For (common) fixed point results on b-metric spaces, see [2, 3, 4, 6, 7, 9, 10, 11, 15,
16, 17, 18, 24, 26, 27]. On the other hand, the case of Ciri¢ type [20], Karapmar type
23], Achari type [1] and Pachpatte type [32] contractions are considered in variant
(generalized ) metric spaces where the existence of nonunique fixed points has been
proved. The aim of this paper is to establish some nonunique fixed point results by
generalizing above type contractions using the concepts of a-orbital admissibility and

simulation functions in the class of orbital complete b-metric spaces.

Example 1.1. Let X = R. Define

(1.1) d(x,y) = v —yl’

forp>1. Then d is a b-metric on R. Clearly, the first two conditions hold. Since
|z —yP < 277w — 2P + [z =y,

the third condition holds with s = 2P~'. Thus, (R,d) is a b-metric space with a

constant s = 2P~
Example 1.2. Forp € (0,1), take
X =1,(R) = {x:{af;n} cR:Z\xn\p<oo}.
n=1

Define

e’ l/p
n=1
Then (X, d) is a b-metric space with s = 2'/7.
Example 1.3. Let E be a Banach space and Og be the zero vector of E. Let P be a

cone in E with int(P) # 0 and < be a partial ordering with respect to P. Let X be

a non-empty set. Suppose the mapping d : X x X — E satisfies:
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(M1) 0 =d(x,y) for all z,y € X;

(M2) d(z,y) =0 if and only if x = y;

(M3) d(z,y) <d(z,2) +d(z,y), for all z,y € X;
(M4) d(z,y) =d(y,x) for all z,y € X.

Then d is called a cone metric on X, and the pair (X, d) is called a cone metric space
(CMS).

Let E be a Banach space and P be a normal cone in E with the coefficient of
normality denoted by K. Let D : X x X — [0,00) be defined by D(z,y) = ||d(x,y)|],
where d : X x X — E is a cone metric space. Then (X, D) is a b-metric space with

a constant s == K > 1.

The notion of comparison functions is defined by Rus [31] and it has been ex-
tensively studied by a number of authors to get more general forms of contractive

mappings.

Definition 1.2. [14, 31] A function ¢ : [0,00) — [0,00) is called a comparison
function if it is increasing and ¢™(t) — 0 as n — oo for every t € [0, 00), where ¢™ is

the n-th iterate of ¢.

Properties and examples of comparison functions can be found in [14, 31]. An

important property of comparison functions is given by the following Lemma.

Lemma 1.1. ([14, 31]) If ¢ : [0,00) — [0, 00) is a comparison function, then

(1) each iterate ¢* of ¢, k > 1 is also a comparison function;

(2) ¢ is continuous at 0;

(3) o(t) <t forallt > 0.
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Definition 1.3. [13] Let s > 1 be a real number. A function ¢ : [0,00) — [0, 00) is

called a (b)-comparison function if

(1) ¢ is increasing;

(2) there exist kg € N, a € [0,1) and a convergent nonnegative series ka such
k=1

that s*1eF (1) < asfg*(t) + vy, for k > kg and any ¢ > 0.

The collection of all (b)-comparison functions will be denoted by W. In the litera-
ture, a (b)-comparison function is called (¢)-comparison functions when s = 1. It can
be shown that a (c¢)-comparison function is a comparison function, but the converse
is not true in general. Berinde [13] also proved the following important property of

(b)-comparison functions.

Lemma 1.2. [13] Let ¢ : [0,00) — [0,00) be a (b)-comparison function. Then

(1) the series s* @k (t) converges for any t € [0,00);
k=0
(2) the function bs : [0,00) — [0,00) defined as bs = Z sP@F(t) is increasing and
k=0

18 continuous at t = 0.

Remark 1. Any (b)-comparison function ¢ satisfies ¢(t) < t and lim,,_,», ¢"(t) = 0 for

each t > 0.

In order to unify several existing fixed point results in the literature, Khojasteh et
al. [25] introduced the notion of simulation functions and investigate the existence

and uniqueness of a fixed point for different types of contractive mappings.

Definition 1.4. A simulation function is a mapping ¢ : [0, 00) %[0, 00) — R satisfying

the following conditions:

(C1): C(t,s) <s—tforallt,s>0;
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(Ca): if {tn}, {sn} are sequences in (0, 00) such that lim ¢, = lim s, > 0, then

n—o0 n—o0

(1.2) lim sup ¢(t,, sn) < 0.

In [25], the condition ((0,0) = 0 was added, but Argoubi et al. [8] dropped it. Let Z
denote the family of all simulation functions ¢ : [0, 00) x [0, 00) — R, that is, verifying

(¢1) and (Ca).

Due to the axiom ((3), we have

(1.3) ¢(t,t) <0 for all t > 0.
The following example is derived from [5, 25, 30].

Example 1.4. Let ¢; : [0,00) — [0, 00) be continuous functions such that ¢;(t) = 0 if
and only if, t = 0. Fori=1,2,3,4,5,6, we define the mappings (; : [0,00) x [0, 00) —
R, as follows

(1): Ci(t,s) = ¢1(s) — pa(t) forall t,s € [0,00), where ¢y, Py : [0,00) — [0, 00)
are two continuous functions such that ¢1(t) = ¢o(t) = 0 if and only if t =0

and ¢1(t) <t < (bg((t) ])‘07“ all t > 0.
3 f(t,s
(i1): Go(t,8) = s — o(ts)

are two continuous functions with respect to each variable such that f(t,s) >

t forall t,s € [0,00), where f,g : [0,00)* — (0,00)

g(t,s) forallt,s > 0.

(13d): C3(t,s) = s — ¢3(s) —t for all t,s € [0, 00).

(iv): Cu(t,s) = sp(s) —t for all s,t € [0,00), where ¢ : [0,00) — [0,1) is a
function such that limsup p(t) < 1 for allr > 0.

(v): C5(t,8) =n(s)—t };;tzll s,t € [0,00), where n : [0,00) — [0,00) is an upper
semi-continuous mapping such that n(t) <t for allt > 0 and n(0) = 0.

(vi): Co(t,s) =s— f(f o(u)du for all s,t € [0,00), where ¢ : [0,00) — [0,00) is a
function such that [ ¢(u)du exists and [ ¢(u)du > ¢, for each & > 0.

It is clear that each function ¢; (i = 1,2,3,4,5,6) forms a simulation function.
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Definition 1.5. [29] Let 7' : X — X be a mapping and a : X x X — [0,00) be a

function. We say that T is a-orbital admissible if
afr,Tx) > 1= aTz, T?r) > 1.

Definition 1.6. [28, 29] Let (X,d) be a bMS and z € X. A self-mapping 7" on X

is said to be orbital continuous if lim 7" (z) = z implies that lim 7'(7"(x)) = Tz.

1— 00

A bMS (X,d) is called T-orbitally complete if every Cauchy sequence of the form
{T"(x)}52,, converges in (X, d).

Remark 2. It is evident that orbital continuity of 7" yields orbital continuity of 7™

for any m € N.

In this paper, we establish some nonunique fixed point results for different type of
contractions using the concepts of a-orbital admissibility and simulation functions in

the class of orbital complete b-metric spaces.

2. NONUNIQUE FIXED POINTS ON b-METRIC SPACES
2.1. Results on (a — w)-éirié type simulated mappings.

Definition 2.1. Let (X, d) be a bMS. The self-mapping 7' : X — X is called (o —1)-
Ciri¢ type simulated if there exist ¥ € ¥, ( € Z and a: X x X — [0,00) such that

(2'1) C(mT<xay)aw(d(x7y)) >0
for all z,y € X, where
mr(z,y) = a(r,y) min{d(Tz, Ty),d(x,Tz),d(y, Ty)} — min{d(z, Ty),d(Tx,y)}.

Lemma 2.1. Let X be a non-empty set. Suppose that o : X x X — [0,00) is a
function and T : X — X 1is an a-orbital admissible mapping. If there exists xg € X

such that a(xg, Txg) > 1, and x, = Tx,—1 forn=1,2,..., then

(2.2) Ty, Tpi1) > 1, for eachn=0,1,....
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Proof. On account of the assumptions of the theorem, there exists xq € X such that
a(xg, Txg) > 1. Owing to the fact that 7" is a-orbital admissible, we find
a(zg, 1) = a(xg, Txg) > 1= a(Txg, Txy) = oz, 22) > 1.
By iterating the above inequality, we derive that
a(xy, Tpi1) = a(Txp_q,Tx,) > 1, foreach n =1,2,....

n

Theorem 2.1. Let T be an orbitally continuous self-map on the T-orbitally complete

bMS (X,d). Assume that

(7) T is an a-orbital admissible mapping;
(17) there exists an element xo € X such that a(xg, Txg) > 1;
(iii) T is (a — 1b)-Ciric type simulated.

Then the sequence {T"xo}nen converges to a fized point of T

Proof. By condition (i7), there exists xy € X such that a(xg, Tx¢) > 1.Consider the

iterative sequence {z,} defined by

(2.3) xo = x and z,, = Tx,,_; for all n € N.
We suppose that

(2.4) T, # T, for all n € N,

Indeed, if for some n € N we have z,, = Tx,,_1 = x,_1, then the proof is completed.

By Lemma 2.1, we have
(2.5) Ty, Tpy1) > 1, foreach n=0,1,....
Substituting z = z,_; and y = z,, in (2.1), we derive that

0 S C(mT(xnfla xn)a w(d(xnfla xn)) < w(d(mnfla xn) - mT(xnfla xn)
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where

mr(Tn_1,%,) == a(x,_1,2,) min{d(Tx,_1,Txy,), d(xy_1, Ty 1), d(xn, Tx,)}
—min{d(z, 1, Tx,),d(Tx, 1,2,)}.

Using (2.5), we have

min{d(x,, n_1),d(Tp, Tni1)}
—min{d(x,_1,Tx,), d(Txp_1,2,)}
= min{d(Tz, 1, Tx,),d(xn_1,TTn 1),d(x,, Tx,)}
(2.6) —min{d(x,_1,Tx,), d(Txp_1,2,)}
a(Ty_1, xn) min{d(Tx, 1, Txy,), d(xn_1, Ty 1),d(xn, Tx,)}
—min{d(x,_1,Tx,), d(Txp_1,2,)}
< Y(d(zp-1, 20))-

IN

It implies that

(2.7) min{d(2,, Tn11), d(Tn, ¥po1)} < V(d(0-1,25)).

Since ¥(t) < tfor all t > 0, the case d(z,,, zp,—1) < ¥(d(2,—1,xy)) is impossible. Thus,

we have

(2.8) d(zp, Tpy1) < Y(d(T-1,24))-

Applying (2.8) repeatedly, we have

(29)  d(wn, 2ps1) < V(d(wa-r, 20)) < W (d(@0-2, 701)) < -+ < P"(d(@0, 71)).
Since ¥ € ¥, by Remark 1, we have lim,, .., ¥"(d(xq, 1)) = 0, so

(2.10) lim d(z,, zn+1) = 0.

n—oo
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In what follow, we shall prove that the sequence {z,} is Cauchy. By using the

triangle inequality (b3), we get

IN

d($na anrk) S[d(xna anrl) + d($n+la anrk)]

IN

SA(Xn, Tpi1) + s{8[d(Tpt1, Tnto) + A @Tnto, Toik)|}

Sd(l‘n, anrl) + 82d(~rn+17 xn+2) + S2d(l‘n+2, anrk)

(2.11)

sd(xp, Tpi1) + S2d(Tpy1, Togo) + - - .

Skild(l‘nJrkaa Tpyk—1) + Skfld(fﬂmkfl, Tntk)

IN +

sd(xp, Tyi1) + S2d(Tpy1, Toso) + - - .
+ Skild(l‘nJrkaa Tpik-1) + Skd(fﬂmkfl, Trtk),

since s > 1. Combining (2.9) and (2.11), we derive that

< sY™(d(zo, 1)) + 2" d(zo, 1) + - .
+ Sk_lwn+k_2(d(:co,:l?1)) 4 8k¢n+k_1(d(l'0, xl))
(2.12) 1

pos [Sniﬂn(d(l'o, x1>> 4 sn+1wn+1d(x0,xl) 4o
+ 8n+k—2wn+k—2(d(x0’ xl)) + 8n+k_1wn+k_1(d(l'0, xl))]

d(xna anrk)

Consequently, we have

1
Sn—l

(2.13) d(xp, Tpag) < [Poik—1— Poa], n>1k>1,

where P, = Z s/p? (d(wg, 1)), n > 1. From Lemma 1.2, the series Z sTp? (d(wo, 1))
=0 =0
is convergent and since s > 1, upon taking limit n — oo in (2.13), we get

(2.14) lim d(zp, Tp4r) < lim

n—00 n—oo §N—

1 [PnJrkfl - Pnfl] = 0.

We conclude that the sequence {z,} is Cauchy in (X, d).
Owing to the construction z,, = Tz, and the fact that (X, d) is T-orbitally com-
plete, there exists z € X such that x,, — z. Due to the orbital continuity of T, we

conclude that z,, — Tz. Hence z = T'z. O
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Now, we give some consequences in b-metric spaces.

Corollary 2.1. Let T be an orbitally continuous self-map on the T-orbitally complete
bMS (X, d) and i) € V. Suppose that

(2.15) C(nr(z,y), P (d(z,y)) = 0
for all x,y € X, where

nr(z,y) = min{d(Tz,Ty), d(z, Tz),d(y, Ty)} — min{d(z, Ty), d(Tz, y)}.
Then for each xq € X, the sequence {T"xq}nen converges to a fized point of T'.

Proof. 1t is sufficient to take a(z,y) = 1 in Theorem 2.1. d

Corollary 2.2. Let T be an orbitally continuous self-map on the T-orbitally complete
bMS (X, d). Suppose there exists k € [0, 1) such that

(2.16)  min{d(Tz, Ty),d(z, Tx),d(y, Ty)} — min{d(z, Ty), d(T,y)} < kd(z,y),

for all z,y € X. Then for each xq € X, the sequence {T"xq}nen converges to a fived

point of T.

Proof. 1t is sufficient to take in Corollary 2.1, ((s,t) = v(s) — ¢ with v(¢) = at and

Y(s) = k's where a € [0,1) and K’ € [0, ). Note that k = sk’ € [0, 1). O
If we take s = 1 in the previous corollary, we get the famous nonunique fixed point

theorem of Ciri¢ [20].

Corollary 2.3. [nonunique fized point theorem of Cirié¢ [20]] Let T be an orbitally
continuous self-map on the T-orbitally complete standard metric space (X,d). Sup-

pose there is k € [0,1) such that

min{d(Tz, Ty),d(x,Tz),d(y, Ty)} —min{d(z,Ty),d(Tz,y)}
< kd(z,y),
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for all z,y € X. Then for each xq € X, the sequence {T"xo}nen converges to a fized
point of T.

Remark 3. Regarding Example 1.3, we deduce that the analog of Ciri¢ nonunique
fixed point theorem in the setting of cone metric spaces with a normal cone is still

valid (see [23]) (It corresponds to Corollary 2.3).
2.2. Results on (o — 9)-Karapinar type simulated mappings.

Definition 2.2. Let (X,d) be a bMS. The mapping 7' : X — X is said (o — 9)-
Karapinar type simulated if there exist ¥ € U, ( € Z, o : X x X — [0,00) and real

numbers aq, as, as, aq, as with

(217) 0< Sa4_a2 <1, a1 +as 7é0, a1 +as+as>0and 0 <as—as
a; + as

such that

(2.18) C(p(z,y),v(l(z,y))) = 0,

for all x,y € X, where

p(z,y) = ard(Tx, Ty) + az[d(z, Tx) + d(y, Ty)| + as[d(y, Tx) + d(z, Ty)],

and

(2, y) = ayd(x,y) + asd(z, T?x).

Theorem 2.2. Let T be an orbitally continuous self-map on the T-orbitally complete
bMS (X,d). Assume that
(1) T is an a-orbital admissible mapping,
(17) there exists an element xo € X such that a(xg, Tzg) > 1;
(zii) T 1s (o — )-Karapinar type simulated.

Then for such xq € X, the sequence {T"xg}nen converges to a fized point of T
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Proof. Starting with the element x(, we shall construct an iterative sequence {x,} as

follows:

(2.19) xo ;=2 and x,, = Tx,,_; for all n € N.
We suppose that

(2.20) X, # T, for all n € N,

Indeed, if for some n € N we have z,, = Tx,,_1 = x,_1, then the proof is completed.

By Lemma 2.1, we have

(2.21) Ty, Tpy1) > 1, foreach n=0,1,....

By substituting * = z,, and y = x,41 in (2.18), we derive that

(2'22> 0< C(p(xm $n+1), @Z)(l(mm xn-ﬁ-l))) < @D(Z(Ina xn-i-l)) - p(ZEn, xn—l—l)a

where

p(xTH xTLJrl) = ald(T:Ena TxTLJrl) + ag [d(l’n, Tl'n) + d(anrla Tanrl)}
+as[d(zpi1, Txy) + d(zn, Tpi)],

and
X, Tpy1) = asd(Tn, Toy1) + asd(x,, T?2,).

Replacing these identities in (2.22), we get
(2.23)
a1d(Tp, Tni1) + a2 [d(20, Txy) + d(@ns1, T2pg1)] + as[d(@ns1, Tay) 4+ d(@n, Tops1)]
< YP(agd(xp, Tpyi1) + asd(z,, T?z,))

S a4d(xn7 xn—l—l) + a5d(xn7 TQ*rn)
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for all ay, as, as, a4, as satisfying (2.17). One writes,
(2.24)
ald(xn—l—l) xn+2) + as [d(l‘na :L‘n-l—l) + d(l'n-i-la xn+2)] + ag [d(l‘n-‘rl) xn—l—l) + d(l'na xn+2)]

S a4d(xn7 xn—l—l) + a5d(xn7 xn+2)-

By a simple calculation, one can get

(2.25) (a1 + a2)d(Tpi1, Tno) + (a3 — a5)d(Tn, Tny2) < (aa — a2)d(@p, Tpt1)
which implies
(2.26) A(Tps1, Tpyo) < kd(xp, Tpeq)

where k = £=22. Due to (2.17), we have 0 < sk < 1. Taking account of (2.26), we

get inductively

(227> d(xnaxn—i—l) S kd(:pn—la :L‘n) S de(xn—%xn—l) S e S knd(an :L‘l)-

We shall prove that {x, },en is a Cauchy sequence. We have

d(xp, Tpyp) < s-d(Tp, Tpg1) + §% - d(Tpy1, Trgo) + ...+ P72 d(Zpyp—3, Tnip—2)+
+ 877 (@, Taapr) + 57 d(@Tngpo1, Tosp)
<s-k"-d(xg,x1) + 7 K" d(xg, 1) + ..+
4 P72 TP (2, ) + P RMTPTR L d (g, )+

+ 8p . kn-l—p—l . d(l’o, ZL‘l)
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1
= - [s"T1 B d(zo, 1) + A ST RPN d (g, @)+
s" -
4sntP . rte d(l‘o, xl)]
1
= sk [Snﬂ K d (o, @) A ST d(»’lfoal"l)}
s™ -
1 X
S S R

i=n+1
1 oo
i i
<ﬂ~'25 k' d(zg,x1) — 0 as n — o0,
i=n+1

since sk < 1. Thus, {z, },en is a Cauchy sequence.

As in the proof of previous theorem, regarding the construction z,, = T"x, together
with the fact that (X, d) is T-orbitally complete, there exists z € X such that z, — z.

Again by the orbital continuity of T, we deduce that x, — Tz. Hence z = Tz. 0

Corollary 2.4. (See [22]) Let T be an orbitally continuous self-map on the T-
orbitally complete standard metric space (X,d). Assume there exist real numbers

ai, a9, as, Ay, as such that

(2.28) -
ap + asg

<1, ai+as#0, a;+as+az >0 and0 < az — as.

Suppose that
(2.29)
ard(Tx, Ty)+asz [d(z, Tx)+d(y, Ty)| +asd(y, Tz)+d(z, Ty)] < asd(z, y)+asd(z, T z)

for all x,y € X. Then T has at least one fixed point.

Remark 4. As we discussed in Remark 3, we obtain the analog of Theorem 2.2 in the
context of cone metric spaces. More precisely, again taking Example 1.3 into account,
one can derive that Corollary 2.4 is also still fulfilled in the setting of cone metric

spaces with a normal cone ([22]).
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2.3. Results on the (o — v)-Achari type mappings.

Definition 2.3. Let (X, d) be a bMS. The self-mapping 7" : X — X is said (a —v)-
Achari type simulated if there exist ¢ € ¥, ( € Z and o : X x X — [0,00) such
that

(2.30) ¢(Hen B QD) i d(x,y))) > 0,

for all z,y € X with R(z,y) # 0, where

P(z,y) =min{d(Tz, Ty)d(z,y), d(x, Tz)d(y, Ty)},
Q(x,y) =min{d(z, Tx)d(z, Ty),d(y, Ty)d(Tz,y)},
R(x,y) =min{d(z,Tx),d(y,Ty)}.
Theorem 2.3. Let T be an orbitally continuous self-map on the T-orbitally complete

bMS (X,d). Assume that

(1) T is an a-orbital admissible mapping,
(17) there exists an element xo € X such that a(xg, Tzg) > 1;

(zii) T is (o — )-Achari type simulated.

Then for such xq € X, the sequence {T"x¢}nen converges to a fized point of T'.

Proof. As in the proof of Theorem 2.1, we shall construct an iterative sequence {x,,}:

for an arbitrary initial value z € X, take
(2.31) xo =2 and x,, = Tx,,_; for all n € N.

Also, by condition (z) and as (2.5), we have a(x,_1,2,) > 1 for all n > 1. As it is

discussed in the proof of Theorem 2.1, from now on assume that

(2.32) T, # T, for all n € N,



280 H. AYDI , E. KARAPINAR AND V. RAKOCCEVIC

By substituting = = x,,_; and y = x,, in the inequality (2.30), we derive that

0< a(wn—l,xn)P(azn,1,xn)—Q(xn,hxn)’ d oy
(2.33) = ¢ R(wn—1,00) Y(d(Tn-1,2n)))

< @Z)(d(xn_l’ xn)) _ a(Zn—1,2n) P(@n—1,2n) = Q(Zn—1,Zn)

R(xn—lyzn) )

where

P(zp_1,2,) =min{d(Tz,_1,Tx,)d(xp_1,2), d(@n-1, TTy_1)d(z,, Txy)},
d(l'nfla Txn)a d(l'na Txn>d(Txnfla xn)}:
yd(xy,, Txy)}

Q(xnfla xn) = min{d(xn,l, Txn71>
R(zp_1,2,) = min{d(z,_1,TT,_1)
By (2.33), we have

O[(:L‘n—la xn)P(l‘n—ly xn) - Q(l'n—la xn)

R(xnfla xn)

S w(d(xnfla xn))a
for all n > 1. Using a(x,_1,x,) > 1, we have

P(zpn—1,2n)—Q(xn—1,Tn o(Tp—1,2n)P(xn—1,2n)—Q(xn—1,Tn
(234)  Plracpl It < st ladd Qtitad < (d(w,1, ),

for all n > 1. Note that

P(zp_1,2,) =min{d(Tx, 1, Tx,)d(xn-_1,2n), d(xp_1, Txp_1)d(xy, Ty)}
= d(zp, Tpi1)d(Tp_1,Tn),
Q(xp-1,x,) =min{d(x,_1,Tx, 1)d(xn_1,Tx,),d(xn, Tay)d(TxH_1,2,)} =0,
R(zy—1,x,) =min{d(z,_1,Trn_1),d(xn, Tz,)} = min{d(x,_1,z,),d(Tn, Tpi1)-
Using these above identities in (2.34), we get
(2.35)

P@n-1,2n)=Q@n-1,2n) _ __d(@n@n+1)d(Zn-1,2n) 7 < Y(d(xp—1,2,)) foralln > 1.

R(xn—1,2n) min{d(zn—1,2n),d(Tn,Tnt1

If for some n, R(x,_1,x,) = d(x,, Ty+1), then the inequality (2.35) turns into

(2'36> d(xnfla xn) < w(d(‘fnfla xn)) < d(xnfla xn)a

which is a contradiction. Accordingly, we deduce that

(2.37) d(xp, ny1) < Y(d(xp_1,2,)), foralln >1.
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Using (2.37) repeatedly, we obtain

(2.38)  d(wn, Tps1) S V(d(@no1,20)) < Y2(d(@n-2,Tp-1)) < -+ < " (d(0, 21)).

By Lemma 1.2, we deduce that

(2.39) lim d(zy41,2,) = 0.

n—oo

The rest of the proof is a verbatim repetition of the related lines in the proof of
Theorem 2.1.
O

Corollary 2.5. Let T be an orbitally continuous self-map on the T-orbitally complete
bMS (X,d). Suppose that

(2.40) Plrg=Qles) < p(y(d(z,y))),

R(z,y)
for all x,y € X with R(x,y) # 0, where ¢p € ¥ and n : [0,00) — [0,00) is an upper
semi-continuous mapping such that n(t) <t for allt > 0 and n(0) = 0.

Then for each xq € X, the sequence {T"xq}nen converges to a fized point of T.

Proof. 1t is sufficient to take ((t,s) = n(s) —t and a(z,y) = 1 for all z,y € X in
Theorem 2.3. 0

Corollary 2.6. Let T be an orbitally continuous self-map on the T-orbitally complete
bMS (X, d). Suppose that there exists k € [0, %) such that

P(z,y)—Q(x,
(2.41) PL 900 < d(x,y),

for all z,y € X, where
P(z,y) =min{d(Tz, Ty)d(z,y),d(z, Tz)d(y, Ty)},

Qz,y) = min{d(z, Tx)d(z,Ty),d(y, Ty)d(Tz,y)},
R(z,y) = min{d(z,Tx),d(y,Ty)}.
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with R(z,y) # 0. Then for each xoy € X, the sequence {T"x}nen converges to a fized
point of T.

Proof. We choose 1(t) = at and ¥(t) = k't where a € [0,1) and &’ € [0, 1) in Corollary
2.5. We consider k = ak’. O

Corollary 2.7 (Nonunique fixed point of Achari [1]). Let T be an orbitally continuous
self-map on the T-orbitally complete standard metric space (X, d). Suppose that there
exists k € [0,1) such that

P(z,y)—Q(x,
(2.42) PLf 900 < kd(x,y),

for all z,y € X with R(x,y) # 0, where
P(z,y) =min{d(Tz, Ty)d(z,y),d(z, Tz)d(y, Ty)},

Qz,y) = min{d(z, Tx)d(z,Ty),d(y, Ty)d(Tz,y)},
R(z,y) = min{d(z,Tx),d(y,Ty)}.

Then for each xq € X, the sequence {T"xq}nen converges to a fized point of T.
2.4. Results on (« — 1p)-Pachpatte type mappings.

Definition 2.4. Let (X,d) be a complete bMS. The mapping 7' : X — X is said
(av—1))-Pachpatte type simulated if there exist ¢ € ¥, ( € Zand o : X x X — [0, 00)
such that

(2.43) Cla(z,y)m(z,y) — p(z,y), v(d(z, Tz)d(y, Ty))) = 0,

for all z,y € X, where
m(z,y) = min{[d(Tz, Ty)]*,d(z,y)d(Tz, Ty), [d(y, Ty)]*},
p(r,y) =min{d(z, Tx)d(y,Ty),d(x, Ty)d(y, Tz)}.

Theorem 2.4. Let T be an orbitally continuous self-map on the T-orbitally complete

bMS (X,d). Assume that
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(1) T is an a-orbital admissible mapping,

(17) there exists an element o € X such that a(xg, Tzg) > 1;
(1ii) T 1s (o — p)-Pachpatte type simulated;
(iv) Y(ab) < ap(b) for all a,b > 0.

Then for such xq € X, the sequence {T"xg}nen converges to a fized point of T

Proof. By following the lines in the proof of Theorem 2.1, we shall formulate an

recursive sequence {x,}, for an arbitrary initial value z € X:
(2.44) xo =2 and x,, = Tx,,_; for all n € N.
We assume that

(2.45) X, # T, for all n € N,

By replacing = = x,,_; and y = x,, in the inequality (2.43), we observe that
(2.46)
0 < C((@n—1, 20)M(Tp-1,Tn) — P(Tn-1,2n), Y(d(Tn-1, TTp—1)d(zn, T2y)))
< Y(d(@p-1, Txp-1)d(@n, Txn)) — a(Tn-1, Tp) (-1, Tn) — P(Tp-1, Tn),
for all n > 1, where
m(xy_1,7,) = min{[d(Tz, 1, Tz,)|?, d(xp_1,2,)d(Txn 1, Txy), [d(20, Tn))?},
p(xp—1,2,) =min{d(x,_1,Tr, 1)d(zn, Txy,), d(zp_1, Tx,)d(x), Tx,—1)} = 0.

It yields that
(2.47)

m(zp_1,2n) < a(p_1, To)M(Tp_1,2n) < V(d(Tp_1,2n)d(Tp, Tpy1)), foralln > 1.

Since Tx,,_1 = x,, we have
m(l‘n—la xn) - mln{[d(xna {L‘n+1)]2, d(xn—la xn)d(wna xn-‘,—l)v [d(xna xn—l—l)]Q}

=min{[d(zn, Tns1)]% d(@p_1, Tn)d(Tp, Tns1)}-
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Using the above identity and the fact that ¢ (¢) < ¢ (for all ¢ > 0) in (2.47), we obtain
that

min{[d(z,, xn-i—l)]Qv d(Tn -1, Tn) AT, Tpy1) } < (A1, T0)d(T0, Tpgr))
(2.48)
< d(Tp—1,2p)d(Tp, Tpy1)-
If for some n, m(z,_1,,) = d(Tp_1,2n)d(Tn, Tpi1)(> 0), we get a contradiction with
respect to (2.48). We deduce that
(2.49) 0 < [d(tn, 1) < (A0, 20)d(En, Tnsr)).

By condition (iv), we get
(2.50) d(xp, ny1) < Y(d(zp_1,2,)), foralln >1.

Recurrently, we find that

(2.51) d(Tn, Tpp1) < P"(d(w0, 21)).
The rest of the proof is a verbatim repetition of the related lines in the proof of

Theorem 2.1. O

Corollary 2.8. Let T be an orbitally continuous self-map on the T-orbitally complete
bMS (X, d). Suppose that there exists k € [0, %) such that

(2.52) m(x,y) — p(z,y) < kd(z, Tz)d(y, Ty),

for all z,y € X, where

m(z,y) = min{{d(Tz, Ty)]*, d(z,y)d(Tz, Ty), [d(y, Ty)]*},

pz,y) = min{d(z, Tz)d(y,Ty),d(z,Ty)d(y, Tx)}.
Then for each xq € X, the sequence {T"xq}nen converges to a fized point of T.
Proof. 1t is sufficient to take a(z,y) =1 for all ,y € X in Theorem 2.4. Also, we

choose ((t, s) = n(s) —t with n(t) = at and () = k't where a € [0,1) and ¥’ € [0, 1).
We consider k = ak’. O
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Corollary 2.8 is still valid in the context of standard metric spaces.

Corollary 2.9 (Nonunique fixed point of Pachpatte [32]). Let T be an orbitally con-
tinuous self-map on the T-orbitally complete standard metric space (X,d). Suppose

that there exists k € [0,1) such that

for all z,y € X, where

m(z,y) = min{[d(Tz, Ty)]? d(z,y)d(Tx,Ty),[d(y, Ty)]*},
p(x,y) =min{d(z, Tx)d(y,Ty),d(x, Ty)d(y, Tz)}.

Then for each xq € X, the sequence {T"xq}nen converges to a fized point of T.

Remark 5. One can deduce the analog of Corollary 2.8 in the context of cone metric

spaces as it mentioned in Remark 3.
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