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ODD VERTEX EQUITABLE EVEN LABELING OF LADDER
GRAPHS

P. JEYANTHI (U, A MAHESWARI (?) AND M.VIJAYALAKSHMI )

ABSTRACT. Let G be a graph with p vertices and ¢ edges and A={1,3, ... ,q} if ¢
is odd or A={1,3, ...,q+1} if ¢ is even. A graph G is said to admit an odd vertex
equitable even labeling if there exists a vertex labeling f : V(G) — A that induces
an edge labeling f* defined by f*(uv) = f(u)+ f(v) for all edges uv such that for all
aand bin A, |vf(a) —vs(b)| < 1 and the induced edge labels are 2,4, ..., 2¢ where
vf(a) be the number of vertices v with f(v) = a for a € A. A graph that admits
an odd vertex equitable even labeling is called an odd vertex equitable even graph
[2]. In this paper we investigate the odd vertex equitable even labeling behavior of

some ladder graphs.

1. INTRODUCTION

We consider only simple, finite, connected and undirected graphs and follow the
basic notations and terminology of graph theory as in [1]. Let G(V, E) be a graph
with p vertices and ¢ edges. The vertex set and the edge set of a graph are denoted
by V(G) and E(G) respectively. The notion of vertex equitable labeling was due
to Lourdusamy and Seenivasan et al.[4]. Let G be a graph with p vertices and ¢

edges and A = {0,1,2,..., {%W }. A graph G is said to be vertex equitable if there

1991 Mathematics Subject Classification. 05CT8.
Key words and phrases. vertex equitable labeling; vertex equitable graph; odd vertex equitable

even labeling, odd vertex equitable even graph.
Copyright (© Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.

Received: Jan. 3, 2018 Accepted: Nov. 11, 2018 .
75



76 P. JEYANTHI , AMAHESWARI AND M.VIJAYALAKSHMI

exists a vertex labeling f : V(G) — A that induces an edge labeling f* defined
by f*(uww) = f(u) + f(v) for all edges uv such that for all @ and b in A, |vs(a) —
vr(b)] < 1 and the induced edge labels are 1,2,3,...,¢ where vs(a) is the number
of vertices v with f(v) = a for a € A . The vertex labeling f is known as vertex
equitable labeling. Motivated by the concept of vertex equitable labeling [4], Jeyanthi,
Maheswari and Vijayalakshmi extended this concept and introduced a new concept
namely odd vertex equitable even labeling in [2] and proved that the graphs, path,
P, ® Pu(n,m > 1), K1, UK, o(n > 3), Kop(n > 1), Ty-tree, cycle Cp(n = 0
or 1(mod 4)), quadrilateral snake @,(n > 1), ladder L,(n > 1), L, ® K;(n > 1),
arbitrary super subdivision of any path P, are odd vertex equitable even graphs.
They also proved that the graph K, is an odd vertex equitable even graph if and
only if n < 2. Let GG be a graph with p vertices and ¢ edges and p < (%w + 1, then
G is not an odd vertex equitable even graph. In addition, they proved that if every
edge of a graph GG is an edge of a triangle, then G is not an odd vertex equitable even
graph. In [3], Jeyanthi and Maheswari proved that some cyclic snake related graphs
admit odd vertex equitable even labeling.

We use the following definitions and known results in the subsequent section.

Definition 1.1. The graph <LnOAK17m> is the graph obtained from ladder L, and
2n copies of K., by identifying a non central vertex of i copy of Kj,, with i

vertex of L,, .
Definition 1.2. The graph P, x P, is called a ladder graph.

Definition 1.3. Let G be a graph. The subdivision graph S(G) is obtained from G

by subdividing each edge of G with a vertex.

Definition 1.4. The corona G; ® G of the graphs G| and G, is defined as a graph
obtained by taking one copy of G (with p vertices) and p copies of Gy and then

joining the i*" vertex of G to every vertex of the i copy of Gb.
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Definition 1.5. Let G| be a graph with p vertices and G5 be any graph. A graph
G10G5 is obtained from G and p copies of Gy by identifying one vertex of i*" copy

of Gy with i** vertex of G;.

Theorem 1.6. [2| Cycle C,, is an odd vertex equitable even graph if n = 0 or 1(mod 4)

Theorem 1.7. 2] Ky, UK, o is an odd vertex equitable even graph for any n > 3.

2. MAIN RESULTS

In this section, we prove that S(L,), L,OP, , L, ® K, <LnOAK17m> are odd

vertex equitable even graphs.
Theorem 2.1. The subdivision graph S(L,,) is an odd vertex equitable even graph.

Proof. Let V(L)) = {u;,v;/1 <i <n}, E(L,)) = {wit1,0041/1 <i<n—-1}U
{uv;/1 <i < n}. Let v] be the newly added vertex between v; and v;11, u; be the
newly added vertex between u; and u;, ;. Let w; be the newly added vertex between

v; and u;. Clearly S(L,) has 5bn — 2 vertices and 6n — 4 edges.

1,3,5,....,5m — 2 if n is odd
Let A =

1,3,5,....,5n—1 if nis even
Define the vertex labeling f : V(S(L,)) — A as follows:

flur) =1, f(vn) = f(v1) = 3.

For 1 <i < |2|, f(ug) =120 —5,f(ub;_y) = 12i — 3, f(vy) =120 — T,

f(we;) = 12i — 5.

For 1 <i < [2], f(wai—1) = 12i — 11.

For 1 <i < |2|, f(ugir1) = f(uh) =120 — 1, f(vh;) = 12i + 3, f(vaiq1) = 120 + 1.
For the vertex labeling f, the induced edge labeling f* is as follows:

Frlugwy) = 2, f*(wyvy) = 4, f*(wu)) = 10, f*(vjvy) = 8.

For 1 <i < [2] =1 f*(ugiuy;) = 24i — 6, f*(wayva;) = 24i — 12,
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[ (voivy;) = 24i — 4, f*(vg;v941) = 240 + 4, f*(un;tigip) = 24i — 2,

[ (uaip1waigr) = 24i, f*(woir1vei1) = 24i + 2.

For 1 <i < [2] =1, f*(ugip1ty;yq) = 24i + 8, [* (v 02i12) = 24i + 10.

For 1 < i < |2], f*(vaicivg_y) = 24i — 18, [*(ug;_qus;) = 24i — 8,f* (ugiwe;) =
2(12i —5). It can be verified that the induced edge labels of S(L,,) are 2,4, ...,12n-8
and |vp(7) —vs(j)| < 1 forall 4,5 € A. Clearly f is an odd vertex equitable even
labeling of S(L,,). Thus, S(L,) is an odd vertex equitable even graph. An odd vertex

equitable even labeling of S(Lg) is shown in Figure 1.
3 3 ) 15 13 17 17 27 25 29 29

1 7 13 19 255 31

1 9 7 11 11 21 19 23 23 33 31

FIGURE 1. An odd vertex equitable even labeling of S(Lg)

Theorem 2.2. The graph L.,OP, is an odd vertex equitable even graph.

Proof. Let uy,uo,...,u,, and vi,vs, ..., v, be the vertices of the ladder L,,.

Let vy, u;; (1 <@ <m,1 <j <n) be the vertices of m copies of P,.

Let vertex set V(L,,0P,) = {u;,vi,wij,v;; 1 1 <@ < m,1 < j < n} and edge set
E(Ly,oP,) = {uw; : 1 <i <m}H{uittisr, vivigr = 1 <@ <m—1} {wijuiji1, vijvijia
1<i<m,1<j<n-—1and uy, = u;, vy =v;: 1 <i < m}.

Clearly L.,OP, has 2mn vertices and 2mn +m — 2 edges.

1,3,5,....2mn+m—2 if m is odd
Let A =

1,3,5,....2mn+m —1 if m is even

Define the vertex labeling f : V(L,,OP,) — A as follows:
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Case 1. n is odd.
For1<j < {%W and ¢ is odd, set
faigj1y) =n— (2 —2) + (4n+2) [5],
foigj—y) =n+(2j —2) + (4n+2) | 5],
For 1 <j < |2] and iis odd, f(uiej) =n—2j+ (4n +2) [§],
fvip) = n+2j + (4n +2) [5].
For 1 <j < [2] and i is even, set f(ujoj—1)) =3n+2+ (2j —2) + (4n +2) [ 5],
f(vi2j—1)) = 3n — (2j — 2) + (4n + 2) [ J
For 1 <j < |2] and iis even, f(uj2)) =3n+2+ (25 —2) + (4n+2) | 5],
flvip) = 3n = (25 = 2) + (4n +2) ['F].
Case 2. n is even.
For 1 <7 < % and ¢ is odd, set
fluii—y) = fuie) =n =27+ 1+ (4n+2) [ 1],
fij—1)) = f(viey)) =n+ 1+ (25 —2) + (4n +2) L%J’
For 1 <7 < % and ¢ is even, set
fuizj—1) = 3n+1+ (25 — 2) + (4n +2) [ F],
Fluig) = 3n +1+2j + (4n +2) |15,
f(Ui(ijl)) =3n+1-(2j-2)+ (4n+2) L%J’
f(viep) = (Bn—1) = (2j = 2) + (dn +2) [ F].
For the vertex labeling f, the induced edge labeling f* is as follows:
fHuv)) =An+2)(i—1)+2n if 1<i<m
S (uiuipr) = (4n + 2)i iflsism-—1
ff(vvizr) = An+2)i — 2 if 1<i<m-—1.
Fori<:i<m,1<j57<n-1
2(n+j+ (4n+2) %)) if iis odd

f* (i) =
23n+4 (4n+2) |SE]) —2(j — 1) if iis even.
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2(n — j + (4n +2) L%J) if i is odd
If n is even f*(uijui(jJrl)) =

2Bn+2+ (dn+2) |SL])+2(j —1) if iis even.

If nis odd f*(ujjuij+1y) = bJ

2Bn+1+ (Un+2) |5L])+25 if iis even.
It can be verified that the induced edge labels of L,OP, are 2,4,...,4dmn+2m —4
and |vg(7) —vs(j)| < 1 forall 7,5 € A. Clearly f is an odd vertex equitable even
labeling of L,OP,. Thus, L,,OP, is an odd vertex equitable even graph. An odd

vertex equitable even labeling of LsOP; is shown in Figure 2.

7 19 33 45 29
7 17 33 43 29
9 43 6
61
11 63
1 63
1
)
95
A7 )
4 5
31 45 57

FIGURE 2. An odd vertex equitable even labeling of LsOPs

O
Theorem 2.3. The graph L, ® K,, is an odd vertex equitable even graph if m > 1.

Proof. Let uq,uo,...,u, and vy, vs,...,v, be the vertices of the ladder L,,.

Let u;j,v;; (1 <i<n,1<j<m)be the vertices of n copies of K,,.
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Clearly L, ® K,, has 2n + 2mn vertices and 2mn + 3n — 2 edges.

1,3,5,....2mn+3n—2 ifn is odd
Let A =

1,3,5,....2mn+3n—1 ifn iseven
Define the vertex labeling f : V (L, © K,,) — A as follows:
flugi1) =4(m+1)(i—1)+2i —1if 1 <i < [2],
flug) =4(m+1)i+2i—1if 1 <i < [2],
flvgi) =4(m+1)(GE—-1)+2m+2i—1if 1 <i < (%L
flg) =4(m+1)(i — 1) +2m +2i+1if 1 <i < |2,
flugiciy) =4m+1)(i—1)+2j+2i—-3if 1<i< [3]1<j <
flogicr) =4m+1)(i—1)+2j+2i-1if1<i< |5 1<) <
flugig) = fvaig) =4(m+1)i+2j+2i—2m—-3if 1 <i< [2] 1<j<m.
For the vertex labeling f, the induced edge labeling f* is as follows:
For 1 <i<mn f*(uw;) =2(2m+3)(i — 1)+ (m + 1)),
For 1 <i<mn—1 f"(wui+1) = 2(2m+ 3)i, f*(vviz1) = 2(2m + 3)i — 2,

For1<i:<n, 1<:<m

22m+3)(i —1) + 25 if iis odd
fr(ugug) =

202m+3)(t—1)+m+1)+25 if iiseven.

2(2m+3)(i — 1) +m+1)+2j ifiisodd
fr(vivij) =

2(2m+3)(i—1))+ 25 if iis even.
It can be verified that the induced edge labels of L, ® K,, are 2,4,...,4mn +6n —4
and |vp(7) —vs(j)| < 1 forall 4,5 € A. Clearly f is an odd vertex equitable even
labeling of L, ® K,,. Thus, L, ® K,, is an odd vertex equitable even graph. An odd

vertex equitable even labeling of Lg ® K, is shown in Figure 3.
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3
5 . 15 |, 2097 41 39 3753 51 49 63
‘ 19 \ 31\ . 35 o / >
9.\ / .57
9 11 31 33 53 55
. 1 21 23 43 45 65 57
. / 59
19 23 35
3. i 1399 | - , 45

FIGURE 3. An odd vertex equitable even labeling of Lg ® K,

Theorem 2.4. The graph <LnOAK1,m> 15 an odd vertex equitable even graph.

Proof. Let uq,uo,...,u, and vy, vs,...,v, be the vertices of the ladder L,,.

Let vertex set V(<LnOAK1,m>) = {w;, v, Uio, Vio, Vi, uy; 0 1 < i < ny1 < j < m}
and edge set E(<LnOAKLm>) = {ww; : 1 < i < n}U{uugg,vvq 0 1 < i <
n — 1} U {wu, vivio = 1 < i < n} U{upuij,viovi; : 1 <1 < n,1 <j < mand

Ui = U, Vi, = U; = 1 < i < n}. Clearly <LnOAKLm> has 2n + 2mn vertices and

2mn + 3n — 2 edges.
Let A — 1,3,5,....2mn+3n—2 ifn is odd
1,3,5,....2mn+3n—1 ifn iseven
Define the vertex labeling f : V(<LnOAK17m>) — A as follows:
For 1 <i < [2] flugi-1y0) = f(ugi-1) = 4(m+1)(i — 1) +2i — 1,
fai-no) = f(vzie1) = 4(m+1)(i = 1) + 2m + 2i — 1,
fu@icy;) = f(vaiciy) =4m+1)(i—1)+2j+2i —1if 1 < j <m,
For 1 <i < %] flu@yo) = 4(m+1)i+2i—3, f(veio) = 4(m+1)(i—1)+2m+2i+3,
flugi) =4(m +1)i+2i =1, f(vy) =4(m +1)(@ — 1) + 2m + 2i + 1,
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Flvgg) =4(m+1)i —2j +2i —3if 1 < j <m,

Flugij) =4(m+1)i—2j+2i—1if 1 < j <m.

For the vertex labeling f, the induced edge labeling f* is as follows:
For 1 <i<n f*(uv;) = (4m+1) +2)(i — 1) +2(m + 1)

o ) Am+1)+2)(i—1)+2 if i is odd,
Uithip ) =
(4m+1)+2)(t =2)+8m+1) ifi iseven.
(Am+1)+2)(1 —1)+22m+1) if ¢ is odd,
fr(vivio) =

(Am+1)+2)(i—2)+4m+38 of 1 is even.
For1<i:<n-1,

F*(ugtiss) = (Am + 1)+ 2)i, f*(0i11) = (4(m +1) +2)(i = 1) + 4(m + 1)

For1<i:i<n,1<j57<m-—1,

P lug) = Am+1)+2)(i = 1) +2(j +1) if i is odd,
o (Am+1)+2)(i —2)+2(j +1) +6(m+1) if i iseven.
F(osv) = Am+1)+2) i —1)+2(j+1)+2m  if i is odd,

(Am+1)+2)(1—2)+2(j+1)+4m+6 if i iseven.
It can be verified that the induced edge labels of <LnOAK1,m> are 2,4, ..., 4mn+6n—4
and |vs(i) —vs(j)] < 1foralli,j € A
Clearly f is an odd vertex equitable even labeling of <LnOK 17m>.
Thus, <LnéK 17m> is an odd vertex equitable even graph.
An odd vertex equitable even labeling of <L4OK 175> is shown in Figure 4.
O

Theorem 2.5. The cycle C,, is an odd vertex equitable even graph if and only if n =
0 or 1 (mod 4).

Proof. The necessary condition is already proved in [2]. Conversely assume that n = 2

or 3(mod 4). Let f be an odd vertex equitable even labeling of the cycle C,, .Then
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) 2] 35 4
7 19 33& 45
11 )
53 g 1531 (374 41
2 41
11 13 37

39
1 25 27 £
79 128 33 ; 49
23 57 %f
i) 1 31
3 17 29 4

FIGURE 4. An odd vertex equitable even labeling of L4OAK175

23 flu)y=n(n+1). ... (1)

Cuaes‘; (1): n = 2(mod 4).

Take n = 4k+2. Then A= {1,3,...,n+1} and |A| = §+1. Since f is an odd vertex
equitable even labeling and p = ¢ = n, we must have vy(a) = 2 for § — 1 elements
a of A and vg(b) =1 for remaining two elements b of A. Let aq, as, .. La(z_1) be the
elements of A such that vf(a;) =2 for 1 <i < 3 —1 and vf(an) = vy(aniy) = 1.
Let v} and v} be the vertices of C,, so that f(v}) = f(v}) =a; for 1 <7 <2 -1,
f(vli) = az and f(vlgﬂ) = azy1. Then the vertex set V of €, can be written as
V=ViuUVywhere Vi ={v; :1<i<%+1}and Vo ={v7 : 1 <i <% —1}. Hence

(1) can be written as 2 > f(u)+2 > f(u) =n(n+1).

ueVy ueVa
Since 2 ;/ flu)=214+34..+(n+1)) = 2((n+1)2(n+2) (1424t %))I("22)2-
Then 2 3 f(u) =n(n+1) - (”+2) which implies that 2 > f(u) = ©=2n=1,

ueVa ueVa

Thus we have Y f(u) = 2(2k*+ k) — 1.

ueVa
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Now, |V5| = § —1 =2k. Hence ) f(u) is the sum 2k odd numbers and hence it is
u€eVy

an even number. But 2(2k%*+k)—1 is always an odd number which is a contradiction.
Case (ii): n = 3(mod 4).
Take n = 4k + 3. Then A = {1,3,...,n} and |A| = %%, Since f is an odd vertex

n—

equitable even labeling and p = ¢ = n, we must have vs(a) = 2 for Tl elements
a of A and vf(b) = 1 for remaining two elements b of A. Let aj,a.,.. Sn be

the elements of A such that vy(a;) = 2 for 1 < i < 251 and vf(ann) = 1. Let
2

v} and v} be the vertices of C, so that f(v}) = f(v?) = a; for 1 < i < 251, and
flohs) = a

ntl.
2
Vi={v}:1<i< 2} and Vo = {v? : 1 <i < 271} Hence (1) can be written as

23 flu)+2 > f(u)=n(n+1).

Then the vertex set V of C,, can be written as V = V| UV, where

u€Vi u€Va

Since Qqu fu)=2(14+34..4n)= 2(% —2(1+2+..+ %)):(nzl)Q.

Then 2 il f(u) =n(n+1)— % which implies that 2 Y~ f(u) = "22’1. Thus we
have Zue?(u) =2(k+1)(2k+1). o

Now,u]e12| = 221 = 2k + 1. Hence ) f(u) is the sum 2k + 1 odd numbers and

ueVa
hence it is an odd number. But 2(k + 1)(2k + 1) is always an even number which is

a contradiction.
In both cases we get a contradiction. Hence f can not be an odd vertex equitable

even labeling of C,, if n = 2 or 3(mod 4). O

Theorem 2.6. The graph G = K 41U K1, 15 an odd vertex equitable even graph if
and only if k=1, 2.

Proof. Let V(G) = {u,v,uj,v; : 1 < j <n+kand 1 <i<n}and E(G) = {uu;,vv; :
1<j<n+kand1<i<n}. Then G has 2n+ k+ 2 vertices and 2n + k edges. Let
A=1{1,3,5,...2n+ k or 2n + k + 1} according as k is odd or even. Let f be a an
odd vertex equitable even labeling of the graph G = K1 ;41 U K1 ,.

To get an edge label 2, there must be two adjacent vertices with vertex labels 1 and
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1. So we can take f(u) = 1 and f(uy) = 1. To get an edge label 4, there must be
two adjacent vertices with vertex labels 1 and 3 and so we have f(uy) = 3. Since all
the edge labels are distinct, the pendent vertices wy, ug, us, Uy, - . . , Un1x should receive
the distinct labels from the set A. So we have f(us) =5, f(us) = 7,..., f(tunir) =
2n + 2k — 1.

If k£ is odd then the maximum of A is 2n+k. Hence 2n+2k—1 < 2n+k which implies
k < 1. If k is even then the maximum of Ais 2n+k-+1. Hence 2n+2k—1 < 2n+k-+1
which implies £ < 2.

If t =0 then ¢ =2n and A = 1,3,5,...,2n+ 1. Since |[A| = n+1,p = 2n+ 2
and f is odd vertex equitable even labeling, vs(a) = 2 for all a € A. Hence, the
pendent vertices of the first component receive the labels 1,3,5,...,2n-1, centre
vertex receives the label 1 and the pendent vertices of the second component receive
the labels 3,5,...,2n-1,2n + 1.

To get an edge label 4n, there must be two adjacent vertices with vertex labels 2n+ 1
and 2n — 1. So we can take f(v) =2n+ 1 or 2n — 1.

If f(v) =2n—1 then vy(2n —1) = 3 and v;(2n +1) = 1. If f(v) = 2n + 1 then
the edge vv,, receives the label 4n + 2. In both cases we get a contradiction. Thus, if
k =0 then G is not an odd vertex equitable even graph.

If k =1then A= {1,3,5,...,2n+1}. The vertex labeling f : V(G) — A is defined as
follows: f(u) =1; f(u;) =2j—1for1 <j<n+1, f(v)=2n+1and for 1 <i<n,
f(v;) = 2i+1. Hence, f(V(G)) ={1,1,3,5,...,2n+1}U{2n+1,3,5,...,2n+1} and
also f*(E(GQ)) ={2,4,6,....2n+2} U{2n+4,2n+6,...,4n+ 2}. Hence vs(i) = 2
fori=1,3,5,...,2n-1 and vy(2n + 1) = 3. Thus we have |vs(i) — vs(j)| < 1 for all
i,7 € A. Hence, G = K 1 U Ky, is an odd vertex equitable even graph.

If £ =2 then A ={1,3,5,...,2n + 3}. The vertex labeling f : V(G) — A is defined
as follows: f(u) = 1; f(u;) =2j—1for 1 < j <n+2, f(v)=2n+3 and for
1<i<mn, f(v;) =2i+ 1.
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fV(G)) ={1,1,3,5,...,2n+1,2n+3}U{2n+3,3,5,...,2n+1} and also f(E(G)) =
{2,4,6,....2n +4} U {2n 4+ 6,2n + 8,...,4n + 4}. Hence vs(i) = 2 for all i € A.
Thus we have |vs(i) —vp(j)| < 1for alli,j € A. Hence, G = Ky 41 U K1, is an odd
vertex equitable even graph.

If & = 2 the proof follows from Theorem 1.7 by replacing n by m — 2. Hence

G = Ky pyr U Ky, is an odd vertex equitable even graph. O
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