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ON VARIETAL FUZZY SUBGROUPS
A. JAVADI ) AND A. GHOLAMI @

ABSTRACT. Varieties of groups and fuzzy subgroups are two important concepts in
mathematics. In this paper, after presenting concepts of verbal and marginal fuzzy
subgroups and discussing some of their most important characteristics of these
concepts, we define variety of fuzzy subgroups and study the complete structure of

this. At the end , we devote isologism of fuzzy subgroups.

1. INTRODUCTION

Asin 2] let F(X) be free group over X. Let T'= {i € [0,1]| i € I} and let ¢ € [0, 1]
be such that t > V{s| s € T'}. The fuzzy subset f(X;T,t) of F(X) is called fuzzy
subgroup of F(X), where for all y € F(X),

FXET ) () = VMt At i e T(w)}| w ey}

We call (F(X), f(X;T,t)) the free fuzzy subgroup. It is easy to see that every
subgroup is homomorphic image of a free fuzzy subgroup. (See also [2] )

A fuzzy subset of a set X is a mapping p: X — [0, 1] and the fuzzy power set of X
is denoted by FP(X).

Fuzzy subset u of a group G is called a fuzzy subgroup if

(a) p(z,y) = p(x) A ply) Yo,y € G
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(b) pa™) = plx) Vo € G
The set of all fuzzy subgroups of G' denoted by F(G).
Let p € F(G), then we set

po = {z € G| p(X) = p(e)},
p'={r € G| u(X) >0}

where p* and pu, are subgroups of G, p* is called the support of p and (G, p) is called
an Abelian fuzzy subgroup of (G, F(G)).
Let p € FP(G) and

Z(p) = {z € G| p(zy) = p(yz) and p(ryz) = plyzz) vy, z € G}

w is called commutative in G if Z(p) = G. It is easy to see that

Z(p) ={z € G| plz,y] = ple) Vy € G}.

The following are some of the properties used in the paper.

Lemma 1.1. ([2, Lemma 1.2.5 |) Let u € F(G) then for all x € G we have,
(i) u(e) = p(x)

(it) p(x) = p(z~")

(iii) If for all v,y € G, p(x) # p(y) then p(ry) = p(x) A p(y)

Definition 1.1. Let p € F(G)and for all z,y € G: p*(z) = p(z"tzz). If for all
z,y € G, p*(xr) = p(x) then p is called normal fuzzy subgroup of (G, F(G)), and
denote by p < F(G).

The set of all normal fuzzy subgroup of (G, F(G)) denoted by NF(G).

Let 1 € F (G) and 6 be a function from G to G then for all x € G, pf(z) =
w(0(z)) = pu(x?) is a fuzzy subset of G.
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Theorem 1.1. ([2, Theorem 2.2.3 |) Let pn € F(G), then the followings holds,
(i) If 0 is a homomorphism of G into itself, then u’ € F(G).
(ii) If 0 is a automorphism of G, then u’ € NF(G).

A fuzzy subgroup of G is called normal (characteristic, fully invariant) if for all

0 € Inn(G) (6 € Aut(G),0 € End(G)), ¥ = p and is denoted by
p <" F(G)(p < F(G),p <2t F(@G)).
If p € F(G) and H < G then p|g is fuzzy subgroup of H.
Let p € NF(G) then we define the set G/u = {xpu| € G} where,

(@p)(t) = (pe)qay 0 p)(t) = V{u(e)@y) A p(b)| t = ab} (1)

On the other hand, we know

PETRTAD LU @)
0 a€ G\ {z}

Now by (1) and (2):
if a € G\ {z} then u(e)) A p(b) =0 and,
if a € {x} then b =27t and p(e)gy A pu(b) = pu(b)

therefore
.

%) IbedG: t=uab
T LU

0 otherwise
\

similarly
(

tr™) IbelG: t=0bx
Gy = 4" e

0 otherwise
\

If N <G and p € F(G), then for all x € G,

p(aN) = V{u(z)| = € 2N}
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2. VERBAL AND MARGINAL FuUzzy SUBGROUPS

Let (G, p) be a fuzzy subgroup of (G, F(G)) and let (F(X), f(X;T,t)) be homo-
morphic image of (G, u) and X = {z1,22,---} be a countable set and let V' be a
non-empty subset of FI(X). If v = xiixié X xi; € V and g1, 92, - , g, are elements of
the group G, then v(g1, go, -+, gr) = gfigfi x -gﬁ: € G is called the value of the word
v at (g1,92, -+ ,gr). The subgroup of G genarated by all values in G of words in V,
i.e

V(G)=<v(g1,92, - 9:) s € G,v € G >,

is called verbal subgroup of G.

Definition 2.1. Let p € F(G) and let V(G) be verbal subgroup of G. Suppose py
is restriction of p on V(G). We call (V(G),uy), the verbal fuzzy subgroup of
(V(@), FV(G)))-

Definition 2.2. Let u € F(G) and V be a non-empty set of word in xy, x5, - - -. Then

the following subset

V:(G) = {a € G’ :U’(U<glag% -0y iy 7g1")> = /’L(U(glag% 7g1")) |gl € G7 1 < i < T E V}

of G forms a subgroups of G. Let uy~ be restriction of y on V(G). We call
(Vi (G), py+) the marginal fuzzy subgroup of (V;(G), F(V;(G)). It is easy to
see that V7 (G) < G.

The following theorem indicates a connection between marginal and verbal fuzzy

subgroups.

Theorem 2.1. Let V' be a non-empty set of word on x1,zs,--+ and let p € F(G).
Then V;(G) = G if and only if py = pu(e).
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Proof. Obviously, uy = p(e) implies that V;(G) = G. Conversely if V(G) = G,
then for all v € V and all g, € G

(g1, g2, oo 9r)) = p(v(e; g2, 00 gr)) = - = plv(es e, s €)) = pule)
hence py = p(e). O

In continue, we provide some preliminary properties and notions concerning verbal

and marginal fuzzy subgroups.

Theorem 2.2. If V(G) = {[x1,x2]} then Z(u) = VI (G).

o

Proof. By definition of V(G) we have

Vi(G) ={a € G| plax,y] = plr,ay] = plz,y]; Yo,y € G} and

Z(p) = {z € G| plz,y] = ple); vy € G}

If a € V(GQ) then for all y € G: pla,y] = ple,y] = u(e). Therefore a € Z(pu).
Conversely, if a € Z(u) then for all z,y € G:

plaz,y] = plaxyr™a™'y™") = pla™azyzr ™'y ™) = plz, y] and

pl, ay] = plrayr™ 'y a™) = plazyz ™y a™) = pla™ ey 'y ™) = plz, y]

hence a € V;(G). O

Theorem 2.3. Let V be a non-empty set of word on x1,xs,--- and let up € F(G). If

H is subgroup of G such that

then u[H,V(G)] = p(e)
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Proof. By assumption, for every h € H and v € V and g € G:
W (G)gV(G) = gV (G)hV(G) = [h,gl € VI(G) (1)
hence we have

/‘L[ha U(glv g2, .-, gT)] = M(hv(glﬂ g2y ey gT)h_lv(glﬂ g2y ey gT)_l)

= N(U(giLa gga Y gﬁ)v(gla g2, .-, gr)il)
= lu(v(gl[gla h]) 92[9% h]) EERE) gr[gTa h])v(gla g2, .- gr)_l) (2)

since V(G) < G and by insertion (1), (2), we have

pulh, v(g1, 92, -y gr)] = (v(91, g2, -y gr)V(G1, G2, -y gr) ) = ple).

U

Definition 2.3. Let V' be a non-empty set of word on xy, 2, -+ and let u € F(G)
and G be any group with normal subgroup N. We define [NV*G] to be subgroup of
G generated by

{U(gla sy i1, 90N, .- 7gr)’U(91,927 "'7gr>71| v E ‘/791 S G,Tl € N}

and let u[NV*G] be restriction of y on [NV*G] and define [NV G] to be the subset

of real number, with the following form

[NV;G] = {M(U(gla s 9i-1, Gils - 791")),“(1}(917927 "'7gr)71)‘ CAS V) gi € Gan € N}

Proposition 2.1. Let V' be non-empty set of words on x1,xs,--- and let up € F(G)
and N < G, then the following holds,

(i) v (V;(G)) = ple)
(ii) NCVHG) < [NV:G]=1

(iii) M[Nv*g = u(e) = ]\C;Q Vi(G)
(iv) V:(m) = V*(m)
(v) [G,N] CV(G) = u(V(G)) CpulV(G), N
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Proof. (i) We know py (V7 (G)) is restriction of u on words of V' that their letters is
selected of V¥ (G). Therfore:

Let v(g1, 92, .-, 9r) € V(V;(G)) then,

w(v(gi, gos o gr)) = plvie, g, ooy gr)) = ... = p(v(ese, ....e)) = ule)

INVIG] =1 <=
Vn € N7 M(fv(glag% vy Gilly o 7gT)> = /’L(U(gl7g27 7gT>> —
n € Vi(G)

(ili) Let n € N and v € V' be arbitary. Clearly, if

/‘L(V(gh g2, .-+, gily - .. agr)) - ,LL(U(gl, g2, .-, gT’))

then n € V(). Otherwise

(g1, g2, s G0y - - -5 Gr)) # (v(g1, g2, -, 9)) (1)

by assumption
ple) = u(v(gr, s g1, gins - gr)o(grs o, s 60) 1)
now by (1) and (1.1) (i,ii)
pie) = p((gr, - gim1, gints -, 90)) A p(v(g1, 92, 90) 1) (2)

therfore, by (2)

pe) < p(v(gr, ..., gim1, 9, -, gr)) and p(e) = p(v(gy, .. ., gr))
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now by (1.1) (i)

w(o(ge, - gi1, giny - 9r)) = ple) = p(v(g, - - -, 9r)

but it is in contradiction to (1).

. G . G . G
(1VC)7Y In [3] was proved that ) =V (m) So we need to prove V (m
v(G)
5 G
") -

{9V (@) |pv(1V(G),...,:V(G)gV(G),...,9.V(Q))) =
w(gV(G),...,q.V(G)));gi € Giv eV} =
V(@) |u(vlgr, -5 99, -, 9 )V(G)u(v(gr, - - -, 9,)V(G));9i € Giv €V} =

{gV (@) p(V(G)) = n(V(G))} =

V(@)
(v) Let v(g1,92,...,9-) € V and n € N:

wlo(gi, 9oy ooy gr), 0] = 1(v(g1, g2, -y gr) "' 0(g1, G2 e, Gr)1)

= p(v(g1, 92, - 9) " 0(g1[g1. 1], g2lgr, 0], .., grlgrsm]))

> w(v(gr, g2, -5 9r)) A p(v(g1lgr, nl, g2lgr, 0], ..., grlgr, n]))

by assumption,

plv(gr, g2, -, 6r), ) > p(v(g1, 92, -, gr))

wich complete the proof.
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Let (G, \) and (G, p) be fuzzy subsets of (G, F(G)). Let (A, u) be the fuzzy subset
of G defined as follows: Vz € G),

V{p(a) A p(d)| = = [a,b],a,b € G} x is commutator
(1, M) () =
0 otherwise
The commutator of A and p is the fuzzy subgroup [A, u| of G generated by (A, p).
In [2], was proved (u, p)(z) < p(x) therfore [, u] C p.
Theorem 2.4. Let p € F(G). Then

[, ) ([0, 72]) < pu([y, 29])

Proof. The fuzzy subgroup [u, p] generated by (u, ), so that

V{u(a) A p(d)| t = la,b],a,b € G} tis commutator
(1, 1)(2) =

0 otherwise

therefore
(:uv M)([xla x2]) = \/{M(a> N M(b)| [mla xQ] = [a7 b]} (1)
. It is obvious that a function on the same elements, acts the same. Therfore, for all
[a, b] in the absence [x1,z5] = [a, b],
plxe, wo] = pla,b] > p(a) A p(b)
therefore
ular, @a) = vin(a) A (b)) a1, 23] = a8} (2)

Now by (1) and (2) the proof is complete. O
According to (3.2.14) in [2] we have,

v Sl gl Spy )] S C ] S



384 A. JAVADI AND A. GHOLAMI

so we have,
[ty ooy ] (21, 290 ms) < p(xy, 9. .. @)
3. Fuzzy VARIETIES OF GROUPS

P. Hall introduced the concept of varieties of groups in 1940 and as time went on,
it become one of the most important concepts in mathematics. In this chapter, we

try to express the meaning of fuzzy varieties.

Definition 3.1. Let p be a fuzzy subgroup of G. Then the chain
p=p® 202 ou™o .
of fuzzy subgroups of G is called the derived chain of y where, Vn € N :
p D = [ ).
Let p be a fuzzy subgroup of GG. Then the chain

= 2Zo(p) 2 Z1(p) 2 ... 2 Zn(p) 2 .

of fuzzy subgroups of G is called the descending central chain of p where, Z,,1(u) =

[Zn (1), 1]

Definition 3.2. Let G be a group. A Fuzzy variety on (G, F(G)) is an equationally
defined class of fuzzy subgroups. If W is a set of words in zq, xs,... the class of all
fuzzy subgroups of (G, F(G)) such that V() = e, (G, ) is the fuzzy subgroup with
tip ¢, is called Fuzzy variety FV(IW) determined by W. We also say that W is a
set of lows for the fuzzy variety FV(W).

Now let W = {[z1, z2]}, then FV(W) is the class of abelian fuzzy sub groups and
is called Abelian fuzzy variety.

More precisely, if [u, ] = e; then fuzzy subgroup (G, u) settle on abelian fuzzy variety.
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W = {[z1,22,...,2.41], where ¢ > 1, then FV(W) is the class of all nilpotent fuzzy
subgroups of at most ¢ and is called Nilpotent fuzzy variety

Clearly, if the descending central chain of y is such that Z.(u) = e; for ¢ € N, then
fuzzy subgroup (G, p) settle on nilpotent fuzzy variety.

If W = {2V} where ¢ > 1, then FV(WW) is the class of all solvable fuzzy subgroups
of at most ¢ and is called Solvable fuzzy variety

More precisely, if the derived chain of p is such that p(ctY) = e, for ¢ € N, then fuzzy

subgroup (G, i) settle on solvable fuzzy variety.

4. IsOLOGISMS OF Fuzzy SUBGROUPS

P. Hall introduced the notion of isologism, an equivalence relation on the class of
all groups. This equivalence relation depends on some fixed variety V' and has the
property that the groups in the variety V' form a single equivalence classes. Now we
introduce and study the concept of fuzzy isologism on some fixed fuzzy variety.

Let f be a function from X into Y, and let p € FP(X) and A € FP(Y). Define
the fuzzy subsets f(u) € FP(Y) and f~1(\) € FP(X) by Vy € Y/,

)| t=[a, b,z € X, f(z) = -1
() = V{u()| t =la,b],x € X, f(z) =y} [ ) #2

0 otherwise

7 N(@) = Mf(2)).
Then f(p) is called the image of p under f and f~*(\) is called the preimage (or
inverse image) of A under f.

Let u € F(G) and H be a group. Suppose that f is a homomorphism of G into H.
Then f(u) € F(H) and if A € F(H) then f~*(\) € F(G).

Definition 4.1. Let (F(X);T3,t;) be the homomorphic image of (G, u) and let
(F(X); Ty, tz) be the homomorphic image of (H,\). Let V be a fuzzy variety.



386 A. JAVADI AND A. GHOLAMI

A FV — Isologism between (G,pu) and (H,\) is a pair of isomorfism (a, ) if,

G H
a — — and (8 : py(G) — Av(H), such that for all s > 0 and all
ViG)  Vi(H)

v(xy,29...,25) € Vand all g1, g9, ...,9s € G, it hold that

B(v(gr g2, g0)) = No(hr, . hy) whenever b € a(gVE(G))i=1,...r
We write (G, u) =~ (H, \)

Lemma 4.1. Let (a, 3) be a F'V-isologism between (G, ju1) and (Gz, pa). If V5 (G1) <

H H.
H1 S G1 and a(m) = ‘/};"TQG'Q)’ Then (Hla)\l) ~ (HQ,)\Q) where, )\1 =

H1|H1>/\2 =M2|H2-

Proof. Since («a, 3) is a FV-isologism between (Gy, 1) and (Ge, p2), both «a, 3 are

isomorfisms such that,
G, Gy
Qo —
Vi (Gy) Vi (G2)

By (Gr) — piay (Go)

and

ﬁ(“lv(glag% agr)) = M?U(g/h ’g;) whenever g; € Oé(glvu*l(Gl))vl = ]-7 ey T

Since V;l(Gl) < H; < (G4, we conclude Vu*l(Gl) < Vy (Hy).

H,
= , we conclude V* (G5) < Hy < (G5. Therefore,
V/jl (Gl) V/jQ (GQ) Mg( 2) 2 2

Vi (Go) < V3 (Hz). We define two isomorphisms

H
Similarly, since «a( ! )

/ H, Hy
(67 ” — ”
VY (Hh) Vi (Hy)

B Ay (Hy) — Xoy (Ha),

as follows,
o (M VL (Hy)) = hoVi (Ha), if hy € Hy and hy € a(h, V5 (H))),

B (M (b, ... b)) = Aa(v(hy, ..., b)) and
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B M(vlhn, .. ) = B (v(ha, - b))

It is easy to see that the pair (o', 3') is an F'V-isologism between (Hy, A1) and (Ha, \y).
U

Lemma 4.2. Let (o, 3) be a FV-isologism between (G, p) and (H,\). If g € G and

h € a(gVy(G)), then B(u(v?)) = A(v").

Proof. Let v € V| say v = v(x1,x9,...,xs). Let g1,92,...,9s € G and choose

h € a(gV;(Q)), hi € a(giV;(G)) forall 1 <i <5
we have
(hi)" = h ™ h;h € oz(g_lgigV:(G))

thus (2;)" € a((9:)?V; (G)), because a is homomorphism. Now we have

Bu(v(gr, g2, -, 95)7)) = Blu(v(g?. g3, .., 99))) = Mo (R, g, ... 1)) = A(v")

g

Proposition 4.1. Let u € F(G) and H < G and i’ = p|g, then the following holds,
(1) Vi(HV(G)) = Vi (H)V(G)
(i) py (H) = pv (HV,(G))

Proof. (i) by definition 2.2, we have
VAV () = thal o, hiauha, .. b)) =

po(hiay, ... hiai, ... heay)); Yo € Vi Vh, h; € H;Va,a; € Vi (G)} =
{ha|p(v(hy, ..., hihh  ash, ... h,)) =
p(o(hy, - hiy o h)); Vo € ViVh, by € HiVa; € VI(G)}
V(@) is normal subgroup of G, therefore h~'a;h € Vi (G). So,

w

’

Vi(HV(G)) = {ha|p(v(hy, ..., hha,, ... h)) =

7
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p(u(hy, ... i b)) Yo € ViVh by € H;Va; € VI(G)} =
{ha|lp(v(hq, ..., hih,... b)) =
p(o(hy, ... hiy ... he));Yo € ViVh hy € HY =
{hal h € V3(H)} = V3(H)V(G))
(ii) For all v(hyay, ..., hya,) € V(HV;(G))
w(v(hiay, ... heay)) = p(o(hay, ... he))
therefore puy, (H) = py (HV(G)). O
Theorem 4.1. Let H < G and p € F(G) and i’ = p|g. Then (H, ') ~ (HV;(G)).
In particular, if G = HV;(G), then (G, p) ~ (H, 1. Conversely, if

V@) satisfies

o
the ascending chain condition on subgroups and (G, p) =~ (H, u'), then G = HV(G)
Proof. We difine a map « by putting oz(hV:,(H)) = hV;(HV;(G)) (h € H). By

Proposition 4.4 (i), since V(HV(G)) = V:,(H)V:(G), « is an isomorphism from
H HV(G)

) O™ T v

v (H) Vi(HVY)

induces the identity on jy(H), the pair (c, idM/V(H)) is a FV-isologism between (H, 1)

and (HV;(G), ).

Now suppose that H < G and (G, u) =~ (H, ;). There is the pair (g, 3) such that,

. By Proposition 4.4 (ii), since uy (H) = py (HV(G)) and «

G H
Qg : — ,
"TVHG) Vi(H)
Bo : v (G) — piy(H)
Define H; < H by aq H ) g V*(G) < H < G and by (4.5) we have
= . O an .
efine H; < vV Qg V;(G) V:,(G) 0" = = Yy

(H,1') = (Hy, py) where pf' = plg and py = p'|my, thus (G, p) ~ (Hy, ) -
since (H,p') =~ (Hy, pi}), there is the pair (aq, £;) such that,

;i H,

CVE(H) V¥ (Hy)

] Hq
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P+ (H) — iy V(Hy)

mo I
Vi)~ V()
have (Hy, ity) ~ (Hy, p1y) where g = iy |(Hy) so that (G, u) = (Hy, pisy).

Define Hy < Hy by ay(

. So V:/ (Hl) S H2 S H1 and by (45) we

Continuing the above process, we get a sequence of subgroups of H,

Vi(G) S VI(H) SV (Hy) < ... < Hy < H < H

m

with the property that (G, i) = (H;, p;) for each i > 0. If however

, and hence

Vi(G)

“w
H
Ve (—G)’ satisfies the descending chain condition on subgroups, then it follows that
/,L/
for some i > 0 we have H; = H;,. But this is equivalent to G = H, as desired. [

Proposition 4.2. Let F'V be a fuzzy variety and let (o, B) be a FV-isologism between

MV*(G) N
G, ) and (H,)\). Let M QG and put o - = ————. Then
(G and (H. ) s =

BpMV*G]) = AINV*H].

Proof. Since («, 3) is a F'V-isologism between (G, u) and (H,\), both «a, 3 are iso-

morfisms such that,

and

B(0(g1, 21 92))) = Mo, s ) whenever by € a(giVi(G)),i = 1,...,5.

Let m € M, g1,...,9; € G and v(zy,...,x5) € V.choose h; € a(g;V;(G))(i =1,..., )

and n € a(mV,;). By definition of F'V-isologism we have that ,

B(/‘L(U(gh cee ity .y gs))) = Av(hlﬂ tey h’inv hS)

therefore

Bu(v(gr, ...\ gim, ..., g)v(g1, -y gs) 1)) = Aw(ha, ..., hin, ho)v(h, ..., he) ™).
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We conclude that B(u[MV*G]) € A[NV*H] and the reverse inclusion follows by

applying the above arguments to 571, U

There are many concepts in varieties of groups that can be viewed on fuzzy varieties

in the next research.
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