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COMPLEX FUZZY AND GENERALIZED COMPLEX FUZZY
SUBPOLYGROUPS OF A POLYGROUP

M. AL- TAHAN () AND B. DAVVAZ @

ABSTRACT. The objective of this paper is to combine the innovative concept of
complex fuzzy sets and polygroups. We introduce the concepts of complex fuzzy
subpolyrgroups and generalized complex fuzzy subpolyrgroups of a polygroup. We

provide some examples and properties of them.

1. INTRODUCTION

Algebraic hyperstructures represent a natural generalization of classical algebraic
structures and they were introduced by Marty [9] in 1934 at the eighth Congress of
Scandinavian Mathematicians. Where he generalized the notion of a group to that
of a hypergroup. He defined a hypergrop as a set equipped with associative and
reproductive hyperoperation. In a group, the composition of two elements is an el-
ement whereas in a hypergroup, the composition of two elements is a set. Since
then, many different hyperstructures (hyperring, hyperalgebra, hyperrepresentation,
...) were widely studied from the theoretical point of view and for their applications
to many subjects of pure and applied mathematics: geometry, topology, cryptogra-
phy and code theory, graphs and hypergraphs, probability theory, binary relations,
theory of fuzzy and rough sets, automata theory, economy, etc. (see [4]). Moreover,

certain subclasses of hypergroups were introduced such as polygroups. The latter
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were introduced by Comer [2], where he emphasized their importance in connections
to graphs, relations, Boolean and cylindric algebras.

On the other hand, the theory of fuzzy sets, introduced in 1965 after the publication
of Zadeh [13] as an extension of the classical notion of set, has achieved great success
in various fields. The fuzzy set theory is based on the principle called by Zadeh “the
principle of incompatibility”, that is “the closer a phenomenon is studied, the more
indistinct its definition becomes”. Fuzzy sets are sets whose elements have degrees of
membership. In classical set theory, the membership of elements in a set is assessed in
binary terms according to a bivalent condition an element either belongs or does not
belong to the set. By contrast, fuzzy set theory permits the gradual assessment of the
membership of elements in a set; this is described with the aid of a membership func-
tion valued in the real unit interval [0, 1]. Fuzzy sets generalize classical sets, since
the indicator functions of classical sets are special cases of the membership functions
of fuzzy sets, if the latter only take values 0 or 1. Rosenfeld [10] applied this concept
to the theory of groups and introduced the concept of a fuzzy subgroup of a group.
Since then, a host of mathematicians are engaged in fuzzifying various notions and
results of abstract algebra. For example, fuzzy subpolygroups of a polygroup [14]
and fuzzy subhypergroup of a hypergroup [5] were introduced and studied.

As an extension of fuzzy sets, Ramot et al. [11, 12] introduced the concept of com-
plex fuzzy sets in which the codomain of membership function was the unit disc of
the complex plane. They introduced different fuzzy complex operations and relations
such as the intersection, union and complement of complex fuzzy subsets.

Using the notion of “belonging (€) and “quasi-coincidence (q) of fuzzy points with
fuzzy sets, Davvaz and Corsini [7] introduced the concept of an (€,€ Vq)-fuzzy
subpolygroup and studied some of its fundamental properties. Full details on the
traditional fuzzy (and generalized fuzzy) subpolygroups of a polygroup is found in

the book of Davvaz et al (see [8]). Our paper extends the results of Davvaz and
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Corsini [7] to complex fuzzy sets, and it is constructed as follows: after an Intro-
duction, in Section 2 we present some definitions and results about polygroups and
traditional fuzzy subpolygroups. In Section 3, we introduce the concept of complex
fuzzy subpolygroups, construct examples and investigate their properties. In Section
4, we introduce the concept of generalized complex fuzzy subpolygroups, construct

examples and investigate their properties.

2. POLYGROUPS AND TRADITIONAL FUZZY SUBPOLYGROUPS

In this section, we present some definitions and theorems related to polygroups
and fuzzy subpolygroups that are used throughout the paper. For full details about
polygroups and fuzzy subpolygroups, we refer the reader to the books [6, 8].

Let P be a non-empty set. Then, a mapping o : P x P — P*(P) is called a binary
hyperoperation on P, where P*(P) is the family of all non-empty subsets of P. The
couple (P, o) is called a hypergroupoid.

In the above definition, if A and B are two non-empty subsets of P and = € P,

then we define:

AoB= J aob, roA={z}oAand Aox = Ao {x}.
a€A
bgB
Definition 2.1. [2] A polygroup is a system < P,o,e,”' > wheree € P, 7' : P — P

“.
O

1S a unitary operation on P, maps P x P into the non-empty subsets of P, and

the following axioms hold for all x,y,z € P:

(1) (woy)or=ro(yo2),
(2) eox =xo0e={x},

1

(3) x€yozimpliesycxzozt andzeytou.

For simplicity, we write x instead of {z} for all z in the polygroup < P,0,e,7!>.
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A polygroup < P, o, e,”! > is said to be commutative if zoy = yox for all 7,y € P.
Let (P, o) be a polygroup and K C P. Then (K, o) is a subpolygroup of (P, o) if for
all a,b € K, we have that aob C K and a7 ! € K.

Let (P, o) be a polygroup and (K, o) be a subpolygroup of (P, o). Then (K,0) is a
normal subpolygroup of (P, o) if for all @ € P, we have that a ' o K oa C K.

A fuzzy set, defined on a universe of discourse U, is characterized by a membership
function pa(z) that assigns any element a grade of membership in A. The fuzzy set
may be represented by the set of ordered pairs A = {(z,pua(x)) : © € U}, where
pa(z) €10, 1].

The concept of fuzzy subpolygroups of a polygroup is introduced by Zahedi et al.
[14].

Definition 2.2. [14] Let (P,o) be a polygroup and A be a fuzzy subset of P with
membership function pa(x) € [0,1]. Then A is a fuzzy subpolygroup of P if the
following conditions hold:

(1) min{pa(z), pa(y)} < inf{pa(z) : 2 € xoy} for all z,y € P;
(2) pa(z) < palx™) for allx € P.

Notation . Let (P,o) be a polygroup, € P, t € [0,1] and A be a fuzzy subset of P

with membership function pa(x). We say that:
(1) 0 € pa if ja(a) > 1
(2) @ € qua if paz) +t > 1;

(3) x¢ € Vqua if & € pa or x; € qua. Otherwise, we say that x; € Vqpua.

Definition 2.3. ([8], 61) Let (P, o) be a polygroup and A be a fuzzy subset of P with
membership function pa(x). Then A is an (€,€ Vq) fuzzy subpolygroup of P if for
all t, s €]0,1] and z,y € P, the following conditions hold:

(1) x4, ys € pa implies zins € Vqua for all z € x oy,
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(2) @ € pa implies (x71); € Vapua.

Theorem 2.1. ([8], 62) Let (P, o) be a polygroup and A be a fuzzy subset of P with
membership function pa(x). Then A is an (€, € Vq) fuzzy subpolygroup of P if and
only if for all x,y € P, the following conditions hold:

(1) pa(x) Apay) N0.5 < pa(z) forall z € x oy,
(2) pa(z) N05 < pa(x™t) for all x € P.

3. COMPLEX FUZZY SUBPOLYGROUPS

Inspired by the defintion of fuzzy subpolygroups of polygroups and using the
concept of complex fuzzy subsets, we introduce the concept of complex fuzzy sub-

polygroups of a polygroup. And we investigate their properties.

Definition 3.1. [1] Let A = {(z,pa(x)) : © € U} be a fuzzy set. Then the set
Ay ={(z,2mpas(x)) : x € U} is said to be a w-fuzzy set.

Remark 3.1. Let (P,0) be a polygroup. A m-fuzzy set A, is a mw-fuzzy subpolygroup
of P if it satisfies the conditions of Definition 2.2.

Proposition 3.1. Let (P,o) be a polygroup. A mw-fuzzy set A, is a w-fuzzy subpoly-
group of P if and only if A is a fuzzy subpolygroup of P.

Proof. The proof is straightforward. OJ

Definition 3.2. [11] A complex fuzzy set, defined on a universe of discourse U, is
characterized by a membership function pa(x) that assigns any element a complex-
valued grade of membership in A. The complex fuzzy set may be represented by the

set of ordered pairs
A ={(z, palz)) :x €U},

where pa(z) = r(z)e™® i =/—1, r(x) € [0,1] and w(z) € [0, 27].
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Remark 3.2. By setting w(x) = 0 in the above definition, we return back to the

traditional fuzzy subset.

Definition 3.3. [12] Let A = {(x,pa(z)) 2 € U} and B = {(x,up(z)) : x € U}
be two complex fuzzy sets of the same universe U with the membership functions
pa(z) = ra(2)e“2 @ and pp(x) = rp(x)e“s® | respectively. Then

o jian(7) = ranp(2)e?4nB@) = min{r (), rp(x)}eminiwa@)ws @)},
x) — TAUB(x)eiwAuB(x) — max{rA(x), TB(:E)}eimax{wA(:v),wB(x)};

o pae(x) = (1 —ra(2))e@™al®@) where A° denotes the complement of A.

(
® paus(
Definition 3.4. [1] Let A = {(z,pa(z)) : © € P} and B = {(x,up(x)) : © € P}
be complex fuzzy subsets of a non-void set P with membership functions pa(x) =
ra(x)e™2 @) and pp(r) = re(x)e™s®@ respectively. Then

(1) A complex fuzzy subset A is said to be homogeneous if for all x,y € P, we

have
ra(z) < raly) if and only if wa(x) < waly).
(2) A complex fuzzy subset A is said to be homogeneous with B if for all z,y € P,

we have
ra(x) <rp(y) if and only if wa(r) < wp(y).

Notation . Let A = {(z,pa(z)) : x € P} and B = {(z, up(z)) : x € P} be complex
fuzzy subsets of a non-void set P with membership functions pa(z) = 74 (x)e™4® and
up(z) = rp(x)e™s (z) respectively. By pa(x) < up(z), we mean that ry(z) < rp(z)

and wa(x) < wp(z).

Remark 3.3. Let p be a complex fuzzy subset of a non-void set P and x,y € P. If

i is homogeneous then either we have u(x) < u(y) or we have pu(y) < p(x).

Throughout this paper, all complex fuzzy sets are considered homogeneous.



COMPLEX FUZZY AND GENERALIZED COMPLEX FUZZY ... 157

Definition 3.5. Let (P, o) be a polygroup and A be a (homogeneous) complex fuzzy
subset of P with membership function pa(z) = ra(x)e’4@ . Then A is a complex

fuzzy subpolygroup of P if the following conditions hold:

(1) min{pa(x), paly)} <inf{ua(z) : z € xoy} for all x,y € P;
(2) pa(z) < palz™) for allx € P.

Proposition 3.2. Let (P, o) be a polygroup and p be a (homogeneous) complex fuzzy
subset of P. If u is a complex fuzzy subpolygroup of P then u(x=) = u(x) and
w(x) < ple) forallz € P.

Proof. For all z € P, we have that ! € P, u(z™') > p(z) and p(x) = p((z71)~) >

p(z™h). Thus, p(z™t) = u(z).
We have that e € z oz~ ! for all z € P. Since yu is a complex fuzzy subpolygroup of
P, it follows that p(z) = min{u(x), p(xz™)} < ule). O

Definition 3.6. Let (P,0) be a polygroup and A be a complex fuzzy subpolygroup of
P with membership function pa(x). Then A is said to be a normal complex fuzzy

subpolygroup of P if pa(z) = pa(2') for allz,y € P, z € xoy and 2’ € yox.

Example 3.1. Let (P, o) be a polygroup and ¢ be a complex number with |c| < 1. We

define a complex fuzzy subset u of P as follows:
wu(z) =c for all x € P.

Then p is a normal complex fuzzy subpolygroup of P.

Remark 3.4. Let (P,0) be a commutative polygroup and p be a complex fuzzy sub-
polygroup of P. Then p is not necessary a normal complex fuzzy subpolygroup of

P.

We illustrate Remark 3.4 by the following example.
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Example 3.2. Let P = {e,a,b} and define the commutative polygroup (P,o) by the
following table:

ole a b

ele|l a b
al|al{eb}|{a,b}
b|b|{a,b}|{ea}

It is clear that e is the identity of (P,o) and that a=* =b (and b~' = a).

We define a (homogeneous) complex fuzzy subset u of P as follows: u(e) = 0.9¢!7
p(a) = p(b) = 0.7¢"2. Since p(a) = pu(b), it follows that p(x) = p(z~"') for all x € P.

Moreover, we have

) 0.9¢!% ifr=y=e; )
finfpu(z):z€zoyh =4 > min{p(z), ju(y)}
0.7¢'z, Otherwise.
Thus, i s a complex fuzzy subpolygroup of P. Moreover, i is not a normal complex

fuzzy subpolygroup of P as e,b € aoa and u(e) # u(b).

Theorem 3.1. Let (P,o) be a polygroup and p be a (homogeneous) complex fuzzy
subset of P with membership function p(x) = ra(z)e™2®) . Then py is a comples
fuzzy subpolygroup of P if and only if r4 is a fuzzy subpolygroup of P and wa is a
m-fuzzy subpolygroup of P.

Proof. Suppose that A is a complex fuzzy subpolygroup of P. We need to prove
that the conditions of Definition 2.2 are satisfied for r4 and w,. For all z,y € P,
we have min{ua(z), ua(y)} < inf{pa(z) : z € x oy} and that pa(z) < pa(z™).
The latter and Notation imply that inf{ra(z) : z € z oy} > min{ra(z),ra(y)},
inf{w4(z) : 2 € xoy} > min{wa(z), wa(y)}, ra(x) < ra(z™!) and wa(z) < wa(z™r).

Suppose that r4 is a fuzzy subpolygroup of P and w, is a w-fuzzy subpolygroup
of P. We need to prove that the conditions of Definition 3.5 are satisfied. For all

x,y € P, we have inf{r(z) : z € x oy} > min{ra(x),ra(y)} and inf{wa(z) : z € x o
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y} > min{wa(x), wa(y)}. The latter and Notation imply that min{pa(z), pa(y)} <
inf{u4(z) : 2 € xoy}. Let # € P. Then ra(z) < ra(z™') and wa(z) < wa(z

_1).
Notation implies that the condition 2 of Definition 3.5 is satisfied for p 4. g

Example 3.3. Let (P,o) be the polygroup defined in Example 3.2 and define the
complement of the defined fuzzy subset. i.e., u‘(e) = 0.1e'z and p(a) = pc(b) =
0.3¢'2 . Then 1e is mot a complex fuzzy subpolygroup of P. This is clear, by applying
Proposition 3.2, as p°(a) = 0.3¢'7 £ pc(e) = 0.1¢'3.

Next, we find a necessary and sufficient condition for having both of p and u°

complex fuzzy subpolygroups.

Proposition 3.3. Let (P, o) be a polygroup and u be a (homogeneous) complez fuzzy
subset of P. Then u and the complement u¢ of u are complex fuzzy subpolygroups of
P if and only if there exist a constant number a with |a| < 1 such that p(z) = a for

allz € P.
Proof. The proof is straightforward. OJ

Proposition 3.4. Let (P,o) be a polygroup and A, B be (homogeneous) complex
fuzzy subsets of P such that A is homogeneous with B. If A and B are complex fuzzy
subpolygroups of P then AN B is a homogeneous complex fuzzy subpolygroup of P.

Proof. First, we need to show that AN B is a homogeneous complex fuzzy subset of
P. Let pianp(x) = ranp(2)e®48@) and rynp(z) = min{ra(z),rp(2)} < rans(y) =
min{ra(y),rs(y)}. Without loss of generality, we set r4(x) = min{rs(z),rg(z)}.
Then r4(x) < rp(z), ra(z) < ra(y) and ra(x) < rp(y). Since A, B are homogeneous
complex fuzzy subsets of P, it follows that wy(z) < wp(z), wa(z) < wa(y) and
wa(x) < wp(y). Thus, wanp(r) = min{wa(x),wp(z)} = walr) < wanp(y) =

min{w4(y), wp(y)}. Similarly, if wanp(x) = min{wa(z),wp(z)} < wanply) =



160 M. AL- TAHAN AND B. DAVVAZ

min{w(y), wp(y)} we get that ranp(z) = min{ra(z),rg(x)} < ranp(y) = min{ra(y),rs(y)}.

Let A and B be homogeneous complex fuzzy subpolygroups of P and z,y € P.
We need to show that the conditions of Definition 3.5 are satisfied. Since A and B

are homogeneous, it suffices to show that

(1) min{ranp(z),ranp(y)} < inf{ranp(z) : z € zoy} for all x,y € P;

(2) ranp(z) < ranp(ax™?) for all z € P.
Having A and B complex fuzzy subpolygroups of P implies that
(1) min{ra(z),ra(y)} <inf{ra(z):z € zoy} for all x,y € P;
(2) 74(z) < ra(xt) for all z € P;
(3) min{rg(x),rp(y)} <inf{rp(z):z € zoy} for all x,y € P;
)

(4) rp(x) <rg(x~?) for all z € P.

Without loss of generality, let

ra(e) = min{ranp(), ranp(y)} = min{ra(z), re(@),ra(y), ra(y)}-

For all z € z oy, we have that r4(z) > min{ra(z),ra(y)} > ra(z) and rg(z) >

min{rgz(z),r5(y)} > ra(x). The latter implies that
TanB(2) 2 ra(x) = min{ranp(r),74n5(y)}
Moreover, for all z € P, we have
rang(r) = min{ra(z),rp(z)} < min{r (z),rg(z™)} = rans(z™).

U

Corollary 3.1. Let (P, o) be a polygroup and A; be a (homogeneous) complex fuzzy
subset of P for all1 =1,2,...,n. If A; is a complex fuzzy subpolygroup of P then
N, Ai is a complex fuzzy subpolygroup of P.

Proof. The proof results from using mathematical induction and Proposition 3.4. [J
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Definition 3.7. [3] Let < A,o01,e,7' >, < B,0q,e,7' > be two polygroups whose ele-
ments are rearranged so that AN B = {e}. A new system A[B] =< M,*,e,! > called
the extension of A by B is formed in the following way: Set M = AU B and let

el=eaxl =x Y xxe=exx=ux forallz € M, and for all z,y € M \ {e}

;

To1Yy, ifxaye A;
x, ifx € By € A;
THY =19 v, ifre Ay € B;
T 097, if v,y € B and 27! # y;
| zoyyUA, ifz,ye Banda™' =y.

Theorem 3.2. [3] Let < A,01,e,7' >, < B,oy,e,71 > be two polygroups whose ele-
ments are rearranged so that AN B = {e}. Then A[B] =< M, *,e,! >, the extension

of A by B, is a polygroup.

Proposition 3.5. Let A and B be two polygroups such that AN B = {e}. Define the
homogeneous complez fuzzy subpolygroups py, pe of A and B respectively. If py(z) >
p2(y) for all (x,y) € A X B then p is a complex fuzzy subpolygroup of A[B|. Where,
for all x € A[B],

pi(e), ifx=e;

pr) =< uy(z), ifr#ecA;

po(x), ifx#e€ B.

Proof. 1t is easy to see that u is a homogeneous complex fuzzy subset of A[B]. We

need to prove that the conditions of Definition 3.5 are satisfied for u. Let z,y # e €

A[B]. We have the following cases for z,y:

e Case z,y € A. For all z € zxy = x oy, we have pu(z) = pi(2)

v

min{p(x), pa (y)} = min{pu(z), p(y)}-
e Case x,y € Band y # o~ !. For all 2 € xxy = xoyy, we have u(z) = us(2) >

min{ps(2), p2(y)} = min{p(z), u(y)}-
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e Case 7,y € Bandy = 27!, Forall 2 € vy = x0yyUA, we have

wui(z), if z € A
pu(z) = .
po(2), if z € xoyy.
) >

Since po(z) > min{ps(x), ua(y)} and py(z) > pa(2’) for all 2/ € B, it follows
)

that po(z) > min{us(x), pa(y
p(z) = m(z) = min{pa(z), p2(y)} = min{p(z), p(y)} if 2 € A.
e Case x € Aand y € B. For all z € xxy = y, we have u(z) = pus(y)

min{z(2), p2(y)} = min{p(z), p(y)}.

e Case v € Band y € A. For all z € v xy = z, we have u(z) = pa(z)
min{yis(2), pn(y)} = min{p(z), u(y)}-

Ml(l‘il)v ifz € A;
For all z # e € A[B], p(a!) = > pu(z). O
po(z7t), ifz € B.

} = min{pu(z),u(y)} if 2 € x oy y and that

v

v

Example 3.4. Let (A, 01) and (B, 03) be the polygroups defined as follows:

o |0] 1 2

1111{0,2}]|{1,2}
2 12 {1,2} | {0,1}

O9 O a b

010 a b

a |a|{0,b} | {a,b}
b |b|{a,b}|{0,a}

Define the (homogeneous) complez fuzzy subsets i1, 1o on A, B respectively as follows:

1(0) = O-9ei37w; (1) = pi(2) = 0.7e"2, p3(0) = 0.6¢"> and pa(a) = pa(b) = 0.4e's.
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Then (A[B],*) is given as follows:

* |0 1 2 a b
00 1 2 a b
1[{1{0,2}|{1,2} a b
212141,2}{0,1} a b

ala|l a a [{0,1,2,06} | {a,b}
blb| b b {a,b} 1{0,1,2,a}

and p is a complex fuzzy subpolygroup of A[B].
1(0) = 0.9¢% , u(1) = p(2) = 0.7¢'% and p(a) = p(b) = 0.4¢'% .

Definition 3.8. Let (P, o) be a polygroup, u be a (homogeneous) complex fuzzy subset
of P and 0 <t < 1™, We define the following:

(1) e ={x € P:p(x) >t}, the level set of u;

(2) uy ={x € P: pu(x) > t}, the strong level set of p.

Theorem 3.3. Let (P, o) be a polygroup, p be a (homogeneous) complex fuzzy sub-
set of P. Then p is a complex fuzzy subpolygroup of P if and only if u; (# 0) is
subpolygroup of P for all 0e®® < t < 1et?,

Proof. Let p be a complex fuzzy subpolygroup of P and x,y € pu; # 0. We need
to show that z oy C p; and = € ;. For all z € x oy, we have that u(z) >
min{u(x), u(y)} > t and p(c~) > p(z) > t. Thus, zoy €y and 27 € pu.

Let p; (# 0) be a subpolygroup of P and ¢ = min{u(x),u(y)}. Since t =
min{pu(z), u(y)}, it follows that p(z), u(y) > min{u(x), u(y)} = t. Thus, z,y € ;.
The latter and having p; (# 0) a subpolygroup of P imply that z oy C u; and hence,
w(z) > min{u(z), p(y)} =t for all z € z oy. To show that u(z~') > p(x), we set
to = p(x). Since x € py, and g, is a subpolygroup of P, it follows that =1 € juy,.

Consequently, pu(z™) >t = u(z). O
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Proposition 3.6. Let (P, o) be a polygroup, i be a complex fuzzy subpolygroup of P.
Then p is a normal complex fuzzy subpolygroup of P if and only if u(z) > u(y) for

all x,y € P and for all z € xoyoxz~!.

Proof. The proof is same as that of the traditional case (see [8], 48). U

Theorem 3.4. Let (P, o) be a polygroup and p be a (homogeneous) complex fuzzy
subset of P. Then p is a normal complex fuzzy subpolygroup of P if and only if s # ()

is a normal subpolygroup of P, for all 0e®® <t < 1€,
Proof. The proof follows from Proposition 3.6. O

Theorem 3.5. Let (P, o) be a polygroup and p be a (homogeneous) complex fuzzy
subset of P. Then p is a complex fuzzy subpolygroup of P if and only if u7 (#0) is
subpolygroup of P, for all 0e® < t < 1e?™,

Proof. Let pu be a complex fuzzy subpolygroup of P and z,y € u; # (). We need

to show that x oy C p; and 27! € u;. For all z € x oy, we have that u(z) >

min{ju(z), pu(y) > t and p(e™) > pe) > t.

Let u; # 0 be a subpolygroup of P. If u(z) = min{u(x),u(y)} = 0 then it is
clear that u(z™') > 0 = pu(z) and that u(z) > 0 = min{u(z), u(y)} for all z € zoy.
Without loss of generality, we suppose that min{u(x), u(y)} # 0. Then there exists a
complex number ¢ satisfying ¢ < min{u(x), u(y)}. Suppose that there exist no a € P
satisfying ¢ < u(a) < min{p(z),u(y)}. Having x,y € p; implies that z oy C uy
and hence, p(z) > t for all z € x oy. Since there exist no a € P satisfying ¢ <
p(a) < min{p(z), u(y)}, it follows that u(z) > min{u(x), u(y)}. (We can assume the
validity of the latter statement since we are dealing with homogeneous complex fuzzy
subsets). Let ¢y be the largest complex number on the closed unit disc of the complex

plane such that to < p(z) and there is no a € P satisfying to < p(a) < p(z). We have
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that « € pg. Having py a subpolygroup of P implies that 2~! € . Consequently,

wu(z™) > to. Since there is no a € P satisfying t, < p(a) < u(z), it follows that

pa=") = p(x). 0

Theorem 3.6. Let (P, o) be a polygroup and p be a (homogeneous) complex fuzzy
subset of P. Then p is a complex fuzzy normal subpolygroup of P if and only if
uy # 0 is a normal subpolygroup of P.

Proof. Let p be a normal complex fuzzy subpolygroup of P, x € P and y € u; # 0.
We need to show that royoxz™! C p7. For all z € xoyoxz~!, Proposition 3.6 asserts

that p(z) > p(y) > t.

Let p; # () be a normal subpolygroup of P and u(y) > t. For all z € P, we have
z € x7'oyox C u;. The latter implies that u(z) > u(y) > ¢. Proposition 3.6

completes the proof. 0

Theorem 3.7. Let (P, o) be a polygroup, p be a (homogeneous) complex fuzzy subset
of P. Then the following are equivalent:

(1) p is a complex fuzzy subpolygroup of P,
(2) pe # 0 is subpolygroup of P,
(3) ui # 0 is subpolygroup of P.

Proof. The proof results from Theorems 3.3 and 3.5. O

Theorem 3.8. Let (P, o) be a polygroup, p be a (homogeneous) complex fuzzy subset
of P. Then the following are equivalent:

(1) p is a normal complex fuzzy subpolygroup of P,

(2) ps # 0 is a normal subpolygroup of P,

(3) ui # 0 is a normal subpolygroup of P.

Proof. The proof results from Theorems 3.4 and 3.6. O
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4. GENERALIZED COMPLEX FUZZY SUBPOLYGROUPS

In this section, we define the generalized complex fuzzy subpolygroups and in-

vestigate their properties.

Remark 4.1. Let (P,o) be a polygroup. A m-fuzzy set A, is an (€,€ Vq) m-fuzzy
subpolygroup of P if it satisfies the conditions of Definition 2.3.

Proposition 4.1. Let (P, o) be a polygroup. A m-fuzzy set A, is an (€, € Vq) m-fuzzy
subpolygroup of P if and only if A is an (€, € Vq) fuzzy subpolygroup of P.

Proof. The proof is straightforward. OJ

Remark 4.2. A fuzzy subset p is an (€, € Vq) m-fuzzy subpolygroup of P if and only
if for all x,y € P, the following conditions hold:

(1) palz) Apa(y) AT < pa(z) for all z € x oy,
(2) pa(z) AT < pa(z™t) for allz € P.

Notation . Let (P, o) be a polygroup, x € P and A be a fuzzy subset of P with
membership function pi4(z) such that 0% < t = se® < 1e2™. We say that:

(1) x¢ € pa if ra(z) > s and wy(x) > 0;

(2) @ € qua if ra(x) +s>1and wa(x) + 6 > 2m;

(3) x¢ € Vaqua if &, € pa or &, € qua. Otherwise, we say that x; € Vqpuia.

Definition 4.1. Let (P, o) be a polygroup and A be a complex fuzzy subset of P with
membership function pa(x). Then A is an (€,€ Vq) complex fuzzy subpolygroup of
P if for all 0e” < t,s < 1e* and z,y € P, the following conditions hold:

(1) x4, ys € p implies zips € Vqu for all z € x oy,

(2) z; € p implies (z71); € Vqu.

Throughout this section, all complex fuzzy subsets are considered to be homoge-

neous and homogenous with the complex number “0.5¢™”. The condition of being
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homogenous with the complex number “0.5¢™™” is essential because we will be us-
ing pa(r) A 0.5e™ = min{ua(x),0.5¢™}. If A is not homogeneous with “0.5¢™”,
pa(x) A0.5¢™ will not be defined.

Theorem 4.1. Let (P,0) be a polygroup and A be a (homogeneous) complex fuzzy
subset of P with membership function pa(x) that is homogenous with the complex

number “0.5e Then A is an (€,€ Vq) complez fuzzy subpolygroup of P if and

only if for all x,y € P, the following conditions hold:

(1) pa(z) A paly) A05e™ < pua(z) for all z € z oy,
(2) pa(z) AN0.5e™ < pa(z™t) for all z € P.

Proof. The proof is similar to the traditional case (see [8], 62) by applying suitable

modifications. O

Proposition 4.2. Let (P, 0) be a polygroup and A be a (homogeneous) complez fuzzy
subset of P with membership function pa(x) that is homogenous with the complex
number “0.5¢™ 7. If A is an (€, € Vq) complex fuzzy subpolygroup of P then pa(e) >
pa(x) A0.5e™ for all x € P.

Proof. Since ¢ € x o x7!

, it follows by applying Condition 1 of Theorem 4.1 that
pa(x) A pa(z™) A 0.5e™ < pa(e). By applying to the latter Condition 2, we get
that pa(z) A0.5e™ = pa(x) A0.5e™ A (pua(x) A0.5e™) < pa(x) A0.5e™ A pa(z™t) <

pale). O

Proposition 4.3. Let (P,0) be a polygroup and A be a homogeneous complex fuzzy
subset of P with membership function pa(x) that is homogeneous with the complex

T

number 0.5¢"™”. If A is a complex fuzzy subpolygroup of P then A is an (€, € Vq)

complex fuzzy subpolygroup of P.

Proof. The proof is straightforward. OJ
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Example 4.1. Let (P, o) be any polygroup, ¢ be any constant in the closed unit disc
of the complex plane that is homogeneous with the complex number “0.5¢™™”. Define

a complex fuzzy subset p of P as follows:
w(x) =c for all x € P.

Then, using Example 3.1 and Proposition 4.3, we get that u is an (€, € Vq) complex
fuzzy subpolygroup of P.

Remark 4.3. The converse of Proposition 4.3 is not always true.
We illustrate Remark 4.3 by the following example.

Example 4.2. Let (P, o) be the polygroup given by the following table:

o]0 a b

010 a b
a|a|{0,b} | {a,b}
b|b|{ab}|{0,a}

Define pu on P as follows: 1(0) = 0.7¢'5 | p(a) = 0.8¢"7, u(b) = 0.5¢'5. It is easy to

see that u is an (€,€ Vq) complez fuzzy subpolygroup of P but not a complez fuzzy

subpolygroup of P. The latter is easily shown as the level set = {a} is not a

ST
0.8¢"2
subpolygroup of P (a € i, ;1 2{0,b} =aoca).

Theorem 4.2. Let (P,0) be a polygroup and A be a (homogeneous) complex fuzzy
subset of P with membership function pa(x) that is homogeneous with the complex
number “0.5¢™ 7. Then A is an (€,€ Vq) complex fuzzy subpolygroup of P if and
only if for all 0 < t < 0.5¢™, yu; = {x € P : pa(x) >t} # 0 is a subpolygroup of

P.

Proof. The proof is similar to the traditional case (see [8], 63) by applying suitable

modifications. O
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Theorem 4.3. (P, 0) be a polygroup and A be a (homogeneous) complex fuzzy subset
of P with membership function pa(z) = ra(x)e™A® that is homogeneous with the
complex number 0.5¢™”. Then A is an (€, € Vq) complex fuzzy subpolygroup of P if
and only if ra is an (€, € Vq) fuzzy subpolygroup of P and w4 is an (€, € Vq) m-fuzzy

subpolygroup of P.

Proof. Let A be an (€, € Vq) complex fuzzy subpolygroup of P. This is equivalent to

having the conditions of Theorem 4.1 satisfied and we can rewrite them as follows:

(1) ra(z) Ara(y) N0.5 <ru(z) and wa(z) Awa(y) AT <wa(z) for all z € x oy,

(2) ra(x) AN0.5 < ra(z™t) and wa(z) AT < wa(z™!) for all z € P.

The latter conditions are equivalent to having r4 an (€, € Vq) fuzzy subpolygroup of
P and wy an (€, € Vq) m-fuzzy subpolygroup of P as the conditions of Theorem 2.1

are satisfied for both: r4 and wy4. O

Theorem 4.4. Let (P,0) be a polygroup and A, B be (homogeneous) complex fuzzy
subsets of P that are homogeneous with the complex number “0.5e"™” and such that
A is homogeneous with B. If A and B are (€, € Vq) complez fuzzy subpolygroups of
P then AN B is an (€, € Vq) complex fuzzy subpolygroup of P.

Proof. In Proposition 3.4, we proved that A N B is a homogeneous complex fuzzy
subset of P. It is easy to see that AN B is homogeneous with the complex number
“0.5¢™ . 'We need to show that the conditions of Theorem 4.1 are satisfied for AN B,
ie.

(1) pan(T) A pans(y) A 0.5e™ < panp(z) for all z € z oy,

(2) pan(r) A0.5e™ < panp(x?) for all z € P.
To prove Condition 1, we have two cases: pang(x) A pans(y) A 0.5¢™ = 0.5¢"™ and

ftans () A pang(y) A 0.5¢'™ # 0.5¢'.
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o Case fiang () Apans(y)A0.5e™ = 0.5¢". We can rewrite this case as ranp(x)A

rans(y)A0.5 = 0.5 and wanp(z) ANwanp(y) AT = m. Having A and B (€, € Vq)
complex fuzzy subpolygroups of P implies that for all z € x oy, we have:

(1) 0.5 =7ra(x) Ara(y) N0.5 < 71a(2);

(2) m=wa(x) Nwa(y) AT < wa(z)

(3) 0.5 =rp(z) Arg(y) AN0.5 < rp(2);

(4) m =wp(z) Nwp(y) AT < wp(2).
We get now that 0.5¢™ = pang(x) A ans(y) A 0.5¢™ < pans(z).

Case pans(x) A pans(y) A 0.5e™ # 0.5¢™. This case is equivalent to having
pans () A pans(y) < 0.5¢™. We get that either ranp(z) ATanp(y) A0.5 # 0.5
or wang(x) A wanp(y) AT # 7 (or both). We consider the case rnp(z) A
rans(y) A 0.5 # 0.5 and the other is done in a similar manner. Without loss
of generality, let r4(z) = ranp(z) A rans(y) A 0.5 # 0.5. Having A and B
(€, € Vq) complex fuzzy subpolygroups of P implies that for all z € x oy, we
have:

(1) ra(z) =ra(z) Araly) N0.5 < ry(2);

(2) waz) Nwaly) Am < wa(z)

(3) ra(z) <rp(x) Arp(y) N0.5 < rp(z);

(4) wp(x) Nwg(y) AT < wg(z).

We get now that r4(z) = rang(z) A rans(y) A 0.5 < ra(z). Since A and B
are homogeneous, it follows that wa(z) = wa(z) Awp(z) ANwa(y) ANwp(y) =
wang(T) A wanp(y). Having A homogeneous with 0.5¢™ and r4(z) < 0.5
implies that w(z) < m. We get now that ws(2) > wa(z) = wa(z) ANwg(z) A
wa(y)ANwp(y)AT = wanp(x) Awanp(y)Am. Consequently, we get that pa(z) >

pea(z) = pa() A pup(x) A pa(y) Aps(y) A0.5e™ = panp(x) A pians(y) A0.5e'.

To prove Condition 2 (pang(x) A0.5e™ < panp(x™1)), we use the fact that A, B are

(€, € Vq) complex fuzzy subpolygroup of P. We get that pa(z) A 0.5e™ < pa(z™t)
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and pp(x) A 0.5¢™ < pup(x~t). The latter implies that pang(z) A 0.5¢™ = (ua(z) A

0.5¢™) A (up(x) A 0.5e™) < pa(x™) A up(z™) = pans(z™).

Corollary 4.1. Let (P, o) be a polygroup and A; be a (homogeneous) complex fuzzy
subset of P for alli =1,2,...,n. If A; is an (€, € Vq) complex fuzzy subpolygroup
of P then (_, A; is an (€, € Vq) complex fuzzy subpolygroup of P.

Proof. The proof results from using mathematical induction and Theorem 4.4. [

In Section 3 (Proposition 3.3), we proved that p and its complement ¢ are both
complex fuzzy subpolygroups if and only if p is a constant complex fuzzy subset.
This is not applicable for (€, € Vq) complex fuzzy subpolygroups. We present an
example where a non constant complex fuzzy subset 1 and its complement p¢ are

both complex (€, € Vq) fuzzy subpolygroups.

Example 4.3. Let (P, o) be the polygroup given by the following table:

o]0 a b

010 a b
a|a|{0,b} | {a,b}
b|b|{ab}|{0,a}

Define p on P as follows: pu(0) = 0.5¢'5, p(a) = 0.7¢"5, u(b) = 0.7¢'5 and p¢ is
defined on P as follows: p(0) = 0.5¢'5 , pu(a) = 0.3¢'3, p(b) = 0.3¢'5. It is easy to

see that both: p and p¢ are (€, € Vq) complex fuzzy subpolygroups of P.

5. CONCLUSION

This paper contributed to the study of fuzzy subpolygroups by extending the
traditional concept to the concepts of complex fuzzy and generalized complex fuzzy

subpolygroups. Different examples using the extended concepts were provided and
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several properties were proved.
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