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IRREDUCIBLE & STRONGLY IRREDUCIBLE BI-IDEALS OF
-SO-RINGS

DR. P. V. SRINIVASA RAO ) AND DR. M. SIVA MALA @

ABSTRACT. The set of all partial functions over a set under a natural addition
(disjoint-domain sum), functional composition and functional relation on them,
forms a I'-so-ring. In this paper we introduce the notions of irreducible bi-ideal,
strongly irreducible bi-ideal and strongly prime bi-ideals of I'-so-rings and we prove
that a bi-ideal is strongly irreducible if and only if it is strongly prime in a class of

I'-so-rings.

1. INTRODUCTION

In 2014, by extending the binary operation addition in [-semirings to partially
defined infinitary operation ¥, M. Siva Mala[10], introduced the notion of a partial
[-semiring as a common generalization of partial semiring by Arbib, manes and
Benson|[3],[4] and I'-semiring. Also the author developed the ideal theory for the I'-
so-rings[11] to [16]. In [17] and [18], we introduced the notions of bi-ideal, prime &
semiprime bi-ideals in ['-so-rings and obtained various characteristics of them. In this
paper, we introduce the notions of irreducible, strongly irreducible and strongly prime
bi-ideals of I'-so-rings and obtained characterizations of prime, semiprime, irreducible

and strongly irreducible bi-ideals in regular I'-so-rings.
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2. PRELIMINARIES

In this section we collect important definitions from the literature.

Let M be a nonempty set, and let I be a set. An I — indexed family in M is a
function z : I — M. Such a family is denoted by (z; : i € I), where z; = iz for each
i in I. The cardinality of the family (z; : i € I) is the cardinality of its index set
I. Two families (x; : i € I) and (yx : k € K) are isomorphic if there is a bijection
o: 1 — K with y;, = x; for each i in I. A sub family of (x; : i € I) is a family
(x; : j € J) such that J C I. The empty family is the unique such family indexed
by 0.

Now let us consider an infinitary operation 3 which takes families in M to elements
of M, but which may not be defined for all families in M. By “infinitary”, we mean
that ¥ may be applied to a family (z; : ¢ € I) in M, for which the cardinality of the
index set [ is infinite. Since ¥(z; : i € I) need not be defined for an arbitrary family
(x; i € I)in M, ¥ is said to be partially-defined. A family (x; : ¢ € I) in M is
said to be summable if X(z; : i € I) is defined and is in M. We use the notations

Y(x; :i € 1), and X;x; interchangebly.

Definition 2.1. [4] A partial monoid is a pair (M, X)) where M is a nonempty set and
Y is a partial addition defined on some, but not necessarily all, families (x; : i € I)
in M subject to the following axioms:

(1) Unary Sum Aziom. If (x; : i € I) is a one element family in M and I = {j},
then ¥(z; : 1 € I) is defined and equals x;.

(2) Partition-Associativity Aziom. If (x; :i € I) is a family in M and (I; : j € J) is
a partition of I, then (x; 11 € I) is summable if and only if (z; i € 1;) is summable
for every j in J, (X(x; : 1 € ;) : j € J) is summable, and X(x; 1 i € 1) = X(X(x; :
iel;):jeld).
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Example 2.2. [4] Let D and E be two sets and let the set of all partial functions
from D to E be denoted by Pfn(D, E). A family (x; : i € I) is summable if and only
if for i,5 in I, and i # j, dom(x;) Ndom(x;) = 0. If (z; - i € I) is summable, then

for any d in D

dz;, if d € dom(z;) for some (necessarily unique) i € I,

unde fined, otherwise.

Then (Pfn(D, E),%) is a partial monoid.

Definition 2.3. [4] Let (M,X) and (M', %) be partial monoids. Then (M’ %) is
said to be a partial submonoid of (M, X)) if it satisfies the following:

(1) M" is a subset of M, and

(2) (x; : i € 1) is a summable family in M' implies that (z; : 1 € I) is a summable

family in M and Xix; = X;x;.

Definition 2.4. [10] Let (R,X) and (I',X') be two partial monoids. Then R is said
to be a partial I'-semiring if there exists a mapping R x I' x R — R (images to
be denoted by zyy for x,y € R and v € T') satisfying the following axioms for all
x,y, 2, (x;:i€l)in R and p,vy, (y;:i€l)inl

(1) ay(ypz) = (xvy)pz,

(2) a family (x; : i € I) is summable in R implies (zyx; : i € I) is summable in R
and xy[X(x; i € )] = X(ayz; ci € 1), [E(x; i € I)]ye = S(xyx i € 1),

(3) a family (v; : i € I) is summable in T implies (zy;y : i € I) is summable in R
and (X (v ri € )y =X(ayy i € I).

Definition 2.5. [10] Let R be a partial I'-semiring. Let A be a nonempty subset of
R and T" be a nonempty subset of I'. Then the pair (A,T") is said to be a partial sub
[-semiring if

(i) A is a partial submonoid of R,
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(i) T is a partial submonoid of T', and

(iii) AT"A C A.

Definition 2.6. [20] The sum ordering < on a partial monoid (M,X) is the binary
relation such that x < y if and only if there exists an element h in M such that

y=x+h forx,y e M.

It is trivial to observe that the sum ordering is a quasi order (i.e., reflexive and

transitive).

Definition 2.7. [20] A sum-ordered partial monoid or so-monoid, in short, is a

partial monoid in which the sum ordering is a partial ordering.

Definition 2.8. [10] A partial T-semiring R is said be a sum-ordered partial I'-

semiring (in short I'-so-ring) if the partial monoids R and I' are so-monoids.

The support of a family (z; : i € I) in M is defined to be the subfamily (z; : i € J)
where J = {i € I | z; # 0}.

Definition 2.9. [20] A partial semiring is a quadruple (R, %, -, 1), where (R,X) is
a partial monoid with partial addition ¥, (R,-,1) is an monoid with multiplicative
operation - and unit 1, and the additive and multiplicative structures obey the following
distributive laws.

If¥(x; i € I) is defined in R, then for ally in R, ¥(y-x; :i € I) and X(x;y i € I)
are defined and y - Y] = Xi(y - 24); [Simi] -y = Si(z - y).

Definition 2.10. [4] A sum ordered partial semiring or so-ring for short, is a partial

semaring in which the sum ordering is a partial ordering.

Example 2.11. [10] Let R = T' := Z~|J{0} , the set of all nonpositive integers.

Then R and T' are partial monoids with finite support addition. Now R is a partial
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['-semiring with usual multiplication of integers. Also R is a I'-so-ring with the partial

order “usual less than or equal to”. However R is not a so-ring. Since —2,—3 € R

and (—2)(—3) =6 € R.

Example 2.12. [10] Let D, E be any two sets. Then Pfn(D, E) and Pfn(E, D) are
partial monoids with the summations defined as in the Example 2.2. Consider the
mapping (f,v,q9) — fyvg of Pfn(D,E) x Pfn(E,D) x Pfn(D, E) into Pfn(D, E)
where d(fvg) = (((df)7)g), for anyd € D. Then Pfn(D, E) is a partial Pfn(E, D)-

SeMiring.

In general Pfn(D, FE) is not a Pfn(FE, D)-semiring, since a family in the partial
Pfn(E, D)-semiring P fn(D, E) need not be summable.

Definition 2.13. [10] A nonempty subset A of a I'-so-ring R is said to be I'-subso-
ring if

(i) A is a subso-monoid of R, i.e., A is closed under the partial addition defined on
R, and

(ii)) ATA C A.

Definition 2.14. [10] A partial I'-semiring R is said to have a left (right) unity if
there exists a family (e; : 1 € I) of elements of R and a family (v; : i € I) of elements

of ' such that X;e;vir = r (S;rvie; =) for any r in R.

Definition 2.15. [12] A I'-so-ring R is said to be a complete I'-so-ring if every family

of elements in R is summable and every family of elements in T is summable.

Definition 2.16. [12] Let R be a partial I'-semiring, A be a nonempty subset of R
and §2 be a nonempty subset of I'. Then the pair (A, Q) of (R,T') is said to be a left
(right) partial I-ideal of R if it satisfies the following:

(i) (z; :i € I) is a summable family in R and x; € A Vi € I implies X;z; € A,
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(i) (o; i € I) is a summable family in T and o; € Q Vi € I implies 3;c; € 2, and

(7ii) for allx € R, y € A and o € Q, zay € A (yazx € A).

If (A, Q) is both left and right partial I'-ideal of a partial I-semiring R, then (A, §2)
is called a partial I'-ideal of R. If Q =T, then A is called a partial ideal of R.

Definition 2.17. [12] Let R be a I'-so-ring, A be a nonempty subset of R and Q be
a nonempty subset of I'. Then the pair (A, Q) is said to be a left (right) I'-ideal of R
if it satisfies the following:

(i) (A, Q) is a left (right) partial T'-ideal of R,

(ii) for any x € R and y € A such that x <y implies x € A, and

(7ii) for all « € T and B €  such that o < 3 implies a € §).

If (A, Q) is both left and right I'-ideal of a I'-so-ring R, then (A,() is called a
[-ideal of R. If Q =T, then A is called an ideal of (R,T).

Definition 2.18. [12] Let R be a T'-so-ring. If A, B are subsets of R and T’y is a subset
of T, then we define AT1B as the set {x € R| Ja; € A,y € T'1,b; € B, 3;a;v:b;

exists and x < Y;a;7y;b; }.

If A= {a} then we also denote AI'1B by aI'yB. If B = {b} then we also denote
AT B by AI'yb. Similarly if A = {a} and B = {b}, we denote AI'yB by al'ib
and thus al'1b = {x € R | x < avb for some v € I'1}. Also, if A is a left ideal
and B is a right ideal of R, then ATRI'B = {z € R | = < ¥;a,047;3;b; for some
a; €A, b€ B, r,€R, oy, ; €T}

Definition 2.19. [16] Let R be a I'-so-ring. An element ‘a’ of R is said to be regular

if a € al'RTa. If every element of R is reqular then R is called a reqular I'-so-ring.

Lemma 2.20. [16] Let R be a complete I'-so-ring with left unity. Then R is reqular
if and only if BT A= A B for any left ideal A and right ideal B of R.
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Definition 2.21. [17] Let R be a I'-so-ring. A I'-subso-ring B of R is said to be a
bi-ideal of R if and only if BTRI'B C B.

Theorem 2.22. [17] Let R be a complete I'-so-ring and A be a nonempty subset of
R. Then the bi-ideal of R generated by A is < A >y,={x € R | v < ¥y + X 75051 +

Ypryagrrogay, where xi, vy, o, o), 1) € A, aj, ap,ap € Ty ry, € RY.

Definition 2.23. [18] Let R be a I'-so-ring and P be a proper bi-ideal of R. Then P
is called a prime bi-ideal of R if and only if for any bi-ideals A, B of R, ATB C P
implies AC P or B C P.

Theorem 2.24. [18] Let R be a complete I'-so-ring and P be a proper bi-ideal of R.
Then the following conditions are equivalent:

(i) P is a prime bi-ideal of R.

(i) If A is a right ideal and B is a left ideal of R such that ATB C P then A C P
or BC P.

Definition 2.25. [18] A proper bi-ideal P of a I'-so-ring R is said to be a semiprime
bi-ideal of R if and only if for any bi-ideal A of R, ATUA C P implies A C P.

Theorem 2.26. [18] Let R be a complete T'-so-ring and P be a proper bi-ideal of R.
Then the following conditions are equivalent:

(i) P is semiprime bi-ideal of R.

(i) If A is a left (right) ideal of R such that ATA C P then A C P.

3. IRREDUCIBLE & STRONGLY IRREDUCIBLE BI-IDEALS

We introduce the notions of irreducible and strongly irreducible bi-ideals in I'-so-

rings as follows:

Definition 3.1. A bi-ideal P of a I'-so-ring R is said to be irreducible bi-ideal if and
only if for any bi-ideals H and K of R, H(\K = P implies H =P or K = P.



42

DR. P. V. SRINIVASA RAO AND DR. M. SIVA MALA

Definition 3.2. A bi-ideal P of a I'-so-ring R is said to be strongly irreducible bi-

ideal if and only if for any bi-ideals H and K of R, H(\K C P implies H C P or

KCP.

Clearly every strongly irreducible bi-ideal of R is irreducible bi-ideal. The following

is an example of an irreducible bi-ideal which is not a strongly irreducible bi-ideal of

a ['-so-ring.

Example 3.3. Consider the I'-so-ring R as in the Example 3.3 of [16]. In that
example R = {0,a,b,c,d, e}, ¥ is defined on R as

2%

(

\

xj, if x; =0Vi#j, for some j,
d, if (rj=a, zp=bor z; =0, vy =c for some j, k) and z; =0 Vi # j, k,

unde fined, otherwise.

Then R is a so-monoid.

And T ={0",1'}, ¥/ is defined on T as

- 1, if ay=0"Yi#£j for some j
i =

unde fined, otherwise.

Then I' is a so-monoid.

The mapping R X I' Xx R — R is defined as follows:

0| 0lalblc|d|e | 0la|b|c|d]|e
010(010(0]0]0 010,010[0]0]0
a|0]0]0]0]0]0 a|0]0]0|0]|0]a
bl0l0|0|0]0|0 b|010|0]0|0]Db
cl0]0]0|0]0]0 cl10]0]0]0]0]c
dloyojojojo|o0 dlojojo|o|0|d
e|0j0|0j0|0|0 e|0la|lblc|d]e
Then R is a T'-so-ring. For the bi-ideals A = {0,a}, B = {0,b} and C = {0,c} of
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R, BNC ={0,b}({0,¢} ={0} c Aand BE A, C € A. Hence A =1{0,a} is not
a strongly irreducible bi-ideal of R. However the bi-ideal A = {0,a} is an irreducible
bi-ideal of R, since there are no bi-ideals H, K other than A = {0,a} such that
HOK=A.

Theorem 3.4. If P is a bi-ideal of a complete I'-so-ring R then the following condi-
tions are equivalent:

(i) P is a strongly irreducible bi-ideal of R.

(i) If x, y be elements of R such that < x >, (| <y >,C P thenx € P ory € P.

Proof. (1)=-(ii): Suppose P is a strongly irreducible bi-ideal of R. Let z, y be elements
of R such that < x >, [ < y >,C P. Since P is strongly irreducible bi-ideal,
<x>CPor<y>CP. Hencex € Pory € P.

(ii)=-(i): Suppose x, y be elements of R such that < z >, [ <y >,C P implies
x € Pory € P. Let H, K be ideals of R such that H()K C P. Suppose that
H ¢ P. Then there exists an element © € H such that ¢ P. Let y € K. Then
<x>,C H and < y >,C K, and thus < z >, (| <y >C H()K C P. Then by
assumption x € Pory € P. Since x ¢ P,y € P and so K C P. Hence P is a

strongly irreducible bi-ideal of R. U

Definition 3.5. Let R be a I'-so-ring and P be a proper bi-ideal of R. Then P is
said to be a strongly prime bi-ideal of R if and only if for any bi-ideals A, B of R,
(AI'B)((BT'A) C P implies AC P or BC P.

Example 3.6. Let R := [0, 1] be the unit interval of real numbers. For any family
(x;:i€1)in R, define X(x; :i € I) = sup{z; |i € I}. Then (R,X) is a so-monoid.
Let T' :== N J{0}, the set of all nonnegative integers. Then T' is a so-monoid with
finite support addition. Consider the mapping (x,c,y) —Inf{z,a,y} of Rx T x R
into R. Then R is a I'-so-ring and every bi-ideal of R is in the form of [0,a] for
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some a € [0,1]. Let x € R. Take P := [0,z]. Let A, B be bi-ideals of R such that
(AT'B) (\(BT'A) C P. Then there exists y, z € R such that A =[0,y] and B = [0, z].
Now AT'B = [0,y]T'[0, 2] = [0,inf{y, o, z}] and BT A = [0, z]T'[0, y] = [0, inf{z, a,y}]
for every a € T and so, [0,inf{y,«,z}] C P =1[0,x]. Then eithery <z or z < x.
Thus A =10,y] C[0,2] = P or B=[0,z] C [0,2] = P. Hence P = [0, z| is a strongly

prime bi-ideal of R.
Every strongly prime bi-ideal of R is a prime bi-ideal of R.

Theorem 3.7. Every strongly irreducible and semiprime bi-ideal of a I'-so-ring R is

a strongly prime bi-ideal of R.

Proof. Let P be a strongly irreducible and semiprime bi-ideal of R. Let A, B be
any bi-ideals of R such that (AI'B)((BT'A) C P. Clearly A B is a bi-ideal of R,
(ANB)I'(ANB) C AI'B and (AN B)I'(ANB) € BT'A. Thus (A B)I'(AB) C
(A'B)\(BT'A) C P. Since P is semiprime, A(\B C P. Since P is strongly
irreducible, A C P or B C P. Hence P is a strongly prime bi-ideal of R. U

Theorem 3.8. If P is a bi-ideal of R and a € R such that a ¢ P. Then there exists
an irreducible bi-ideal I of R such that P C I and a & I.

Proof. et C = {B | B is a bi-ideal of R,P C B and a ¢ B}. Clearly P € C.
Moreover C is a nonempty partially ordered set with set inclusion of subsets. Let

{B; | i € A} be an ascending chain of bi-ideals of C. Take B’ = UBZ" Since
{B; | i € A} is an ascending chain of bi-ideals of C, B’ is a bi-ideal of RZ,E?D C B’ and
a ¢ B'. This implies that B’ € C. Hence B’ is an upper bound of {B; | i € A} in C.
Then by Zorn’s lemma C has a maximal element, let it be 1.

Now we prove that [ is an irreducible bi-ideal of R. Let H, K be any two bi-ideals
of R such that H(\K = I. Then I = H(YK C H,K. Suppose if I C H and

I C K. Then by the maximality of I, a € H and a € K and hence a € H( K =1,
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a contradiction. Therefore H = [ or K = I. Hence [ is an irreducible bi-ideal of R

such that P C I and a & I. O

Theorem 3.9. Any proper bi-ideal P of R is the intersection of all irreducible bi-
ideals of R containing P.

Proof. Let C = {B; | B; is an irreducible bi-ideal of R and P C B;, i € A}. Take

B = ﬂBi. Then P C B. Suppose that a ¢ P. Then by Theorem 3.8, there exists an
[ISTAN

irreducible bi-ideal I of R such that P C [ and a ¢ I. Then [ € C and a ¢ B. Hence

B C P, and hence P is the intersection of all irreducible bi-ideals of R containing

P. U

Remark 3.10. If R is a reqular complete I'-so-ring and a be any element of R then

< a >p=al'Rl'a.

Proof. Note that < a >= {z € R | v < E,a + Ejacja + Tpaa)ryaja, where
aj,ap,af € T, rp € R}, Let x €< a >p. Then x < ¥,a + ¥jaa,a + Lpaa)ryofa,
where a;, o, o € I', 1, € R. Since R is a regular I'-so-ring, a € al'RT'a. This implies
that X,,a € al'Rl'a, ¥;aa,a € al'al' Rl'a C al'Rl'a and Yjaaryofa € al' RT'a and
hence < a >,C al'Rl'a. Let x € al'RI'a. Then x < ¥;aq;r;0;a for some oy, G; € I

and r; € R. = x €< a >, and hence al'Rl'a C< a >,. Hence < a >,=al'Rl'a. [

Definition 3.11. A I'-so-ring R is said to be an intra-regular I'-so-ring if for any

element a in R, a € Rl'al'al'R.

Theorem 3.12. In a complete I'-so-ring R with left unity the following statements
are equivalent:

(1) R is reqular and intra-reqular.

(2) For any bi-ideal B of R, BI'B = B.

(3) For any bi-ideals A, B of R, A(\B = (AI'B)((BT'A).
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(4) Every bi-ideal of R is semiprime.
(5) Each proper bi-ideal of R is the intersection of irreducible semiprime bi-ideals of

R which contain it.

Proof. We prove the equivalence of the statements as (1)<(2)=(3)=(4)=(5)=(2).

(1)=(2): Suppose R is regular and intra-regular. Let B be any bi-ideal of R.
Since B is a I'-subso-ring of R, BI'B C B. Let a € B. Since R is regular and
intra-regular, a € aI'Rl'a and a € RT'al'al’'R. Now a € aI'RT'a C (aI'R)I'(aI'RTa)
C (aI'R)I'(RTal'al’' R)T'RT'a = (al'(RT'R)T'a)'(aI'(RTR)T'a) C (al'RTa)T'(al'RTa)
C (BI'RI'B)I'(BI'RI'B) (since a € B) C BI'B (Since B is a bi-ideal of R). This
implies that B C BI'B and hence BI'B = B.

(2)=-(1): Suppose BI'B = B for any bi-ideal B of R. To prove R is regular I'-
so-ring, by Lemma 2.20, we prove that A'B = A() B for any right ideal A and
left ideal B of R. So, let H be a right ideal and K be a left ideal of R. It is
clear that H'T K C H()K and H()K is a bi-ideal of R. Then by assumption
(HNK)I'(HNK) = H( K. This implies HNK = (HNK)I'(H(K) C HTK.
This implies = HI'K = H () K and hence by Lemma 2.20, R is a regular I'-so-ring.
To prove R is intra-regular, let @ € R. Then by Remark 3.10, < a >,= al'Rla.
Since < a >, is a bi-ideal of R, by assumption < a >,=< a >, ' < a >,. Then
<a>y=<a>,'<a>=(al'Rla)l'(aI'RT'a) = (al'R)['al'al'(RT'a) C RT'al'al'R.
Since a €< a >y, a € Rl'al'al'R. Hence R is a intra-regular I'-so-ring.

(2)=(3): Suppose BI'B = B for any bi-ideal B of R. Let A, B be any bi-ideals
of R. Then A B is a bi-ideal of R. By assumption (A(\B)I'(A(B) = A B.
Since (AN B)I'(AB) € AI'B and (A(B)I'(ANB) C BI'A, we have A(\B C
(AT'B) ((BT'A). We know that if A, B are bi-ideals of R then AI'B and BI'A are
bi-ideals of R. This implies that (AI'B) ((BI'A) is a bi-ideal of R. Then by assump-
tion (AI'B)[(BT'A)
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= [(AT'B) (BT A)[T'[(Al'B) (BT'A)] C (AI'B)I'(BT'A) C ATRI'A C A (since A is
bi-ideal). Similarly we can prove that (AI'B) [(BI'A) C B. Therefore (AI'B) ((BI'A) C
AN B. Hence (AI'B)(\(BT'A) = AN B.

(3)=-(4): Suppose that A\ B = (AI'B) ()(BI'A) for any bi-ideals A, B of R. Let
P be a bi-ideal of R. To prove P is a semiprime bi-ideal of R, let A be any bi-ideal of
R such that ATA C P. By Assumption A = A(A = (A'A)("(AT'A) = ATA C P.
Hence P is a semiprime bi-ideal of R.

(4)=-(5): Suppose that each bi-ideal of R is semiprime. Let P be a proper bi-ideal
of R. Then P is a semiprime bi-ideal of R. Also by Theorem 3.9, P is the intersection
of all irreducible bi-ideals of R containing P. Hence each proper bi-ideal of R is the
intersection of irreducible semiprime bi-ideals of R which contain it.

(5)=(2): Suppose that each proper bi-ideal of R is the intersection of irreducible
semiprime bi-ideals of R which contain it. Let B be a bi-ideal of R. Suppose that
BTI'B = R. Since B is a ['-subso-ring of R, BI'B C B. Then R C B. This implies
that B = R and hence BI'B = B. Suppose BI'B # R. Then BI'B is a proper bi-ideal
of R. By assumption, BI'B is the intersection of irreducible semiprime bi-ideals of R
which contain BI'B. That is BI'B = (\{B; | B; is an irreducible semiprime bi-ideal
of R and BI'B C B;, i € A}. Since each B; is semiprime bi-ideal and BI'B C B; ¥
1€ A, we have BC B; Vi€ A, and thus B C BI'B. Hence BI'B = B. Hence the

theorem. ]

Theorem 3.13. Let R be a regular and intra-reqular complete I'-so-ring with left
unity. Then for any bi-ideal B of R, B is strongly irreducible bi-ideal iof and only if
B is strongly prime bi-ideal.

Proof. Suppose B is a strongly irreducible bi-ideal of R. Let H, K be any bi-
ideals of R such that (HT'K)((KTH) C B. Then By the Theorem 3.12, H( K =
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(HTK)((KTH) C B. Since B is strongly irreducible bi-ideal, H C B or K C B.
Hence B is a strongly prime bi-ideal of R.

Conversely, suppose that B is a strongly prime bi-ideal of R. Let H, K be any
bi-ideals of R such that H (K C B. By the Theorem 3.12, (HT'K)(\(KTH) =
H K C B. Since B is strongly prime bi-ideal, H C B or K C B. Hence B is a

strongly irreducible bi-ideal of R. 0
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