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WEIGHTED ESTIMATES FOR TWO KINDS OF TOEPLITZ
OPERATORS

ZHE CUI U AND YAN LIN @

ABSTRACT. In this paper, we establish the boundedness of a class of Toeplitz oper-
ators related to strongly singular Calderén-Zygmund operators and weighted BMO
functions on weighted Morrey spaces. Moreover, the boundedness of another kind
of Toeplitz operators related to strongly singular Calderén-Zygmund operators and

weighted Lipschitz functions on weighted Morrey spaces is also obtained.

1. INTRODUCTION

As an important part of modern harmonic analysis, Calderén-Zygmund operator
has been devoted to studying its boundedness in different function spaces and has
achieved brilliant achievements. As the research goes on, Morrey spaces and weighted
Morrey spaces have been proposed. In order to better study the local properties of
the solutions of second order elliptic partial differential equations, Morrey [17] put
forward the classical Morrey space. We can learn the properties and applications of
Morrey spaces in [4, 20] and so on.

Adams [1] obtained the boundedness of Riesz potentials on Morrey spaces. Liu [16]
proved the weighetd boundedness of Marcinkiewicz operators and Littlewood-Paley

operators. Fu and Lu [6] established the boundedness of weighted Hardy operators
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and their commutators on Morrey spaces. Feng [5] proved the boundedness of Toeplitz
operators on Morrey spaces.

Then in 2009, Komori and Shirai [10] defined the weighted Morrey spaces and estab-
lished the boundedness of the fractional integral operator, the Hardy-Littlewood max-
imal operator on these weighted spaces. In 2012, Wang [22] studied the boundedness
of commutators generated by classical Calderéon-Zygmund operators and weighted
BMO functions on weighted Morrey spaces. In 2013, the authors in [23] obtained the
boundedness of the Toeplitz operator associated with the singular integral operator
with the non-smooth kernel on the weighted Morrey spaces.

Let b be a locally integrable function on R™ and let T" be a Calderén-Zygmund

singular integral operator. The commutator [b, T'| generated by b and T is defined by

[0, T]f(x) = b(x)T f(z) — T(bf) ().

Krantz and Li [11] discussed the Toeplitz operator in 2001. The commutator
generated by the Calderén-Zygmund operator and a locally integrable function b can
be regarded as a special case of the Toeplitz operator T, = Z;n:l T;1MyT; 5, where
Tj1 and T 5 are the Calderén-Zygmund operators or 1 (I is the identity operator),
My f(x) = b(x) f ().

Lin and Lu [13] obtained the boundedness of the commutators of strongly singular
Calderén-Zygmund operators on Hardy-type spaces. Morever, Lin and Lu [14] proved
the boundedness of this kind of commutators on Morrey spaces. Lin and Sun [15]
proved the boundedness of the commutators generated by strongly singular Calderén-
Zygmund operators and weighted BMO functions on weighted Morrey spaces. Lin,
Liu and Cong [12] established the boundedness of commutators generated by weighted
Lipschitz functions and strongly singular Calderén-Zygmund operators on weighted

Morrey spaces.
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Inspired by the above results, in this paper we are interested in the boundedness of a
class of Toeplitz operators related to strongly singular Calderén-Zygmund operators
and weighted BMO functions or weighted Lipschitz functions on weighted Morrey
spaces.

Before stating our main results, let us first recall some necessary definitions and

notations.

Definition 1.1. ([2]) Let S be the space of all Schwartz functions on R", &' its dual
space, the class of all tempered distribution on R™. Let T :S — S’ be a bounded
linear operator. T is called a strongly singular Calderén-Zygmund operator if the
following three conditions are satisfied.

(1) T can be extended into a continuous operator from L?(R") into itself.

(2) There exists a function K (z,y) continuous away from the diagonal {(z,y) : = #

y} such that

if2ly —2|*<|zr—2/and 0 < § < 1,0 < < 1. And

(Tf,g>Z//K(w,y)f(y)g(x)dydx,

for f,g € S with disjoint supports.
(3) For some ”(17_0‘) < < 5, both T" and its conjugate operator 7™ can be extended

into continuous operators from L? to L?, where % = % + g

Definition 1.2. ([18]) A non-negative measurable function w is said to be in the
Muckenhoupt class A, with 1 < p < oo if for every cube ) in R", there exists a

positive constant C' independent of () such that

() o)z
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where () denotes a cube in R™ with the side parallel to the coordinate axes and

1/p+1/p =1
When p = 1, a non-negative measurable function w is said to belong to Ay, if there

exists a constant C' > 0 such that for any cube @,

|Q\/ y)dy < Cw(x), a.e.x€Q.

It is well known that if w € A, with 1 < p < oo, then w € A, for all » > p, and

w € A, for some 1 < g <p.

Definition 1.3. ([10]) Let 1 < p < 00,0 < k < 1, and w be a weighted function.
Then the weighted Morrey space LP*(w) is defined by

LM (w) = {f € Li,(w) ¢ I fllrn) < o0},

where f € Lj (w) if and only if for any compact set K there is

1
(fK|f )|Pw(x)d )p < o0,
11 (s [ 1@t )’1’
pk(w) = SUp | ——— x)Pw(x)dr |
T \w(@F g
and the supremum is taken over all cubes ) in R™ .

Definition 1.4. ([10]) Let 1 < p < 00,0 < k < 1. Then for two weighed functions u

and v, the weighted Morrey space LP*(u,v) is defined by

ka(u U) - {f € Lloc( ) ||fHLp’k(u,v) < OO},

where

1 5
1oy =509 (W /Q \f(x)\pU(x)dx> |

and the supremum is taken over all cubes ) in R™.
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Definition 1.5. ([7]) Let 1 < p < oo and w be a weighted function. A locally
integrable function b is said to be in the weighted BMO space BMO,(w), if

||b||BMop(w) sup( /|b ) — bo|Pw(x )—de) < 00,

where bg = al Q| J,b Q y)dy and the supremum is taken over all cubes Q C R™.

Moreover, we denote simply BMO(w) when p = 1.

Definition 1.6. ([7]) Let 1 < p < 00,0 < fy < 1 and w be a weighted function. A

locally integrable function b is said to be in the weighted Lipschitz space Lipgo (w), if

1 1 »
Hb”Lz‘ng(w) = Slclgp w(Q)ﬂTO (w(Q) /Q |b(x) — bQ|pw(:c)1‘pdu) < 00,

where by = 1l Q‘ fQ y)dy and the supremum is taken over all cubes @@ C R™. More-

over, we denote simply by Lipg,(w) when p = 1.
Definition 1.7. ([9, 21]) The Hardy-Littlewood maximal operator M is defined by
Vi) =sw o [ 15wy
Q>ox |Q|
We set M, (f) = M(|f]*)*, where 0 < s < .
The sharp maximal operator M is defined by

MA(f) (@) = supﬁ / ) — foldy

Q>3z

~ swinf / () — aldy,

Q>x aeC
where fo = |Q| fQ x)dx. For 0 < t < 1, we define the ¢-sharp maximal operator
ME(f) = MA(f])7.
Let w be a weight. The weighted maximal operator M, is defined by

2o J

M (f)(z) = sup —

We also set M, ,(f) = M,(|f]*)*, where 0 < 5 < o0.
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Definition 1.8. ([8]) For 0 < §y < n,1 < r < oo, the fractional maximal operator

Mg, is defined by
Mg, , = sup - / )|"d ,
o ()la) = sup <‘ o W y>
where the above supremum is taken over all cubes @) containing x.

Definition 1.9. ([8]) For 0 < Gy < n,1 < r < oo, and a weight w, the weighted

fractional maximal operator Mg, ,,, is defined by

Mﬁo,r,w(f)(x) - Zuéz ( 1 ﬂor / |f | w dy) )

where the above supremum is taken over all cubes () containing x.

Definition 1.10. ([8]) A weighted function w belongs to the reverse Hélder class

RH,, if there exists two constants r > 1 and C' > 0 such that the following reverse

( ferie) =y o)

holds for every cube @ in R™. Denote r,, the critical index of w for the reverse Holder

Holder inequality

3=

condition. That is r, =sup{r > 1:w € RH,}.

It is well known that if w € A, with 1 < p < oo, then there exists a r > 1 such that
w € RH,. It follows directly from Holder inequality that w € RH, implies w € RH

foralll <s <.

2. MAIN RESULTS

Now we state our main results as follows.

Theorem 2.1. Let o, 3,6 be the same as those in Definition 1.1,

@ < B < %(n>2), Tj1 be the strongly singular Calderén-Zygmund operators or
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+1, T; o be the bounded linear operators on LP*(w). When f € C=(R"), T1(f) = 0.

n(l—a)+20
26

r> (ggy ‘j;)(Jlrma)p%l Ifb € BMO(w), then Ty is bounded from LP*(w) to LP*(w' =P, w).

Suppose <p<oo,0<k<1, andw € Ay N RH, with

Theorem 2.2. Let o, 3,6 be the same as those in Definition 1.1,
w < B < 5(n=>2), Tj1 be the strongly singular Calderdn-Zygmund operators or

+1, T; o be the bounded linear operators on LP*(w). When f € C=(R"), T1(f) = 0.
1

n(l-a)+26 _ 1
— 2 SP<BgT
)

' (n(1—)+206)(p—1)
with r, > 2ﬁp—n(1—a)f2ﬁ CIfb e szgo(w

L% (WP, w).

Suppose 0 < By < 1, —%,O<k<§, and w € Ay

, then Ty is bounded from LPF(w) to

If we consider the special cases, then the Toeplitz operator comes back to the com-
mutator, where the boundedness of the strongly singular Calderén-Zygmund operator
on LP*(w) can be seen in Lemma 3.2 in the next section. Thus we can obtain the

following results as corollaries.

Corollary 2.1. Let T be a strongly singular Calderon-Zygmund operator, o, 3,0 be

n(l ) n(l—a)+28

given as in Definition 1.1 and < f < 5(n > 2). Suppose o <p<
00,0 < k <1, and w € Ay N RH, with r > G2 1) ¢ BMO(w), then

b, T is bounded from LP*(w) to LPK(w!'™P w).

Corollary 2.2. Let T be a strongly singular Calderon-Zygmund operator, o, 3,6
be given as in Deﬁmtzon 1.1 and = 1 nl=a) B < 5(n > 2). Suppose 0 < [y <
n(1-a)+28 _1 - (n(1—a)+28)(p—1)
1’T <p< gy = 5—— 0<k<t 8 and w € Ay with r, > 2ﬁpfn(lfa)22,8 )
k
If b € Lipg,(w), then [b,T) is bounded from LP*(w) to L7 (WP, w).

Remark 2.1. As matter of fact, the results of Corollary 2.1 and 2.2 have been ob-
tained in [15, 12]. Thus Theorem 2.1 and Theorem 2.2 can be regarded as generaliza-
tions of the corresponding results in [15, 12]. And from this point of view, the ranges

of the index in Theorem 2.1 and Theorem 2.2 are reasonable.
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3. PRELIMINARIES

In this section, we will introduce some requisite lemmas used in the proof of our
main results in Section 4.
Firstly, we need the boundedness of the strongly singular Calderén-Zygmund op-

erators on Lebesgue spaces and weighted Morrey spaces, respectively.

Lemma 3.1. ([2, 3]) If T is a strongly singular Calderdén-Zygmund operator, then T
is the type of weak (1,1) and can be defined to be a continuous operator from L> to

BMO.

Remark 3.1. By using Lemma 3.1, Definition 1.1 and the interpolation theory, we
can deduce two kinds of boundedness properties for the strongly singular Calderon-
Zygmund operator T on Lebesque spaces. T is bounded on L' for 1 <t < oo, and T
s bounded from L* to L¥, where % <p<oo,and 0 <k < a. In particular,
if we restrict @ < B < % in (3) of Definition 1.1, then T is bounded from L* to

L, where%<u<oo, and 0 < £ < a.
14

Lemma 3.2. ([15]) Let T be a strongly singular Calderén-Zygmund operator, and

a, 3,0 be given as in Definition 1.1. If W <p<oo,0<k<1landw €

A_ sy, then T is bounded on LP*(w).

n(l—a)+28

Then we need the norm properties for functions on weighted BMO spaces.

Lemma 3.3. ([7, 22]) Letw € Ay. Then for any 1 < p < oo, there exists an absolute

constant C' > 0, such that

||b||BMOp(w) < C”bHBMO(W)'

Lemma 3.4. ([15]) Let w € Ay and f € BMO(w). Suppose 1 < p < 0o,z € R", and

ri,r9 > 0. Then

(ﬁ ) fB(x,m)\pw(y)lpdy) ”

€z, 7“1)‘ B(z,r1)
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< Ol lawowwto) (1+112]) (42 v

And the properties of maximal operators on weighted Morrey spaces are also nec-

essary.

Lemma 3.5. ([20]) Let 1 <p < 00,0 < k <1, and w € Ay, then for any 1 < s < p,

we have

| Mo ()l oty < Clfl Lene)-

Lemma 3.6. ([22]) Let 0 <t < 1,1 <p<o0, and 0 <k < 1. If p,v € A, then we

have
||Mt(f)||Lka(u,1/) S C”Mtﬁ(f)Hvak(u,V)

for all functions f such that the left hand side is finite. In particular, when p =v = w

and w € Ay, we have

| M () Lok < C”Mf(f)”LP”“(w)

for all functions f such that the left hand side is finite.
Lemma 3.7. If e > 0, then Inz < %xﬁ, forallz > 1.

The above result comes from the monotone property of the function

o(z) =Inz — L1z 2>1.

Lemma 3.8. ([22]) Let 0 < By <n,1 <p < %,% :%—%,O< k<?andwe Ax.
Then for every 1 < r < p, we have
1Mt ) < Ol lirsr

Then we also need the norm properties for functions on weighted Lipschitz spaces

as follows.
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Lemma 3.9. ([7, 19]) Let 0 < By < 1, and w € Ay. Then for any 1 < p < oo, there

exists an absolute constant C' > 0, such that
||b||LipZO(w) < CHbHLiPﬂO(w)

Lemma 3.10. ([12]) Let 0 < By < 1, w € Ay, and f € Lipg, (). Suppose

1<p<oo,ze€R" and ri,ro > 0. Then

(|B o ) = Sofe ety pdy)p

1
ol

< Cll lpnye(@)(1 +1n |—>(%) mao(Bla,r)®.

The main method to obtain our results is to dominate the maximal functions of

Toeplitz operators related to strongly singular Calderén-Zygmund operators.

Lemma 3.11. Let o, 3,6 be the same as those in Definition 1.1,

w < B < 5(n > 2), Tjy be the strongly singular Calderén-Zygmund operator
or £1. When f € C*(R"™), Ty(f) = 0. Suppose 0 < t < 1,% < 5 < 00,
w e A NRH,, wherer > %, and b € BMO(w). Then

M{(Tyf)(z) < C|Ibll Brmowyw(x) Z Ti1ll + V)Mo (Tjaf)(x)),a.e.x € R™

7=1
Proof. For any ball B = B(xz,rg) with the center z and radius rp, there are two
cases.
Case 1: rg > 1.

Since Ty(f) = To-bap)xan () T To-bap)xeem e (f), 0 < t < 1, then we have

(), tdy)%

<c (ﬁ / |T<beB>XQB<f><y>|tdy)

1 t
+C (E /B |T(b*bQB)X(2B)C(f)(y) - T(b*b2B)X(2B)c(f)(x>’ dy)

( )( )’t - |T(b—b2B)X(23)C(f)(x)‘

1

1
t
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= [1 -+ IQ.

To estimate Iy,

n 1
hscz(ﬁ /B T30 Myt T2 (F) () tdy) —OZAJ
j=1

If T, is the strongly singular Calderén-Zygmund operator, then by Holder’s in-

equality, Kolmogorov’s inequality, and Lemma 3.3, we have

1 - 1
Ly < CITalIBI7 (1B (b = ban)xan(Ti2 1)

1
o

< Ol ( | 1066) = sl () de) ( | mathiw) %u(y)dy)i

< CITlblavo., 55 (S5 / 300wty
< Tl o ) M Ty )

If T;; = £1, then

L < ﬁ / 1b() — bas || T (F) (v) dy

@l

< o (/\b ) — ol “dy) (/\ <y>dy)§
< Clillavo, *og (a5 / T,0(f <y>dy)s
< Clbllpmo,w (@) Mso(Tj2f)(x

So we get

L < Cllbllsaro,w(@) Y Maw(Tiaf) (@) (I Tall + 1).
j=1

Then we estimate [o. Since rg > 1 and 2|y — z|* < 2r®* < 2r < |z — z| for any

y € B and z € (2B)¢, by (2) of Definition 1.1, we have

1
L o< O / Toopasye (1)) = Totas e (1))l dy
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1
S C Z @ /B |7-_‘]',1M(b—b23))((23)c 11],2(][)(3/) - ﬂle(b_bQB)X(QB)C 11.772(f)(x>’dy
7j=1

= CZ [2J
j=1

If T}, is the strongly singular Calderén-Zygmund operator, we have

1
b < O [ 1K)~ K I bl T ) )y

ly — x|’ B |
= |B‘ / /21+1B\21B |z — ‘n+5 |b(2) = bap|[Tj2(f)(2)|dzdy
CZ 5 m i 1b(2) — bap||Tj2(f)(2)]dz.

Applying Holder’s inequality and Lemma 3.4, we get

by = O g (L 6= bl

([ \13,2<f><z>18w<z>dz) s

Z 2B ([ manereeie:)

=1

2r w2 B)\ *
Iblaowete) (141521 ) (s
= in—2 .
< O @) Lilbl puroele) Mea(T o))
=1

< C|bllBrowyw(z) My o(Tja f)(z).

m\l -

1
s

If 11]'71 = ZEI, then I2J = 0. We have
I, < C||bl| Brow) ZM Tiaf)(x
7j=1

Case 2: 0 <rg<1.
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Since r > (ng:i?(ﬁi ))(f;ﬂl), that is "(kzaﬁ)ﬁﬁ < 5, there exists an sq such that
w Remark 3.1 there exists

an [y such that T is bounded from L* to L' and 0 < ?—g < a. Then we can take a 0

satisfying < 0 < a.

Let B = B(z,r%). Since Ty(f) = Tlo—byp)x, s (f) + T(b—sz)x(QB)C(f)a we get

1 i
d
(|B| y)
1 S\ ¢
<c (ﬁ [ oy (1)) dy)

1 t !
+C (@ /B |T(b—bQB)X(2§)C(f)(y) - T(b—bgB)x(Qé)C(f)(iL')’ dy>

= ]3 + I4.

T~ Tty g e () (@)

To estimate I3,

I3 <CZ |B‘ / |TJlM(b b2B)X, 5 ]2( ‘dy _Czlgj

If T}, is the strongly singular Calderén-Zygmund operator, we have

I, < C|Bb||T ( / 1b(0) - bgB|SO|Tj,2<f><y>|80dy)

1
-1 _1 i
< lBEIT ([ 1) - usltats)tay
2B

X (/B Tialf ><y>|5w<y>dy)i

< OBl My o(Tyof) (2)(25)’ ( | 1ot - bwwy)éczy)l |

;_ _(r=1)(s—s0)

Let pg = 7s—(s+r—1)so

s(so 1) and

1 < pj < oo. Applying Holder’s inequality, Lemma 3.4 and noticing that r = l%/o — %,
0
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we get
1
_1 1 1p{
Iy < CITullIBI S Moo(Tyaf) (@) S(/‘w —bﬁﬂ%w<ﬂl%@0 O
o _p lpg
X(/ w(y) pody)
2B
_1 ~1 ~ 1
< ClTall|Bl vw(2B)s My (T2 f)(@)2B] " |[b] prow)w(z)
0 =\ @y 2k
2B Po 1 " ~ 1
X (1+ lnT—B) w(N) —~/ w(y)"dy \QB\lplo
B |2B)| 12B| J2B
~. 1 1 o~ TGB
< Ol Ms (T f)(2)w(2B) 5| B] 0 [2B]1[b]| pmoww(z) { 1+ 1ng
__1 — r_
" w(2B) (i)’ w(2B)\ ™
2B 12B]
< Ol Ms (T2 f) (@) bl BrO@)w (2)w (2B) =

x (1+(1 —9)1né> (”;ﬁ?)i.

The inequality 0 < 3¢ < ¢ implies that €, := n(% — %) > 0. By Lemma 3.7, we

have

_1
Ly < ClT5llbllaoww (@) Ms o (Ti2 f)(2)| Bl o

~ 1
S+ =)
€1

2 1)

< ClTallbllprroww @) Msw(Tiaf) @)y ©

= ClIT5llbl paroww (@) Msw(Ti2f)(2)-

—€1

If T, = +1, similarly to estimate I;;, then

[3j S CHbHBMO(w)w(x)Ms,w(Tij)<$>'

We have

m

Iy < C|Ibll spoww (@) Y (1Tl + 1) Mew(Tjaf) ().

Jj=1
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To estimate Iy,

1
Iy < CZ@/BW]JM@b23>x<23>c7},2(f)(y)—Tj,1M<bbQB)X(QB)CTj,z(f)(ﬂf)|dy
j=1

= C Z I4j.
7=1

If T}, is the strongly singular Calderén-Zygmund operator, the fact 8 < a implies
that ey := 2(a — ) > 0. For any y € B and =z € (2B)¢, we have 2|y — z|* <
2r% < 2r% < |z — x| since 0 < rg < 1. It follows from (2) of Definition 1.1, Holder’s

inequality, Lemma 3.4 and Lemma 3.7, we have

b < O [ 1K) = K 2)1e) — b ) )y

A
<|B|/ /WB\WB\Z_;,;\WWU b T5(£)( >|>ddy

i
7

5—@ ; 1 , , s
C o b(z) — bop|*w(y) ™5 d
Z |21+1B| (Li+1§‘ (2) 25| w(y) 3/>

§ (/ a7 @) dy)%

6_7 w(x)(e — ni
CZT |2+1B| @w(@)(i+(1-0)ln—)

B

IN

IN

IN

1
s

y <w(2i+1§)

‘ng‘

) Moo (Tyof)(@)o(2 7 B)

Cry ™ S (@) # Ml sator (@) Ml Ty ) ()i + (1~ ) In )

i=1

ClPllorm(@ M Tl * 32274+ L)

IN

IN

IN

Cllrtowe (@) Muuol Tia) ()" 3 i(2)
C|Ibll Browyw (@) M o (T o f)(x).

IN
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If T;; = £1, then I;; = 0. We have

I < C||bll paoyw(z) > Myu(Tiaf) ().
j=1

Combining the estimates in both cases, we have

1
t

MAT)(x) ~ sup inf (|B( 1 T - a

rp>00a€C :E?TB)‘ B(z,rp)

dy)

< Clbllsroww(@) Y (I Tjall + 1) Mou(Tf) ().

J=1

U

Lemma 3.12. Let o, 3,0 be the same as those in Definition 1.1, ”(17_0‘) < B <

5(n > 2), T, be the strongly singular Calderén-Zygmund operator or £I1. When

f e CeRY), Ty(f) = 0. Suppose 0 < By < 1,0 < t < 1,% < s < oo,w €

Ay N RH,, where r > %, and b € Lipg,(w). Then we have

m

M{(Tof)(2) < Ollbllzipay @@ (@) Y (1Tl + 1) Mo sl T2 f) (7)), ace.x € R™.

J=1

The proof process of Lemma 3.12 is similar to that of Lemma 3.11, so we omit it.

4. PROOF OF THE MAIN RESULTS

Now we are able to prove our main results. Firstly, we give the proof of Theorem

2.1 as follows.

Proof. Since r > %, that is p > %, there exists an s,such

that p > s > T;(é;agamo)é)(?";? > nd ;ﬁ)Hﬁ Since s > %, we have r >

% Applying Lemma 3.6 and Lemma 3.11 we thus have

Hbe|’Lka(w1*P,w) < HMt(be>HLP»’“(w1*P,w)

< CHMf(be)HLM(wlfp,w)
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< ClIbllBrow) YTl + Dlw () Myw(Tjof) | ot or-».)
7j=1

= Cllollsarow) Y UIThll + DI Moo (Tizf )l ok )
7j=1
Then, by Lemma 3.5 and the boundedness of T} 5 on LP*(w), we have

I Tof | 2ok r-r ) < Cllbl BMOW Z 1Tl + DI T2 f | 2ok )
7=1

3

< Cllbllsaow Y U5l + DIl o

j=1

This completes the proof of Theorem 2.1. O

Then we give the proof of Theorem 2.2 as follows.

n(l—a)+28)(p—1) n(l1—a)+28)(p—1)
m’ then 7 > m with w € RH,. Since

there exists an s, such that p > s > T;(;r O‘Tzam ;g%? > nd 202+2ﬁ

Proof. Since r, >
n(l—a)+28)(r—1)
208r—n(l—a)—28

Since s > %, we have r > % Applying Lemma 3.6 and

p >

Lemma 3.12 we thus have

1751l ) S IMAT L,

Lqp(lq (1qw)

< C||Mﬁ(be)|

(1‘1w)

< C1b]| Lipgy (@ Z 1Tall + Dllw ) Mposeo TN s,

= Ol 2Tl + DM T2 Dl

Then, by Lemma 3.8 and the boundedness of T} 5 on LP*(w), we have

HbeHLq,kTg(w < C|b]| Lipg, ) Z | Tl + DI T2 f || Lok )

m

< Ol zingyr Y I Tall + DIl zos e

Jj=1
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This completes the proof of Theorem 2.2. O
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