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DUAL ANNIHILATORS IN BOUNDED BCK-ALGEBRAS
ALI BANDERI () AND HABIB HARIZAVI (?)

ABSTRACT. In this paper, for any two subsets A and C of a bounded BC' K-algebra
X, the concept of dual annihilator of A with respect to C, denoted by (C : A)4, is
introduced and some related properties are investigated. It is proved that if A is a
dual ideal and C' a normal ideal of an involutory BC K-algebra X, then (C : A)? is
the relative pseudocomplement of A with respect to NC. Moreover, applying the
concept of dual annihilator, the involutory dual ideal with respect to an ideal is
defined, and it is shown that the set of all involutory dual ideals with respect to a

normal ideal forms a distributive lattice.

1. INTRODUCTION

The notion of BC K-algebras was introduced by Y. Imai and K. Iséki [7] in 1966
as a generalization of set-theoretic difference and propositional calculi. In the same
year, K. Iséki introduced the notion of BC'I-algebras which is a generalization of
BC'K-algebras [8]. These algebras are two important classes of logical algebras. The
concept of an ideal in a BC'K-algebra (and BC'[-algebra) was first introduced by K.
Iséki and S. Tanaka [9] in 1976 (and by K. Iséki [10] in 1980.) The notion of dual ideals
in BC K-algebras was introduced by E.Y. Deeba [5] in 1977. In 1980, E.Y. Deeba
[6] introduced the notion of filters and in the setting of bounded implicative BC'K-
algebra constructed quotient algebra via a filter. But some facts show that the notions
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of dual ideals and filters defined by E.Y. Deeba are not dual to Iséki’s ideals, hence J.
Meng [13] introduced the notion of dual ideals for bounded BC K-algebras in 1986.
In 1991, M. Aslam and A.B. Thaheem [2] introduced the concepts of annihilators
and involutory ideals in commutative BC K-algebras and studied their properties.
Y.B. Jun, et al. [11] generalized this concept to BCT-algebras and obtained some
related results in 1996. M. Kondo [12] showed that the set of involutory ideals in
BC K-algebra forms a boolean algebra in 1998. H.A.S. Abujabal, et al. introduced
the concepts of generalized annihilators in commutative BC K- algebras and studied
their properties [1]. In this paper, for any two subsets A and C of a bounded BC'K-
algebra X, we introduce the concept of dual annihilator of A with respect to C
and investigate some related properties. Using the notation (C' : A)? for the dual
annihilator of A with respect to C', we prove that if A is a dual ideal and C' a normal
ideal of a BCO'K-algebra then (C' : A)¢ is the relative pseudocomplement of A with
respect to NC' = {1 *c | ¢ € C'}. Moreover, we investigate the relationship between
fU(C: A and (f(C) : f(A))? for a BOK-homomorphism f. Finally, applying the
concept of dual annihilator, we define the involutory dual ideals of a BC K-algebra
and prove that the set of all involutory dual ideals with respect to a normal ideal

forms a distributive lattice.

2. PRELIMINARIES

In this section, we review some definitions and results, which will be used in the

remaining parts of this paper. The reader is referred to [14, 15] for more details.

Definition 2.1. By a BCK-algebra we mean an algebra (X, *,0) of type (2,0) sat-
1sfying the following axioms:

BCK-1: ((x*xy)* (r*x2))*(zxy) =0,

BCK-2: (zx(zxy))*xy=0,

BCK-3: xxx =0,
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BCK-4: xxy=0andy*xxz =0 mmply x =y,

BCK-5: 0xx =0,

forall z,y,z € X. An algebra (X, *,0) of type (2,0) is said to be a BCI-algebra if it
satisfies the four azioms (BCK-1)-(BCK-4).

We call the element 0 of X the zero element of X. For brevity, we often write X
instead of (X, *,0) for a BC'K-algebra (and BCI-algebra). In any BC K-algebra X
(and BC'I-algebra), one can define a partial order < by putting = < y if and only if
x*y = 0. A non-empty subset A of X is called a subalgebra of X if zxy € A for all
x,y € A.

In any BCK-algebra X, the following hold: for any x,y,2z € X,

al) zx0=uz,

(

(a2) (xxy)*xz=(x*2)*xy,

(a3) z <yimplies xxz <y*xzand zxy < z*x,
() (zx2)s(ys2) <oy,

(ab) xx(zx(xxy)) =x*xy,

(a6) zx* (zxy) <ux,y.

A BCK-algebra X is called commutative if it satisfies the condition: x x (z xy) =
y* (y*x) for all z € X. In this case, x * (z *y) (and y * (y * x)) is the greatest lower
bound of x and y with respect to BC'K-order <, and we will denote it by x A y.

A subset A of a BC'K-algebra X is called an ideal of X if it satisfies (1) 0 € A;

(2) z,yxx € Aimply y € A for all z,y € X.
An ideal A of X is called a normal ideal if x x (z xy) € A implies y * (y xx) € A
for all z,y € X. If there is an element 1 in X satisfying x < 1 for all x € X, then
the element 1 is said to be the unit of X. A BCK-algebra with unit is said to be
bounded. In a bounded BC'K-algebra 1 * x is denoted by Nz.

For a bounded BCK-algebra X, if an element x in X satisfies NNx = x, then

x is called an involution. If any element in X is an involution, then X is called an
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involutory BC K-algebra. A non-empty subset D of a bounded BC K-algebra X is
said to be a dual ideal of X if (1) 1 € D; (2) N(Nz x Ny) € D and y € D imply
x € D for any z,y € X.

A mapping f: (X, *,0) — (X', «',0") of a BCK-algebra X into a BC' K-algebra X’
is called a BC'K-homomorphism if f(x xy) = f(z) " f(y) for all z,y € X. Clearly,
f(0) =0

Every ideal A of X determines a congruence ~ on X in the sense that x ~ y if and
only if x xy and y x x € A for any x,y € X. We will denote by A, the equivalence
class of an element x € X; and by X/A the quotient algebra X/ ~, which is still a
BCK-algebra.

If X is a BC'K-algebra and A a non-empty subset of X, then the set A* := {z €
X|(Va € A) ax(axx) =0} is called the annihilator of A (see [12]).

If X is a commutative BC'K-algebra and C' an ideal of X, then to any subset A of
X, theset (C:A)={zeX|x2NACC} whereztNA={xAy|ye€ A} is called
the generalized annihilator of A (relative to C') (see [1]).

In ([3]), A. Banderi, et al. applied the generalized annihilator to BCI-algebras,
and for any two subsets A, C of a BCI-algebra X defined (C' : A) by the set {z €
X |ax(axx) € C forall a € A} , which is called the relative annihilator of A with
respect to C.

In a Lattice L with bottom element 0, for an element x € L, the greatest element
x* satisfieng the condition x A z* = 0, if it exists, is said to be pseudocomplement of
x. Let (L; A\, V) be a lattice. Then for given z,y € L, the relative pseudocomplement
of x with respect to y, if it exists, is the (unique) element (y : x) € L such that: (i)
xA(y:x) <uy; (i) for every z € Lif x Az < y then z < (y : ) ([4]). It is easy to
see that x* is the relative pseudocomplement of x with respect to 0.

The mapping f is said to be a closure operator on a partially ordered set (.5, <) if

it satisfies the following for any a € S:

(1) a < f(a); (ii) f2(a) = f(a); (iii) @ < b implies f(a) < f(b) ([4]).
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3. DUAL ANNIHILATORS IN BOUNDED BC K-ALGEBRAS

In this section, we define the dual annihilator in bounded BC'K-algebras and in-

vestigate some related properties.

Definition 3.1. Let X be a bounded BC'K-algebra and A, C non-empty subsets of
X. Then, the set

(C:A)={re€X|Nax(NaxNzx)eC forall ac A}
1s called the dual annihilator of A with respect to C.

Lemma 3.1. Let X be a bounded BCK -algebra, C' an ideal of X and A C X. Then
NC C (C: A, where NC ={l1xc|ceC}.

Proof. Let x € NC'. Then x = Nc for some ¢ € C, and so Nx = NNc¢. Thus it follows
from NNec¢ < ¢ that Nz € C, and hence, by using (a6), we get Na * (Na x Nz) <
Nz € C for all a € A. It follows that Na x (Na x Nz) € C for all a« € A, and
consequently = € (C': A)?. Therefore NC C (C': A)%. O

In the following theorem, we give a characterization of (C' : A)<.

Theorem 3.1. Let X be an involutory BC K -algebra, C an ideal of X and A C X.
Then the following hold:

i) (C:A)INA=NCNA;

(ii) if in addition 0 € A, then (C : A)¢ = NC.
Proof. (i) By Lemma 3.1, we only need to show the inclusion (C': A)YNA C NCNA.
For this, assume that z € (C': A)YN A. Then from x € (C': A)?, we get

(3.1) Nax (Nax Nz) € C for any a € A.

Putting ¢ = x in (3.1), we obtain Nz * (Nz x Nx) € C, that is, Nx € C and
so NNz € NC. Thus by the involutory property, we get © € NC. Therefore
(C: A)¥NAC NC, and so the result holds.
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(ii) By Lemma 3.1, we only need to show that (C' : A)? C NC. Let z € (C : A)“.

Then we have
(3.2) Nax(Nax Nzx) € C for any a € A.

Since 0 € A, putting a = 0 in (3.2), we get NNNz € C, and so by the involutory
property, we obtain z € NC. Therefore (C : A)? C NC. O

In the following example, we show that both the involutory property of X and

0 € A in Theorem 3.1 are necessary.

Example 3.1. [15] Let X = {0,1,2,3,4} and Y = {0,a,b} be two bounded BCK -
algebras with the following Cayley tables:

|01 2 38 4
00 00 0 0 «|0 a b
10100 0 0 0lo oo
212 20 00 ala 0 0
318 21 00 blb a 0
414 2110

Then

(1) X is not involutory because NN3 = 2. Taking C' := {0,1} and A := {3}, it
is routine to check that NC = {2,4} and (C : A)4 = X. Therefore (C : A)?N A #
NCNA;

(1) it is easy to see that'Y is involutory. Taking C' := {0} and A := {b}, it can be
checked that (C : A)Y =Y and NC = {b}. Therefore (C': A)* # NC.

The following lemma is an immediate consequence from Definition 3.1.

Lemma 3.2. Let X be a bounded BCK -algebra. Then for any non-empty subsets
A, B,C,D of X, the following hold:
(i) if AC B, then (C: B)4 C (C: A)%;
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(ii) if C C D, then (C : A)4 C (D : A)™

Proposition 3.1. Let X be a bounded BCK -algebra, {C; | i € I} a family of subsets
of X and A C X. Then the following hold:

®) N(Ci: A =(NCi: A,

i€l iel

(i) UG A C (U Cr: A
i€l iel

Proof. (i) By Lemma 3.2(ii), from () C; € Cj, we get ([ C; - A C (C; : A)
for any © € I. It follows that ([ ZCEYZ-I: A C N(C lee)fl To prove the reverse
inclusion, assume that x € ﬂ(CZZGI A)4. Thus floerl any ¢+ € [ and a € A, we have
Nax(NaxNz) € C; and conzseéquently Nax(NaxNz) € (] C; for any a € A. Hence
ze(NCi: A)4 and so N(C;: Ayt C (NCi: A)4. This Cz)er;pletes the proof.

(ii)le]gy the similar alzrglment of (i),zevlve can prove that [J(C; : A C (Uda; -
A i€l iel -

The reverse inclusion in Proposition 3.1(ii) is not true in general as seen in the

following example.

Example 3.2. Let X ={0,1,2,3,4} be a bounded BC'K -algebra as in Ezample 3.1.

Taking Cy = {0}, C1 := {1}, Cy := {2} and A := {1,2}, it is routine to check
2

that (Co : A)4 = {4}, (Cy : A)d = (Cy: A)? =0 and (| C; : A)? = X. Therefore
i=0

2 2

('L—Jo Ci: A L ‘L—JO(Ci L A)”.

Proposition 3.2. Let X be a bounded BC K -algebra, {A; | i € I} a family of subsets

of X and C C X. Then the following hold:

(i) @DI(C c A= (C: ZLEJI A%
(i) U(C: A C (C: ) Ay
i€l el
Proof. (i) Using Lemma 3.2(i), we get (C': U At C N : A;))?%. To prove the
reverse inclusion, assume that = € ﬂI(C : Ai)dZ.GIThus T EZG(IC’ : A;)? for all i € I, and
ic
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consequently Na x (Nax Nx) € C for all a € A;. Hence Na * (Nax Nx) € C for all

a€ |JA;, andso x € (C: |J A;)% Therefore N (C : A)? C (C: |J A% and so the
i€l i€l iel i€l

result holds.

(ii) Using Lemma 3.2(7), the proof is straightforward. d

The reverse inclusion in Proposition 3.2(ii) is not true in general as seen in the

following example.

Example 3.3. Let X ={0,1,2,3,4} be a bounded BC'K -algebra as in Example 3.1.
Taking Ay == {1,4}, Ay := {3,4} and C := {0,4}, it is routine to check that (C :
AN? = 12,34}, (C : Ay)? = {4} and (C : A; N Ay)? = X. Therefore X = (C :
ATNA)TEZ (C:ANIU(C = Ay)d = {2,3,4}.

In the following, we establish an important property of (C : A)%.

Theorem 3.2. If X is an involutory BC K -algebra with unit 1, then for any ideal C
of X and A C X, (C: A)? is a dual ideal of X.

Proof. Since Na * (Nax N1) = 0 € C for all a € A, it follows that 1 € (C' : A)<.
Now assume that N(Ny* Nz) € (C': A)? and z € (C : A)? for some x,y € X. Then

Nax (Nax NN(Ny * Nx) € C and Na * (Na*x Nx) € C for all a € A and so by

involutory property, we get

(3.3) Nax (Nax (Ny* Nz) € C, forall a € A.

Using axiom (BCI-1), we obtain

(3.4) (Na* (Nax Ny))* (Nax (Na*x Nzx)) < (Nax Nz)* (Na* Ny).
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Moreover, we have

((Nax Nx)* (Na* Ny)) * (Na* (Na* (Ny* Nx)))

= ((Na*x(Nax* (Nax(Ny=* Nx))))* (Nax Ny))* Nx by (a2)

= ((Na* (Ny = Nx)) * (Na * Ny)) * N by (a5)
< (Ny* (Ny = Nz)) * Nz by (BCI — 1) and (a3)
= (Ny * Nz) * (Ny * Nx) by (a2)
—0eC by (BCI — 3)

Thus it follows that ((Na * Nx) * (Na * Ny)) x (Na * (Na*x (Ny * Nx))) € C and
so by (3.3) and (3.4), we get (Na* (Na* Ny))* (Na* (Na* Nzx)) € C. Hence from
Na x (Na * Nz) € C, we conclude Na x (Na * Ny) € C for any a € A, and so
y € (C : A)4. Therefore (C : A)?is a dual ideal of X. O

In the following, we introduce the relation between (C': A) and (C : A)%.

Theorem 3.3. Let X be an involutory BC K -algebra. Then for any ideal C' of X
and A C X,

N(C:A)=(C:NA.
Proof. Let z € N(C': A). Then z = Nz for some z € (C': A). It follows that
(3.5) ax(axx) € C foranya€ A.

Now, let h := Na € NA be an arbitrary element of NA. Then, by using the
involutory property, we get Nh = a, and so by (3.5), we conclude Nhx (Nhxz) € C.
But x = Nz. Thus Nh x (Nh x Nz) € C for every h € NA. This implies that
z € (C: NA)? and therefore N(C : A) C (C': NA)?. To prove the reverse inclusion,
let 2 € (C: NA)?. Then Nh* (Nh* Nz) € C for any h € NA. Thus, since Nh = a,
we get a x (ax Nz) € C for every a € A and so Nz € (C : A). This implies that
z € N(C : A). Therefore (C : NA)Y C N(C : A), and so the proof is completed. [J
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In the following, we determine the (C : A)¢ for some subsets A of X.

Lemma 3.3. Let X be a bounded BCK-algebra with unit 1 and C an ideal of X.
Then the following hold:

) (C:{1)?"=X;
(ii) if in addition X is involutory, then (C : NC)¢ = X.

Proof. (i) Since N1x(N1xNz) =0 € C for any z € X, it follows that X C (C : {1}),
and consequently (C': {1})? = X.

(ii) Since X is involutory, it follows from Theorem 3.3 that (C' : NC)? = N(C' : C).
But (C: C) = X. Therefore (C': NC)¢ = X. O

In the following, we will investigate the (C': A)? in which C is a normal ideal.

Proposition 3.3. Let X be an involutory BCK -algebra, C' an ideal and A C X.
Then the following hold:

(i) if (C: A)? =X, then A C NC;

(ii) if in addition C is normal, then (C' : A) = X if and only if A C NC.

Proof. (i) Let (C: A)?= X andx € A. Thenz € (C : A)? and so Na*x(NaxNz) € C
for every a € A. Thus from x € A, we get Nx * (Nx * Nx) € C, that is, Nz € C. It
follows that NNx € NC. But by the involutory property of X, we have NNx = .
Therefore x € NC and so A C NC.

(ii) By (7), we only need to prove the sufficiency. Let A C NC and let x be an

arbitrary element of X. Using axiom BCI-2, we have
(3.6) Nz« (Nz*x Na) < Na€ NA for any a € A.

Now, for any a € A, by hypotheses, there exists ¢ € C such that a = Nc. Thus
by (3.6), we get Nz x (Nz * Na) < NNe. But NNe¢ < ¢ for any ¢ € C. Hence
Nz % (Nz+ Na) € C and so by the normality of C, we conclude Na * (Na x Nx) €



DUAL ANNIHILATORS IN BOUNDED BCK-ALGEBRAS 335

C, which implies x € (C : A)% Therefore (C' : A)? = X, and so the proof is
completed. O

The following theorem provides a proof for the fact that (C' : A)? is the pseudo-
complement of dual ideal A with respect to NC.

Theorem 3.4. Let X be an involutory BC K -algebra. Then for any normal ideal C
and two dual ideals A, B of X,

(3.7) ANBCNC & A C(C:B)~

Proof. (=) Let AN B C NC and a € A. For any b € B, using (a6), we have
Na % (Na * Nb) < Na. It follows that NNa < N(Na * (Na x Nb)). But by the
involutory property of X, we have NNa = a. Thus a < N(Na * (Na * Nb)) and so,
since A is a dual ideal and a € A, we conclude N(Nax(NaxNb)) € A. By the similar
argument, from Na x (Na x Nb) < N(b), we can show that N(Na * (Na* Nb)) € B.
Therefore N(Nax(NaxNb)) € ANB, hence by hypothesis, we get N(Nax(NaxNb)) €
NC. Then, using the involutory property of X, we obtain Na x (Na x Nb) € C.
Thus, by the normality of C', we get Nb* (Nbx Na) € C, which implies a € (C : B)“.
Therefore A C (C': B)%,

() Let A C (C : B)? and let = be an arbitrary element of AN B. Then

r € (C : B)4, and hence we have
(3.8) Nbx (Nbx Nx) € C for every b € B.

Since x € B, putting b = x in (3.8), we get Nz x (Nz x Nz) € C, that is, Nz € C.
Thus, by the involutoty property of X, we conclude z € NC. Therefore AN B C
NC. O

Corollary 3.1. Let X be an involutory BC K -algebra. Then for any normal ideal C
and dual ideal A of X, (C : A)? is the relative pseudocomplement of A with respect
to NC.
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Proof. By Theorem 3.1(i), (C': A)?N A C NC. Now assume that D is a dual ideal
of X such that DN A C NC. Then by Theorem 3.4, we get D C (C': A)4. Therefore
(C : A)? is the relative pseudocomplement of A with respect to NC'. O

In the following, we establish some other properties of dual annihilators.

Theorem 3.5. Let X be a bounded BC K -algebra, C' a normal ideal of X and A C X.
Then the following hold:

() AC(C:(C: A,

(i) (C: A)Y! = (C: (C: (C: Ay,

Proof. (i) Clearly, if a € A, then Na x (Na x Nx) € C for all x € (C : A)¢. Thus,
since C' is a normal ideal, we conclude Nz % (Nz * Na) € C, which implies a € (C :
(C: A)H)? Therefore A C (C: (C: A)4)2

(i) By (i), we have A C (C : (C': A)9)? and so by Lemma 3.2(i), we get (C : (C':
(C: A)HHd C (C : A)% On the other hand, using (i), we obtain (C : A)¢ C (C :
(C:(C: A)H9?, and so the proof is completed. O

The reverse inclusion of Proposition 3.5(i) is not true in general as seen in the

following example.

Example 3.4. [15] Let (X = {0,1,2,3},%,0) be a BCK-algebra with the following
Cayley table:

—_

*

0
1

= O | O
N O O

= O N
o o O W

2|2

313 2 0

Taking C = {0,1} and A = {2}, it is routine to check that C' is a normal ideal and
(C: (C: AN ={2,3}. Therefore (C: (C: A)H)4 ¢ A.

= O

In the following, we introduce other property of dual annihilators.
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Proposition 3.4. Let X be an involutory BCK -algebra. Then for any two subsets
A and B and an ideal C of X, (C: A)4: B)2 C (C: (AN B))%.

Proof. Let x € ((C : A)¢: B)L. Then Nb* (Nb* Nz) € (C : A)? for every b € B, and
hence Na x (Na x (Nb* (Nb* Nx))) € C for every a € A and b € B. Consequently,
it follows that Nt % (Nt « (Nt (Nt Nz))) € C for every t € AN B, and so by (a5),
we get Nt (Nt* Nz) € C for every t € AN B. This implies z € (C : (AN B))¢, and
therefore the proof is completed. O

In the following, we investigate the relationship between f(C : A)? and (f(C) :
f(A))? for a BC K-homomorphism f.

Theorem 3.6. Let f : X — Y be a BCK-epimomorphism of bounded BCK -
algebras and A,C' C X. Then the following hold:

(i) fU(CA)T) C (f(C): fA)
(ii) of f is a BOK-isomorphism, then f((C: A)?) = (f(C) : f(A))4.

Proof. (i) Let y € f((C : A)9), then y = f(x) for some z € (C : A)¢. It follows that
Nax (Nax Nx) € C foralla € A, and so f(Nax* (Na* Nzx)) € f(C). Therefore

(3.9) f(Na)« (f(Na) % f(Nx)) € f(C) forall a € A.

Clearly, since f is epimorphism, f(1) = 1, and so from (3.9), we conclude N f(a) *
(Nf(a)*Nf(2)) € f(C). This implies y = f(x) € (f(C) : f(A))" for all f(a) € f(A).
Therefore f((C : A)*) C (f(C): f(A)"

(i) By (i), we only need to show that (f(C) : f(A))? C f((C : A)?). Assume that
y € (F(C) : f(A))". Thus,

(3.10) Nf(a)* (Nf(a)* Ny) € f(C) for all a € A.

Since f is a BC'K-isomorphism, we have f(1) = 1 and y = f(z) for some x € X, and
so from (3.10), we get f(Na* (Na* Nz)) € f(C). It follows that Na * (Nax Nz) €
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f7Yf(C)). By the injectivity of f, we have f~!(f(C)) = C. Thus Nax* (Nax Nz) €
C for all a € A, and so x € (C : A)L Therefore y € f((C : A)¢), and hence
(f(C): f(A)TC f((C: A)?). This completes the proof. O

In the following example, we show that both injective and surjective conditions of

f in Theorem 3.6(ii) are necessary.

Example 3.5. [15] (i) Let (X = {0,1,2,3},%,0) and (Y = {0,a,b},%,0) be two
bounded BCK -algebras with the following Cayley tables:

x|0 1 2 8 )

* |0 a b
0ol0 0 0 0 —

010 0 0
111 0 0 0

ala 0 0
212 2 0 0

b|lb b 0
318 8 8 0

Define f : X — Y by f(0) = f(1) =0, f(2) = a and f(3) = b. It can be checked that
f is a BCK-epimorphism but not injective. Taking C := {1,3} and A := {2}, it is
routine to check that f((C : A)?) = {0,a} and (f(C): f(A))? = {0,a,b}. Therefore
FUC AY) £ (F(C) : F(A)°.

(ii) [15] Let (X = {0,1},%,0) and (Y = {0,a,b}, *,0) be two BCK -algebras with
the following Cayley tables:

¥ 10 a b
x| 0 1 —]

010 0 0
0|0 0

ala 0 0
111 0

b|lb a 0

Define f : X — Y by f(0) = 0 and f(1) = b. It can be checked that [ is a
BC K -monomorphism but not surjective. Taking C' := {0} and A = {1}, it is
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routine to check that f((C : A)?) = {0,b} and (f(C) : f(A))¢ = {0,a,b}. Therefore
FUC - A)T) # (£(C) = f(A))".

In the following, we establish a property of dual annihilators in quotient BC'K-

algebras.

Proposition 3.5. Let X be a bounded BC'K-algebra. Then for any ideal A and
subsets I, J of X containing A,

(3.11) (

I,
o

Proof. We have

J 1
Ay (7 Z>d & NA,«(NA,« NA) € 2 forall Ay € -
< Ny (NyxNzx)eJ forallyel
& zve(J: 1)1
(J: 1)
A .
= z € P
This completes the proof. ([l

For any X, we denote by Z(X) the set of all dual ideals of X, and show that the

notion of dual annihilator induces a closure operator as follows.

Theorem 3.7. Let X be a bounded BCK -algebra and C' a normal ideal of X. Then,
the mapping fc : Z(X) — Z(X) defined by

(3.12) fo(A) = (C: (C: AN for any A € Z(X),

is a closure operator on (Z(X), C).

) =

Proof. By Lemma 3.2(i) and Theorem 3.5, the result holds. O

Now, we introduce a class of dual ideals that is connected to the notion of dual

annihilator, and show that it can be endowed with a lattice structure.
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Definition 3.2. Let X be a bounded BC' K -algebra and C' an ideal of X. Then a dual
ideal A of X is called an involutory dual ideal with respect to C if A= (C': (C: A)?)<.
We denote the set of all involutory dual ideals with respect to C by S&(X).

Example 3.6. [15] Let (X = {0,1,2,3,4},%,0) be a BCK -algebra with the following
Cayley table:

«|0 123 J
010 0 0 0 0
111000 0
212 200 0
318 320 0
Jl4 8210

Taking A = {3,4} and C := {0, 1}, we can check that C is an ideal, A is a dual ideal
of X and (C : (C : A)N? = {3,4} and so A = (C : (C : A)He. Therefore A is an

inwvolutory dual ideal with respect to C.

Lemma 3.4. Let X be an involutory BCK -algebra. Then for any ideal C' of X, NC
1s a dual ideal of X.

Proof. Since 0 € C', N0 =1 € NC. Now let N(Nzx Ny) € NC and y € NC. Then
by the involutory property of X, we get Nx « Ny € C and Ny € C. Thus, since
C'is an ideal, it follows that Nx € C', and hence x € NC'. Therefore NC' is a dual
ideal. U

In the following, we introduce some involutory dual ideals.

Proposition 3.6. Let X be an involutory BC' K -algebra. Then the following hold:
(i) if C is an ideal of X, then NC € S&(X);
(ii) if C is a normal ideal of X, then (C : A)4 € S&(X) for any A C X.

Proof. (i) By Lemma 3.4, NC is a dual ideal of X. Using Theorem 3.3, we get
(C: NC)*= N(C : C). Note that (C : C') = X, and so by the involutory property of
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X, we have N(C': C) = NX = X, and hence (C' : NC)? = X. Now, using Theorem
3.1(i7), we conclude (C': (C': NC))? = (C : X)? = NC. Therefore NC' € S4(X).
(ii) It is clear by Theorem 3.2 and Theorem 3.5. u

Note that if C' is a normal ideal of a bounded BC K-algebra X, then by Theorem
3.5(i), X = (C: (C: X)) Therefore S&(X) # .
In the following theorem, we show that if C' is a normal ideal, then S&(X) is a

distributive lattice.

Theorem 3.8. Let X be a bounded BC'K -algebra and C' a normal ideal of X. Then
in the poset (S4(X), C), the following hold: for any A, B € S&4(X),
(i) inf{A,B} = AN B;
(i) sup{A, B} = (C : (C: AU B)%)
(iii) (S&(X),A,V) is a distributive lattice, where ANB = ANB and AVB = (C:
(C: Au B))™.

Proof. (i) Let A, B € S&(X). Then by Theorem 3.5(i), we have AN B C (C :
(C : (AN B)))4. Also by Proposition 3.2(i), it follows from AN B C A, B that
(C:(C:ANB)YHYE C (C:(C:AHNN(C:(C: B But A, B € S&L(X). Thus
(C:(C:AHYN(C:(C:B)Y"=ANnB,andso ANB=(C:(C: AnB))% It
follows that AN B € S4(X). Moreover, clearly AN B is the biggest involutory dual
ideal contained in A, B. This implies inf{A, B} = AN B.

(ii) By Proposition 3.6(ii), (C': (C': AUB)%)? € S&(X), and from Theorem 3.5(3),
we get A, BC AUB C (C: (C: AUB)%)? Now assume that M € S&(X) such that
A, B C M. By Lemma 3.2(i), we obtain (C': M)? C (C : A)¥n (C : B)?. But by
Proposition 3.2(i), (C' : A)N(C : B)Y = (C' : AUB)?. Hence (C': M)? C (C : AUB)“,
and consequently, by Proposition 3.2(i), we get (C' : (C : (AU B))4)? C (C : (C :
M)H4 = M. Tt follows that (C': (C': (AU B))%)? is the least involutory dual ideal
containing A, B. Therefore, sup{A, B} = (C': (C': (AU B))%).
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(iii) By (i) and (ii), (S&(X), A, V) is a lattice. To prove the distributivity of S&(X),
let A,B,D € S4(X). It is well known that in any lattice, (A A B) V (A A D) C
AN (BV D). Thus, it suffices to prove that AA (BV D) C (AAB)V (AAD). For
brevity, we put T := (AA B)V (AA D). Since T € S&(X), it follows from Definition
3.2 that T = (C: (C: T)%)?% But AN B C T. Hence, we have

(3.13) ANBC(C:(C:T)H™

Thus, if we intersect the two sides of (3.13) with (C : T)¢, we have
(3.14) (ANB)N(C - T)*C(C:T)'N(C:(C:T)H
On the other hand, by Theorem 3.1, we have

(3.15) (C:T)N(C:(C:T)Y)'=NCN(C:T)*

It follows from (3.14) and (3.15) that BN(AN(C : T)4) C NC. But by Corollary 3.1,
(C : B)? is the pseudocomplement of B with respect to NC. Thus AN (C : T)? C
(C : B)L. By the similar argument for D, we have AN (C : T)¢ C (C : D)% Thus
AN(C:T)C(C:B)XN(C: D)% and hence from (C': B)4N(C : D)4 € S&(X),

we get
(3.16) AN(C:T)'C(C:(C:((C:B)*n(C:D)H))H?

For brevity, we put S := (C : ((C: B)¥ N (C : D))%)% Thus, if we intersect the two
sides of (3.16) with S and using Theorem 3.1(i), we have

(3.17) (ANn(C:TYHYNSC(C:5'NS=NCNS,

and hence (C : T)*N(ANS) C NC. But by Corollary 3.1, (C : (C: T))¥(=T) is
the pseudocomplement of (C' : T')¢ with respect to NC. Thus ANS C T. Also, by
Proposition 3.2(i), we get S = (C': (C : BUD)%¢ and so ANS = AA(BVD).
Therefore AN (BV D) CT = (AANB)V(AAD), and so the proof is completed. O
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4. CONCLUSION

In this paper, we introduced the notion of dual annihilator in bounded BC K-
algebras and investigated some related properties. We gave a characterization of the
dual annihilators, and established the relationship between the relative annihilators
and the dual annihilators. Also, using the above-mentioned notion, we characterized
the relative pseudocomplement of a dual ideal with respect to a normal ideal. Finally,
we defined the involutory dual ideal in bounded BC'K-algebras, and showed that the
set of all involutory dual ideals with respect to a normal ideal forms a distributive

lattice.
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