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RESTRICTED HOM-LIE SUPERALGEBRAS
SHADI SHAQAQHA

ABSTRACT. The aim of this paper is to introduce the notion of restricted Hom-Lie
superalgebras. This class of algebras is a generalization of both restricted Hom-Lie
algebras and restricted Lie superalgebras. In this paper, we present a way to obtain
restricted Hom-Lie superalgebras from the classical restricted Lie superalgebras
along with algebra endomorphisms. Homomorphisms relations between restricted
Hom-Lie superalgebras are defined and studied. Also, we obtain some properties of

p-maps and restrictable Hom-Lie superalgebras.

1. INTRODUCTION

Hom structures including Hom-algebras, Hom-Lie algebras, Hom-Lie superalge-
bras, Hom-Lie color algebras, Hom-coalgebras, Hom-modules, and Hom-Hopf mod-
ules have been widely investigated during the last years. The motivations to study
Hom-Lie structures are related to physics and to deformations of Lie algebras, es-
pecially Lie algebras of vector fields. The Hom-Lie algebras were firstly studied by
Hartwig, Larsson, and Silvestrov in [5]. Later, Hom-Lie superalgebras are introduced
by Ammar and Makhlouf in [1]. Also, Hom-Lie color algebras, which are the natural
generalizations of Hom-Lie algebras and Hom-Lie superalgebras, are studied by Yuan

([14]). However, the notion of restricted Hom-Lie algebras was introduced by Guan
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and Chen ([4]).

The Lie superalgebras were originally introduced by Kac ([6]). Later, when charF’ =
p > 0, Lie superalgebras were studied, and also the notion of restricted Lie super-
algebras was introduced ([7, 15]). In the present work, we introduce the notion of
restricted Hom-Lie superalgebras.

The article is organized as follows. In Section 2, we review some definitions, nota-
tions, and results in [1, 3]. In Section 3, we introduce the definition of restricted
Hom-Lie superalgebra. We provide some properties and their relationships with re-
stricted Hom-Lie superalgebras. As a result, we show that it is enough to know how
a p-map behaves for inputs from any basis of the domain. In Section 4, We study the
direct sum of (restricted) Hom-Lie superalgebras. In Section 5, we study the homo-
morphisms between restricted Hom-Lie superalgebras. In particular, we show how
arbitrary restricted Lie superalgebras deform into restricted Hom-Lie superalgebras
via algebra endomorphisms. Also we discuss the images as well as preimages of re-
stricted Hom-Lie subsuperalgebras under homomorphisms. The restrictable Hom-Lie

superalgebras are defined and studied in Section 6.

2. PRELIMINARIES

Let F' be the ground field of characteristic # 2,3. A linear superspace V over F
is merely a Zs-graded linear space with a direct sum V' = V[, @ V;. The elements of
Vi, j € {0,1}, are said to be homogeneous of parity j. The parity of a homogeneous
element x is denoted by |z|. Suppose that V =V, @& Vi and V' = Vj @ V{ are two

linear superspaces. A linear map o : V' — V' is an even if a(V;) C V] for j € {0,1}.

Definition 2.1 ([1]). A Hom-associative superalgebra is a triple (A, u, o) where A

is a linear superspace, i : A x A — A is an even bilinear map, and oo : A — A is an
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even linear map such that
pla(r), py, 2)) = plp(e, y), a(z)).

A Hom-associative superalgebra (A, p, «) is called multiplicative if a(u(z,y)) =
wla(x), a(y)) for all z,y € A.

Definition 2.2 ([1]). A Hom-Lie superalgebra is a triple (L,[, |,«) where L is a
linear superspace, [, | : L x L — L is an even bilinear map, and o : L — L is
an even linear map such that the following identities satisfied for any homogeneous

x,y,z € L.

(i) Super skew-symmetry:

[.T, y] = _(_1)‘x“y|[y7 l‘]

(ii) Hom-superJacobi identity:
(=) a(@), [y, 2] + (1) a(2), [z, y]] + (~1)"[a(y), [z, 2] = 0.

Example 2.1 ([1]). Any Hom-associative superalgebra A, with the bracket

[z, y] = p(z,y) — (=)W pu(y, 2)

for any monzero homogeneous x,y € A, is a Hom-Lie superalgebra, which will be

denoted by A,

It is clear that Lie superalgebras are examples of Hom-Lie superalgebras by setting
a = idy. A Hom-Lie superalgebra is called a multiplicative Hom-Lie superalgebra
if o is an even homomorphism (that is, a([z,y]) = [a(z), a(y)] for all z,y € L). A
subspace H C L is called a Hom-Lie subsuperalgebra if a(H) C H and H is closed
under the bracket operation (that is, [z, y] € L for all z,y € L).
Let L = Ly Ly be a Lie superalgebra. For a homogenous element a € L, we consider

a mapping ada : L — L; b~ [a,b].
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Definition 2.3 ([3]). A Lie superalgebra L = Lo @ L; is called restricted (or p-

superalgebra) if there is a map
Pl Ly — Ly s 2P,

satisfying
(i) (adz)” = ad (2! for all z € Ly,
(i) (kz)P' = krz for all k € F,z € Ly,
(iii) (z+y)P = 2l 4yl 4 S Pl si(w,y) for all 2,y € Ly where is;(,y) is the
coefficient of A~ in ad (\z +y)"~ " (z).

3. RESTRICTED HOM-LIE SUPERALGEBRA

Let (L,[, ],a) be a multiplicative Hom-Lie superalgebra. For a homogeneous

element a € Ly with a(a) = a, we consider a map
adea: L — L; b [a,a(d)].

Put L° = {z € Ly | a(z) = x}. We can easily prove that L° is a Hom-Lie subsuper-

algebra of L.

Definition 3.1. A multiplicative Hom-Lie superalgebra (L, [, |, ) is called restricted

if there is a map (called a p-map)
[p] : L° — L% z s 2P

satisfying
(i) (adaz)” = ad, (2! for all z € LY,
(ii) (k:x)[p] = kPalPl for all k € F,x € L,
(iii) (z + y)? = 2l 4 Pl 4 S si(x,y) for all o,y € L° where is;(z,y) is the

coefficient of A= in ad, (A\z 4+ y)P " ().
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Let (L,[, ], «,[p]) be a restricted Hom Lie-superalgebra over a field F'. A Hom-Lie
subsuperalgebra H = Hy @ H; of L is called a p-subalgebra if zl?! € H° Yz € HO.

Definition 3.2. Let (L, [, |,«) be a Hom Lie-superalgebra, and let S be a subset of
L.

(i) Amap f: L — L is called a p-semilinear map if f(kz +y) = kP f(z) + f(y)
Vo,y € L and Vk € F.
(ii) The a-centralizer of S in L, denoted by C(5), is defined to be

Cr(S)={zeL|[zx,aly)=0Vy e S}.

In particular, if S = L, it is called the a-center of L, and it is denoted by
C(L).

The following theorem was proved by Baoling Guan and Liangyun Chen in [4] in
the setting of Hom-Lie algebras.

Theorem 3.1. Let H be a Hom-Lie subsuperalgebra of a multiplicative restricted
Hom-Lie superalgebra (L, [, |,a, [p]) and [p]; : H® — H° is a map. Then the following

statements are equivalent:

(i) [pls is a p-map on H®,
(i) there is a p-semilinear map f: H® — C(H) such that [p|; = [p] + f.

Proof. Suppose that [p]; is a p-map on HY. Consider
fHO—>L, ,jL'!—)Z'[ph —.Z'[p}

Since ado f(2)(y) = [f(z), a(y)] = [zF1, a(y)] - [z, a(y)] = (adaz)” — (adaz)” = 0
forallz € H°,y € L, f actually maps H? into Cr(H). Now, for z,y € H and k € F,
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we obtain

flkr+y) = (ke +y)" = (kz +y)?
p—1 p—
= fpglth 4 ylPh 4 Z si(kz,y) — PPl — Pl — si(kx,y)
1

—_

i=1 i

= kf(x)+ fy).

This shows that f is a p-semilinear map. Conversely, assume there exists a p-
semilinear map f : H° — Cr(H) with [p]; = [p] + f. We check the three conditions

given in Definition 3.1. For z € H°, y € H, we have

ada o1 (y) = ada (2P + f(2))(y)
= adoz?(y) + ada f(x)(y)
= ad.zP(y) (since f(z) € CL(H))

- (adozx)p(y)'
For x,y € H°, we have

+y) = @+y)P+ flz+y)
p—1

= 2Py > s y) + f2) + F()

i=1
p—1

= glPh gyl Zsz‘(%y)-

i=1
and, for k € F', we get
(kx)Ph = (ka)P + f(kx)
= kPalPl 4 kP f(x)
= Bl + ()

— kpx[ph.
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Corollary 3.1. Let (L,[, ],«) be a multiplicative Hom-Lie superalgebra.
(i) If C(L) =0, then L admits at most one p-map.
(ii) If two p-maps coincide on a basis of L°, then they are equal.
(iii) If [p] : L® — L° is a p-map, then there exists a p-mapping [p| of L such that
2P =0 Vr e C(LY).

Proof.

(i) Suppose [p]; and [p]s are p-maps of L. By Theorem 3.1, there exists a p-
semilinear map f from L° into C(L) such that [p]s = [p]; + f, and since
C(L) =0, we have [p]; = [pla.

(ii) Let [p]; and [p]s be two p-maps coincide on a basis B of L. According to
Theorem 3.1, there exists a p-semilinear map f : L° — C(L) such that f =
[pla — [p]1, and so f(b) =0 Vb € B. As f is a p-semilinear, we have f(x) =0
Vz € L°. Thus, [p]; = [p..

(iil) [p]|c(roy is obviously a p-map. For z,y € C(L°) and k € F, we have

p—1
(kx + )P = (k)PP 4 4l Z si(kx,y)

i=1

= kPalPl 4y (since C(LY) is abelian).

Thus it is a p-semilinear map. Extend it to a p-semilinear map f : L% —

C(L"). Then [p]" := [p] — f is a p-map with 2P/ = 0 Yz € C(L°).

4. DIRECT SUM OF HOM-LIE SUPERALGEBRAS

Let V and V' be two superspace. Then the homogeneous elements of the superspace

V @ V' have the form (z,y), where x and y are homogeneous elements of the same
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degrees in V and V', respectively. In this case, |(x,y)| = |x| = |y|]. We have the
g

following result.

Theorem 4.1. Given two Hom-Lie superalgebras (L, [, |p,a) and (T',], |r, ), then
(LeT,[, |rer,v) has a multiplicative Hom-Lie superalgebra structure, where the
bilinear map [ , |rer is given by ((x1,y1) and (x2,y2) are homogeneous elements):
[(z1,91), (22, y2)]Lar = ([21, 22]L, [y1, ¥2]r), and the linear map v : L& — L& T is
given by: y(x1,y1) = (a(z1), B(y1)). Moreover, (L& T)Y = L% & T°.

Proof. Suppose that (z1,y;) and (z3,y2) are two homogeneous elements in L & T

Then

[(xl, y1), (xz, y2)]L@F = ([fﬁ, lUQ]L, [yl, yQ]F)
= (—(=1)flel gy, 2], — (=)l gy )
= — (=)l ((zy, 1] p, [y2, pi]r) (J21] = |3n] and |2a] = |ya])

= —(=D)ele2m(ry o), (21, 91)]Ler.

For all homogeneous elements (x1,y1), (72, y2), and (z3,ys3), we have,

(=1l (2, 4,), (22, yo), (23, y3)] Lar]rer
+ (=) w22y (2, ya), (21, 31), (22, y2) Lar] Ler
+ (=)l (25, 4o), (23, y3), (21, 91)] Lar] Ler
= (=pl=l(a(ay), B(y), (@2, 25]1, [v2, ys]r)] Ler
+ (=Dl (aas), B(ys)), (21, 2], [v1, vo)r)]er
+ (=Dl [(a(e,), By2)), (s, 711, [vs, 1)) er
= (=Dl a(ey), (w2, @], (1)1 [B(h), [ya, ys]rlr)

+ (=)= a(ey), for, 2a]n]z, (=1)"1=15(ys), [y1, ylrlr)
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+ (=)= a(@y), [, 2]1]e, (=111 5(y2), [ys, y]e)r)

= (0,0).

Also, (L&T, [, |rer, v) is multiplicative, since for all homogeneous elements (x1, y1), (z2, y2) €

L& T, we have

Y([(z1, 1), (T2, y2)Ler) = Y([21, 72]L, [Y1, 2)r)
= ([a(z1), a(@2)]L, [B(y1), By2)Ir)
= ([(a(z1), B(y1)), (a2), B(y2))]Ler

= [7($1,yl)a7($2,y2)]L@r-
Finally,
(Lal)" = {(z,y) € (LaD)|v(z,y) = (z.9)}
= {(m,y)e (Ll | (a(x),B8y)) = (z,y)}

= {(z,y) € (L @) | a(z) =2 and B(y) = y}

= 1"
O

Theorem 4.2. Given restricted Hom-Lie superalgebras (L, [, |1, c, [pl1) and (T, [, Ir, 5, [pl2),
then (L ® T, [, |rer,7, [p]) has a restricted Hom-Lie superalgebras, where [ | |per

and v are defined as in Theorem 4.1, and
Bl (LT — (LOTY (u,0) s (Wb, o)

Proof. According to Theorem 4.1, it is enough to check the three conditions given

in Definition 3.1. Let (z1,y1) € L ®T° and (z2,y2) € L & . We have

(ady (21, 91))" (w2, 92) = (ady (21, 11))" (ady (21, 51)) (72, y2)
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= (ad,(21,91))"
= (ady(@1,y1))"

= (ad,(z1,91))""

= ((adaz)" (2

[p] 1

(
_ < 2P
(x

» Y1

) (afe 2>,ﬁ<y2>>}
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“Hxr,m), ((22), B(y2))]Ler
[y, a(a2)]z, [y, By2)Ir)
’ ([3717 (21, & (22)] L)L, b1, (w1, 52(3/2)]F]F)

oy, (@2)|p -]l [y [y - 5 [y, B2 (y2)le - - - Iele)
2), (adgy1)” (y2))

ad e (,) adﬁy[p] (12 ))

P2 Bl

Lol

= adw(xl,yﬂ[p}(xz,yz)-

This proves that (ad,(z1,11))P = ad,(z1,y1)?. For k € F,(z,y) € L° ® I'°, we

obtain

(b, y)" = (k)P (ky)P2) = (P2t kyll2) = k2 (2P, y ) = 2(2, )P,

Finally, for (z1,y1), (z2,y2) € L° ® T, one gets

((z1,91) + (372,3/2))[p]

(21 + xa,y1 + 3/2)[p]

((1171 + x2)[p]1 (y1 + yz)[p}z)

< [ph"'% +25z $1a$2) [P12+Zsz 91792>

=1

) + ( Lyl ) (i si(z1, T2 ,Ssz‘(yl,m))

=1 =1

p—1

= (1,90 + (22, 92)" + Z si ((x1,91), (w2, 2)) -

=1
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Corollary 4.1. Suppose that (L1, [, |r,,a1.[pl1) -+ (Lny [ 5 1L, @, [Pln) are restricted
Hom-Lie superalgebras. Then (L1 & -+ ® Ly, [, |o 00,7, [P]) is a restricted Hom-
Lie superalgebra, where the bilinear map [ , |p 0oL, 1S defined on homogenous ele-

ments by
[(1'1, s 71'71)7 (yly cee ayn)]Ll@...@Ln = ([*rla yl]L1, ey [l'ny yn]Ln) )
and the linear map v : L1 ®---@® L, — L1 ®--- D L, is defined as
Y@y, xn) = (ar(x1), ..o an(Ty)).
Also, the p-map [p] : (Li® -+ ® L,)* — (L1 ® -+ - ® L,)° is given by
(21, ... ,xn)[p] = (x[lph, o ,x?ﬂ”) .
5. ON MORPHISMS OF HOM-LIE SUPERALGEBRAS

Definition 5.1 ([1]). Let (L, [, |1, «) and (T, [, |r, #) be two Hom-Lie superalgebras.

An even superspace ¢ : L — I' is said to be a morphism of Hom-Lie superalgebras if
[o(u), o(v)]r = ¢([u,v]r) Yu,v € L and poa = Fo .
If p: L — T' is an even superspace, then the graph of ¢ is the set
G, ={(z,p(x) |z L} CLPT.
Definition 5.2. A morphism of Hom-Lie superalgebra
¢ (L[, Ja [pl) = (I,[, Ir. B, [pl2)
is said to be restricted if ¢ (z/1') = (p(2))P2 vz € L°.

Theorem 5.1. A linear map ¢ : (L,| , |p,a,[plh) — (I, [, Ir, B, [pl2) is a restricted
morphism of Hom-Lie superalgebras if and only if the graph G, is a restricted Hom-
Lie subsuperalgebra of (L& T, [, |rar,v,[p]) where |, rer,vy, and [p] are defined as
in Theorem 4.2.
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Proof. Suppose ¢ : (L, [, ], [pl1) — (I,[, Ir, 5, [p]2) is a restricted morphism
of Hom-Lie superalgebras. Let (21, ¢(z1)), (2, ¢(22)) € G,. Then

(71, (1)), (22, p(22))|Lar = ([21, 221, [p(21), p(22)]r)

= ([v1, 2], p([71, 72])) € Gy

This shows G, is closed under the bracket operation. For (z1,¢(x1)) € G, we have

V(@1 (1)) = (alz), Blp(n1)) = (al1), plafz1))) € G

So far we have shown that G, is a Hom-Lie subsuperalgebra. For (z1, (7)) € G,

we have

(wrp@)? = (o, (o))

= (o () c

Conversely, suppose G, is a restricted Hom-Lie subsuperalgebra of (L&T', [, |rer, 7, [p])-
Let 1, w3 € L. Then [(z1, (1)), (22, ¢(22))] Lor = ([21, 22]1, [0(21), @(22)]r) € G,
and 5o @ (21, 3]1) = [p(21), (w2)];. Fora € L, we have 1(x, ¢(x)) = (a(x), B(p(x))) €
G,, so that ¢(a(z)) = B(p(z)). Finally, if # € L° then we have (z,¢(x))P =
(@1, (p())P2) € Gy, and so p(aP1) = (o ()P, =
We extend, in the following theorem, the result in [1] to restricted Lie superalgebras
case. It gives a way to construct restricted Hom-Lie superalgebras starting from a

restricted Lie superalgebra and an even superalgebra endomorphism.

Theorem 5.2. Let (L,[, |,[p]) be a restricted Lie superalgebra and o : L — L be
an even Lie superalgebra endomorphism. Then (L,[ , |a,«, [p]|r0), where [x,y]s =

a([x,y]) is a restricted Hom-Lie superalgebra.
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Proof. The bracket is obviously super skew-symmetric. Let z,y, 2 € L be homoge-

nous elements. With a direct computation, we have

(=D a(z), [y, 2Jala + (=DM al2), [z, ylala + (=) [a(y), [2, 2]a]a
= (=Dl ([z, [y, 2))) + (=D)F¥a? ([, [z, 9]) + (=1)¥1a? ([y, [2,2])
= o (=), [y, 2] + (=)W, [z, 9] + (=)W y, [2,2]]) = 0.
Now, the Hom-Lie superalgebra (L, , ]a, ) is multiplicative. Indeed, for homoge-
neous elements =,y € L, we have a ([z,y]a) = o2([z,y]) = [a(z), a(y)]a.

Next, we check the three conditions given in Definition 3.1. For € L° and 2z € L,

we have

(adat)” (2) = (adez)’ " (adat) (2)
= (ada2)"" (2, a(2)]a)
= (adaz)”" ([z,0%(2)))
= (ada2)"™* ([z, [z, 0% (2)]]a)

= (ada)" " ([, [z, 0®(2)]))

= ad,zPllo(z).

The second and the third properties are clear. O



246 SHADI SHAQAQHA

Theorem 5.3. Let (L,[, |z, [pl1) and (T, [, |r,[pl2) be restricted Lie superalgebras,
a:L— Landp:T — T bean even Lie superalgebra endomorphisms, and f : L — T

be a morphism of restricted Lie superalgebras with f oo = Fo f. Then

I (L,[ ) ]aaav [p]l) - (F7[ ) ]575’ [p]2)a

where [, |o and [, |3 are defined as in Theorem 5.2, is a morphism of restricted

Hom-Lie superalgebras.

Proof. 1f u,v € L, we have

f(lw,v]a) = flafu,v]) = B o f([u,v]) = B([f (w), F(0)]) = [ (), f(v)]s.
Also. for u € L® and using L° C Ly, we obtain f (ulfl) = (f(w))P2. O

Theorem 5.4. Let (L,[, |, «) and (T,[, |r, ) be multiplicative Hom-Lie superal-
gebras, and ¢ be a one to one morphism of Hom-Lie superalgebras. If C' is a Hom-Lie
subsuperalgebra of I and [p] : C° — C° is ap-map, then (¢ 1(C),[, 11, |p-1(0), [P]'),

where
_ 0 _ 0 _
) (¢70)" = (070" s v = o7 ((@)™) |
15 a restricted Hom-Lie superalgebra.

Proof. First, we show ¢~1(C) is a Hom-Lie subsuperalgebra of L. For z;,xs €
0 1(C), there exist y;,y, € C with ¢(z1) = y1 and p(xs) = yo. Now, o([z1, 2s]) =
[y1, 2], implies [z1,25] € ¢ 1(C). Also, a(x;) € ¢~ }(C) follows from B(p(z1)) =
o(a(xy)). Next, if 2 € (p71(C))°, then it is clear that ¢(z) € C°. Also, for k € F,
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we have

Also, for z1, 25 € (p71(C))" we have

(@1 +22)P = o7 (p(x1) + ()P

— o (p(m1) + ()"

= ¢ <(90(w1))L”] + (io(2)) " + Zsi(w(wl),so(ﬂh)))

= ¢ ((p@)?) + o7 ((pla2)?) 1(2& )

p—1
= 2P 4P +Zsi(x1,x2).
i=1
Finally, let 21 € (¢ 1(C))" and z, € ¢~1(C). There exist 3 € C° and y, € C with

o(z1) = 11 and (x2) = yo. With a direct computation, we have

adoa? (z,) = [xgﬂ’,@(@)}
-l ( ) (@2)]
- o [t oot
o
= v 1<ad@y )



248 SHADI SHAQAQHA

= ¢ (adgy)" [p(1), p(a(z2))]

= ¢ p(), [o(@), [+, [p(1), pla?(z2))] - - ]]]
= [xlv[xlv"' 7[x170‘p(x2)]"']]
= (adax1)’ (22).

O

Theorem 5.5. Suppose that (L,[ , |p,a,[p]) is a restricted Hom-Lie superalgebra,
(I, [, Ir, B) is a multiplicative Hom-Lie superalgebra, and ¢ : L — T" is a one to one
morphism of Hom-Lie superalgebras. Then (¢(L),[ , |r,Blew). [P]') is a restricted

Hom-Lie superalgebra, where
)" = (2(L))" = (9(1)% @) = @ () .

Proof. For p(z1),¢(z2) € ¢(L), we have [p(z1), ¢(x2)] = ©([z1,22]) € ¢(L) and
Blp(x1)) = pla(z1)) € p(L). For p(z) € (p(L))°, we have S(p(x)) = p(a(z)) =
@(x). Since ¢ is one to one we have a(z) = z. Thus, z € L°. Next, we check the

three conditions given in Definition 3.1. For ¢(z) € (¢(L))? and k € F, we obtain
(k@) = (p(ka)P = ¢ ((ka)") = ¢ (ko) = koo (a) = k(p(2))?""
If p(x1), o(z2) € (¢(L))°, then we have

(plon) + 9@ = (plar + )

= ¢ ((21 + 22)"))

= go(xl —|—:172 +pzl xl,x2)>
SO RRICO R D SRCNE)
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p—1

= ()" + (p(22)" +D " si(p(21), p(@2)).

=1

In addition, for ¢(z1) € (p(L))? and p(x3) € ¢(L), we obtain

ads(p(@) (p(2)) = [(p(e0)?, Be(w2))]

= @ ([, [1, - [w1, 07(x2)] -+ ]])
= [p(@1), lp(z1), -+, [p(a1), p(a(z2))] - -]
= [p(@1), lp(x1), -+, [p(@1), B (p(x2))] -]
= (adsp(z1))” (¢(x2))-
O
6. RESTRICTABLE HOM-LIE SUPERALGEBRA
Definition 6.1. A multiplicative Hom-Lie superalgebra (L,[ , ],a) is called re-

strictable if (ad,x)? € ad, L for all z € LY, where ad,L° = {ad,z | z € L"}.

The following theorem was obtained by Guan and Chen in [4] in the setting of Lie

algebras. We extend it to Lie superalgebra case.

Theorem 6.1. A multiplicative Hom-Lie superalgebra is restrictable if and only if

there is a p-map [p] : L° — L° which makes L a restricted Hom-Lie superalgebra.

Proof. Suppose (L, |, ],a, [p]) is a restricted Hom-Lie superalgebra. Let z € L°.

Then (ad,z)? = ad,zP! € ad,L°. Conversely, suppose that (L, [, ], ) is restrictable.



250 SHADI SHAQAQHA

Let {e; | j € J} be a basis of L°. Then for each j € J, there exists y; € LY such that
(adee;)? = aday;. Now, ef —y; € C(L), where

e? = [ej’ [ej"" ’[ej’ej] H’

for if z € LY, then (adse;)P(2) — aday;(2) = [} — y;, a(2)] = 0. Define a function
f: LY — O(LY); Zciei — Zcf(yl — ).
Clearly f is a p-semilinear map. Set
W={zelL’|a”+ f(x) € L'}.

Then W is a subspace of L°. Indeed, if z,4 € W and a,b € F, then

p—1
(az +by) + flaz + by) = a’a” + Py’ + Y si(ax,by) + K f(z) + f(by) € L°.

i=1
Since ¢ + f(e;) € LY, it follows a? + f(z) € L° for all x € L°. By Theorem 3.1, we
have

B 10 L0 oo 2?4 f(a)

is a p-map with eg-p} = Y. O

Let (L,[, ],«) be a Hom-Lie superalgebra, and let U and W be subspaces of L.
Then L is a direct sum of U and W, and we write L =U & W, if L = U + W and
UNW = {0}. The subspace U is a Hom-Lie ideal of L if «(U) C U and [z,y] € U

for all z € U and y € L. We have the following result.

Theorem 6.2. Let (L,[, |,«) be a Hom-Lie superalgebra and let U and W be Hom-
Lie ideals of L with L =U @& W . Then, L is restrictable if and only if U and W are

restrictable.

Proof. Suppose L is restrictable. Then by Theorem 6.1, we have L is restricted.
Now, the result follows from the trivial fact that a subalgebra of a restricted Hom-Lie

superalgebra is restricted and Theorem 6.1. Conversely, suppose that U and V are
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restrictable. Let x = x; + x5, where 2; € U and 2o € W, be an element of L°.

Then a(r) = a(r;) + a(ry) = 71 + 22, and so 71 € U® and x5, € W°. As U and W

are restrictable, there exist y; € Y and y, € W? such that (adyx1)? = ad,y; and

(adaxQ)p = Y2. NOW?

(ady (1 + 22))P = (adazy + adyz)?
= (adyz)? + (adyz2)?
- adayl + aday2

= ady(y1 + y2).

Therefore, L is restrictable. O
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