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ON FARTHEST POINTS IN FUZZY NORMED SPACES
M. AHMADI. BASERI ) AND H. MAZAHERI

ABSTRACT. The main purpose of this paper is to find ¢-farthest points in fuzzy
normed spaces. We introduce the concept of ¢-remotest fuzzy sets and give some
interesting theorems. In particular, we study the set of all ¢-farthest points to an

element from a set and discuss some properties of the this set.

1. INTRODUCTION

The theory of fuzzy sets was introduced by L. Zadeh [14] in 1965. The concept of
a fuzzy norm on a linear space was initiated by Katsaras [9] in 1984. Later, some
mathematicians defined notions for a fuzzy norm from different points of view. In
particular, following [5], Bag and Samanta in [1] and [2], introduced and studied an
idea of a fuzzy norm on a linear space in such a manner that its corresponding fuzzy
metric is of Kramosil and Michalek type [10]. Since then, many mathematicians have
studied fuzzy normed spaces from several angles [7, 8, 11]. The notion of the farthest
points has many nice applications in the study of some geometrical properties of a
normed linear space, see e.g. [3, 4].

In this paper, we use the notion of a fuzzy norm introduced in [13] to define the
set of all ¢t-farthest points on fuzzy normed spaces and investigate some interesting

results.
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In following, we recall some definitions and preliminaries that is need for main

rsults.

Definition 1.1. [6] A binary operation x : [0,1] x [0,1] — [0,1] is a continuous
t-norm if * satisfying conditions:

(i) * is commutative and associative,

(ii) * is continuous,

(iii) a * 1 = a for all a € [0, 1],

(

iv) a*x b < ¢ xd whenever a < ¢ and b < d and a;b;¢;d € [0, 1].

Definition 1.2. [6] The 3-tuple (X, M, *) is said to be a fuzzy metric space if X
is an arbitrary set, x is a continuous t-norm and M is a fuzzy set on X2 x (0, c0)
satisfying the following conditions for all x,y,2 € X and ¢,s > 0,

(i) M(z,y,t) >0,

(il) M(x,y,t) =1 for all t >0 if and only if v =y,

(i) M(x,y,t) = M(y,x,t),

(iv) M(z,y,t) *« M(y,z,s) < M(x,2,t+s) for all t,s > 0,
(

v) M(z,y,.): (0,00) — [0, 1] is continuous.

Definition 1.3. [6] Let (X, M, %) be a fuzzy metric space. A subset X is called fuzzy
bounded (f-bounded), if there exist ¢ > 0 and 0 < r < 1 such that M(z,y,t) > 1—r
for all x,y € X.

Definition 1.4. [6] Let (X, M, *) be a fuzzy metric space and {x,} a sequence in
X. Then {xz,} is said convergent to x € X if for each 0 < e < 1 and t € (0, 00) there

exists Ny € N such that M(z,,z,t) > 1 — € for each n > N,.

Definition 1.5. [6] Let (X, M, *) be a fuzzy metric space. A subset A of X is said
to be compact if any sequence {x,} in A has a subsequence converging to an element

of A.
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Every compact subset A of a fuzzy metric space (X, M, *) is f-bounded.

Proposition 1.1. [12] Let (X, M, ) be a fuzzy metric space. Then M is a continuous

function on X x X x (0, 00).

Definition 1.6. [13] The 3-tuple (X, N, %) is said to be a fuzzy normed space if X is
a vector space, * is a continuous t-norm and N is a fuzzy set on X x (0, 0o) satisfying
the following conditions for every z,y € X and t,s > 0,

(i) N(z,t) >0,

(ii) N(z,t) =1 <<z =0,

(iii) N(ax,t) = N(z,t/|al), for all a # 0,

(i) N(z,t) « N(y,5) < N+ 3,1 +5),
(v) N(z,.): (0,00) — [0, 1] is continuous,
(

vi) limy oo N(z,t) = 1.

Lemma 1.1. [13] Let (X, N, %) be a fuzzy normed space. Then
(i) N(z,t) is nondecreasing with respect to t for each x € X,

Remark 1. [13] As was shown in [13], every fuzzy normed space induces a fuzzy metric

space on it and is therefore a topological space.

Lemma 1.2. [13] Let (X, N, %) be a fuzzy normed space. If we define
M(z,y,t) = N(z — y,t),
then M s a fuzzy metric on X, which is called the fuzzy metric induced by the fuzzy

norm N.

Definition 1.7. [1] Let (X, N, %) be a fuzzy normed space. A subset B of X is said

to be the closure of F' if for any x € B, there exists a sequence {z,} in F' such that

lim, oo N(x, —x,t) =1, ¥t > 0. We denote the set B by F.
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Theorem 1.1. [1] Let (X, N, *) be a finite dimensional fuzzy normed space. Then a

subset A is compact iff A is closed and bounded.

2. MAIN RESULTS

Definition 2.1. Let W be a nonempty f-bounded subset of a fuzzy normed space
(X,N,%). Forz € X, t >0, let

(W, z,t) = inf N(w — x,1).

weWw

An element gl (x) € W is said to be a t-farthest point of  from W if

Definition 2.2. Let W be a nonempty f-bounded subset of a fuzzy normed space
(X, N,x*). For x € X, t > 0, we shall denote the set of all elements of t-farthest points
of x from W by Ff, (x), i.e.,

Flo(r)={weW: Nw—ux,t)=5W,z,t)}.

If each x € X has at least one (one) t-farthest in W, then W is called a t-remotest

fuzzy set (uniquely ¢-remotest fuzzy set).

Example 2.1. Let X = R?. Fora,b € [0,1], let axb = ab. Define N : R? x (0, 00) —
[0,1] by

V l’% +x%)—1

t
Then (X, N, *) is a fuzzy normed space. Let W = {(z1,79) € R?*: -1 <z, <1, 0<
zy < 23}, Clearly W is f-bounded. Then for x = (xq, o),

N((mh 172)’ t) = (exp

S(W, (0, y0), t) = inf{ N((x1 —z0, 29 —90),t) : —1 <z <1, 0< 39 <7}

V(@1 — 20)? + (22 — o)?
t

= inf{(exp Yl 1 <2 <1, 0< 2y <27}



ON FARTHEST POINTS IN FUZZY NORMED SPACES 107

Since
Fy(z0,50) = {(=1.1) : @9 > 0,0 < 0}
Fly(xo,y0) = {(=1,0) : 29> 0,y0 > 0,50 # 1/2}
Fiy (w0, 90) = {(=1,0), (=1,1) : 20 > 0,90 = 1/2}
Fy(w0,50) = {(L,1) + @9 < 0,0 < 0}
Eyy (0, 90) = {(1,0) : 2o < 0,90 > 0,90 # 1/2}
Fiy(w0,90) = {(1,0), (1,1) : o < 0,0 = 1/2)
Fyy (w0, 50) = {(1,0), (=1,0) = @9 = 0,30 > 0}
Fiy(z0,90) = {(1,1),(=1,1) : 2o =0,y < 0}
Therefore W is a t-remotest fuzzy set, but W is not a uniquely t-remotest fuzzy set.

Example 2.2. Let X =R. Fora,b € [0,1], let axb = ab. Define N : R x (0,00) —

[0,1] by
t
t+ |z
Then (X, N, *) is a fuzzy normed space. Let W = [0,1]. Then for every x > 1, 0 is a

N(z,t) =

t-farthest points of x from W and for every x < 0, 1 is a t-farthest points of x from
W. So for each x € X, Fl,(x) is a singleton. Therefore W is a uniquely t-remotest

fuzzy set.

Theorem 2.1. Let W be a nonempty f-bounded subset of a fuzzy normed space
(X, N,*). Then:

(i) (W +y,z+y,t) =W, x,t), for every z,y € X and t > 0,

(it) Bl (x +y) = Fly(x) +y, for every z,y € X and t > 0,

(i17) 6(aW, ax,t) = 6(W,x,t/|al), for every x € X, t >0 and o € R — {0},

(iv) F(L%V‘t(ax) = aFf,(x), for everyxz € X, t >0 and o € R — {0},

(v) W is t-remotest fuzzy set (uniquely t-remotest fuzzy set.) if and only if W +y is
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t-remotest fuzzy set (uniquely t-remotest fuzzy set.) for any given y € X,
(vi) W is t-remotest fuzzy set (uniquely t-remotest fuzzy set.) if and only if oW is

|a|t-remotest fuzzy set (uniquely |a|t-remotest fuzzy set.) for any given a € R — {0}.
proof. (i) For any x,y € X and t > 0,

d(WH+y,x+y,t) = inf{N(w+y)—(x+y),t): weW}
= inf{N(w—2x),t): we W}

= 0(W, z,t).

(#4) Using (i), wo € Fjy,(z +y) if and only if wo € W 4y and 0(W +y,z +y,t) =
N(z+y —wo,t) if and only if wy —y € W and 6(W, z,t) = N(x — (wp — y), t) if and
only if wg — y € Fiyy(x); i.e., wy € Fyy(x) + .
(i73) For every x € X, t > 0 and o € R — {0},

d(aW,az,t) = inf{N(aw —az,t): we W}
= inf{N(w —2z),t/|a|): we W}

= (W, z,t/|al).

(1) By (iii), wy € Fﬂf(@x) if and only if wy € aW and §(aW, az, |a|t) = N(ax —
wo, |a|t) if and only if wo/a € W and N(x —wg/a, t) = §(W, z,t). So wo/a € Ffy(x);
Le., wy € aFy, ().

(v) follows from (7).

(vi) is an immediate consequence of (iv). O

Definition 2.3. Let W be a nonempty f-bounded subset of a fuzzy normed space
(X, N,*). The set W is said to be nearly compact, if for each x € X, the sequence
{w,} in W satisfying N(z —w,,t) — (W, z,t) contains a subsequence converging to

an element of W.



ON FARTHEST POINTS IN FUZZY NORMED SPACES 109

Remark 2. Every compact set in a metric space is nearly compact.

Theorem 2.2. Let W be a nonempty compact subset of a fuzzy normed space (X, N, *).

Then W is t-remotest fuzzy set.

proof. Since W is compact, hence W is nearly compact. So for each x € X,
the sequence {w,} in W satisfying N(z — w,,t) — 6(W,z,t). Let {w,, } be the
subsequence of {w,}, then {w,,} is convergent to wy, € W. By Lemma 1.2 and
Proposition 1.1, N is a continuous function on X X (0,00). Hence N(z — w,,,t) —

N(z —wg,t). Then N(x —wq,t) = §(W,x,t). Therefore W is t-remotest fuzzy set. O

Corollary 2.1. Let W be a nonempty f-bounded and closed subset of a finite dimen-

sional fuzzy normed space (X, N, ). Then W is t-remotest fuzzy set.

proof. It follows directly from Theorem 1.1 and Theorem 2.2. O

Theorem 2.3. Let W be a nonempty closed and f-bounded subset of a finite dimen-

sional fuzzy normed space (X, N, x). Then for every x € X, F{,(x) is closed.

proof. By Corollary 2.1, W is t-remotest fuzzy set. Let sequence {w,} in F{},(z)
converges to w. So w, € W and §(W,x,t) = N(w, — x,t). Since W is closed, hence
w € W. As N is a continuous function on X x (0,00), then lim, . N(w, — z,t) =
N(w — z,t), and §(W,z,t) = N(w — x,t). Therefore w € F;,(z). Hence F{, () is

closed. O

Example 2.3. If W is a t-remotest fuzzy set, then for every x € X, Ff,(z) need
not be closed. Consider X = R2. For a,b € [0,1], let a * b = ab. We define N :
R? x (0,00) — [0,1] by N((w1,22),t) = . Let W = {(w1,w3) : 0 <w; <

t+max{|z1|,|z2|}"
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1, 0 <wy < 1}. Clearly W is f-bounded. Then, for (2,—1),

(W, (2,-1),t) = inf  N((w; —2,wy + 1),t)
(w1 ,w2)EW
. t
= inf
(wiw2)eW t + max{|w; — 2|, |we + 1|}
- t
ot 2

Since

FlL2,-1) = {(w,w) € W: N((wy —2,ws+1),8) = 6(W, (2, —1),4)}
= {(wl,wg)GW: t t }

t + max{|w; — 2|, |wy + 1|} T tt2

= {(w,wy) €W : wy =0, 0<wy <1}

Hence F{\;(2,—1) is not closed.

Theorem 2.4. Let W be a nonempty f-bounded and closed subset of a finite di-
mensional fuzzy normed space (X, N,*). Then W (closure of W) is t-remotest fuzzy

set.

proof. Let sequence {z,,} in W converges to x, then x € W. So W is closed set.
Let w € W, there exists a sequence {w,} in W such that for Ve € (0,1), Vt > 0,
N(w, —w,t) >1—¢€. Fors=t+h

N(w,s) > N(w, —w,t)* N(wp,h)
> (1 —¢€)x N(wy,h).
Since W is f-bounded, there exists 0 < r < 1 such that N(w,,h) > 1 —r. Then
N(w,s) > (1 —¢)*(1—1).
Putl—éd=(1—-¢x(1—r), (0<d<1).So

N(w,s) >1—46.
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Therefore W is f-bounded. By Corollary 2.1, W is t-remotest fuzzy set. a
Now we consider a set some what similar to the set F};,(z) and study some prop-

erties of this set.

Let W be a nonempty f-bounded subset of a fuzzy normed space (X, NN, *) and

ro € X. For each z € X we know that

u%lgvaN(w—z,t) ZlggéVN(w—xo,tl)*N(mo—z,tg),

for every ti,to > 0 and t = t, + t».
Let us define the set F'(W, xq) as

F'W,xg) ={z€ X :u%gv]\f(w—z,t):u%ga/N(w—xo,tl)*N(mo—z,tg)},

for every ty,to > 0 and t =t + ts.
i.e.

F'W,zg) ={2€ X :06(W,z,t) =5(W,xo,t1) * N(wg — 2,2)},
for every ty,ty > 0 and t =t + ts.

Then F'(W, xg) is a nonempty (since zg € F*(W, xy)) closed subset of X.

Proposition 2.1. Let w, € W be such that 6(W, z,t) = lim, o, N(w, — 2,t) for
each z € F'(W,zq) —{xo}. Then 6(W, zg,t1)* N(xg— 2,t9) = lim,, oo N(w, —xg, 1) *

N(xog — z,ta), for every ty,to > 0 and t = t; + to.
proof. Since z € FY{(W, zo) — {xo}. Hence
(W, z,t) = d(W,xzg,t1) % N(xg — 2,12)
< N(w, — g, t1) * N(xg — 2, t2),
for every ti,to > 0 and t =t + t5. So

lim N(w, —z,t) < lim N(w, — xo,t1) * N(zo — 2, 12).

n—oo n—oo
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On the other hand

lim N(w, —z,t) > lim N(w, — xo,t1) * N(zo — 2, t2),

n—oo n—o0

for every ti,ty > 0 and t =t + ty. Then

lim N(w, — z,t) = lim N(w, — xg,t1) * N(xg — z,12).

n—oo n—oo

Therefore

(W, xo,t1) * N(xg — 2,t2) = lim N(w, — xo,t1) * N(zg — 2, t2).

n—oo

Proposition 2.2. Let z € F'(W,x) and y € FY{(W, z) then 6(W,y,t) < §(W, o, t) *
N(zg — y, 2ty), for every t1,ts > 0 and t = t1 + ts.

proof. Since z € F*(W, zy) and y € F*(W, z). Hence

5(Wy7t) = 5<W27t1)*N(y—Z,t2)
< (W, z,t) « N(y — z,t9)

= 0(W,zo,t1) * N(xg — 2,t2) * N(y — 2,t2)

IN

(W, zo,t1) * N(x0 — y, 2t2)

< O(W,zo,t) x N(xg — y, 2t5),
for every ty,to > 0 and t =t + ts. O
Proposition 2.3. Let W C Wy, and o € X be such that
O(W, xg, t) = 6(Wq, o, 1),

then F*(W,zq) C F*(Wy, xo).
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proof. Let z € FY(W, ). So

(W, z,t) = d(W,xo,t1) % N(xg — 2,12)
= 5(W1,$0,t1)*N($0—2,t2)

= 5(W1,Z,t),

for every ti,ty > 0 and t = t; + to. Which implies that z € F*(Wq, x). O

1]

2]
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