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A NEW VIEW OF FUZZY VECTOR SPACE OVER FUZZY FIELD
ESMAEEL RANJBAR-YANEHSARI () AND MOHSEN ASGHARI-LARIMI*®2)

ABSTRACT. In this paper, we determine a new view of fuzzy vector space over fuzzy
field by using Yuan and Lee’s definition of the fuzzy group, Aktag and Cagman’s
definition of fuzzy ring and Yetkin and Olgun’s definition of fuzzy module. Moreover
the concepts of fuzzy vector subspace are studied and some of their basic properties

are presented as analogous to ordinary vector space theory.

1. INTRODUCTION

The concept of fuzzy group was first introduced by Rosenfeld in [5]. Since then
many researchers have studied fuzzy structures in many different types, as you can
see in [1], [2], [3], [6], [4], [7]. In the definition of fuzzy subgroups, two types of
fuzzy structures are observed in general. In the first type, the subset of a group G
is fuzzy and the binary operation on G is nonfuzzy in the same classical sense as
Rosenfeld’s definition [5]. In the second one, the set is nonfuzzy or classical and the
binary operation is fuzzy in the same fuzzy sense as in Yuan and Lee’s [8] definition.
By using of Yuan and Lee’s definition of fuzzy group based on fuzzy binary operation,
Aktas and Cagman [1] defined a new type of fuzzy ring and the concepts of fuzzy
subring, fuzzy ideal and fuzzy ring homomorphism are introduced. Yetkin and Olgun
[7] presented a new type of fuzzy module by using Yuan and Lee’s definition and
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discussed related results. Also, in 2010, Oztiirk, Jun and Yazarli [4] introduced a
new kind of fuzzy gamma rings and the concepts of fuzzy gamma ring, fuzzy ideal,

fuzzy quotient gamma ring, and fuzzy gamma homomorphism are introduced.

2. PRELIMINARIES

In this section we will formulate the preliminary definitions and results that are
required in this paper. Let 6§ € [0,1). Malik and Mordeson [3] gave the following

definition:

Definition 2.1. [8] Let R and S be nonempty sets and f be a fuzzy subset of R x S.

Then f is called a fuzzy function R into S if

(1) Vo € R,y € S such that f(x,y) > 6,
(2) Vo € R, Vy1,y2 € S, f(x,41) > 0 and f(x,y2) > 0 implies y1 = y».

By using of definition 2.1, Yuan and Lee gave the following definition:

Definition 2.2. [8] Let G be a nonempty set and R be a fuzzy subset of G x G x G.
Then R is called a fuzzy binary operation on G if

(1) Ya,b € G,3c € G such that R(a,b,c) > 0;

(2) Ya,b,c1,c0 € G, R(a,b,c1) > 0 and R(a,b,ce) > 6 implies ¢; = cs.

Let R be a fuzzy binary operation on G. Then we have a mapping R : F(G) X
F(G) — F(G) defined by (A, B) — R(A, B) where FI(G) = {A|A: G — [0,1] is a
mapping } and R(4, B)(c) =V, eq(Ala) A B(b) A R(a, b, c)) for all ¢ € G.

Let A = {a}, B = {b} and let R(A, B) be denoted as aob. Then (aob)(c) = R(a,b,c)
for all c € G. Also, ((aob)oc)(z) =V eq(R(a,b,d) ANR(d,c, z)) and (ao(boc))(z) =
Viea(R(b,c,d) AN R(a,d, z)) for all z € G.

Definition 2.3. [8] Let G be a nonempty set and R be a fuzzy binary operation on

G. Then (G, R) is called a fuzzy group if the following conditions are true:
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(1) Va,b,c, 21,29 € G, <(aob)oc> (1) > 6 and (ao(boc) (x2) > 0 implies x1 = x;

(2) Jer € G such that (egoa)(a) > 0 and (a o eg)(a) > 0 for any a € G(ep is
called an identity element of G);

(3) Va € G,3b € G such that (aob)(eg) > 6 and (boa)(er) > O(b is called an in-
verse element of a and denoted as a~!)where ((aob)oc) (21) = Vyeq Rla, b, y)A
R(y,c,z1)
<(a o(bo c) (22) = V,eq Rla, y,@2) A R(b, e, ).

Example 2.1. Let V = {e,a} be a nonempty set. Let us define E fuzzy binary

operation on V', all with the same value of = 0.6, as follows:

E(e,e,e) =09, E(e,a,e) =0.2, E(a,e,e) =0.4, E(a,a,e) =0.7,

E(e,e,a) =0.1, E(e,a,a) =0.8, E(a,e,a) =0.8, E(a,a,a)=0.5.
Then (V, E) is a abelian fuzzy group, where e = ep is an identity element of V.
Proposition 2.1. [8] Let (G, R) be a fuzzy group. Then

((aob) oc)(d) >0 <ao (boc))(d) >0, Ya,b,ce G.
Definition 2.4. [8] Let (H, R) be a fuzzy group. If
(aob)(c) >0 <= (boa)(c) >0,Ya,b,ceq,

then (G, R) is called an abelian fuzzy group.

Definition 2.5. [1] Let R be a nonempty set and G and let H be two fuzzy binary
operations on R. Then (R, G, H) is called a fuzzy ring if the following conditions are

met:

(1) (R,G) is an abelian fuzzy group;
(2) Va,b,c,z1,29 € R, ((a % b) x c) (x1) > 0 and <a * (b * c))(xg) > 0 implies

T = T2;
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(3) Va,b,c,z1,29 € R, <(a o b) x c) (x1) > 0, ((a xc) o (bx c))(xg) > 6 implies
T1 = To and
<a * (bo c))(xl) > 6 and ((a * b) o (a * c))(xg) > 6 implies x; = x5 where
<a % (bo c)) (1) = Vyer H(a,y, 21) AG(b, ¢, y) and
<(a * b) o (ax c))(xQ) = V., ser H(a,b,21) A H(a, ¢, z9) N G(21, 22, T2).

If (axb)(z) >0 < (bxa)(x) >0 for all a,b,x € R, then (R, G, H) is said to be a
commutative fuzzy ring. If (R, G, H) contains an element ey such that (axey)(a) > 60
and (ey *xa)(a) > 0,Ya € R, then (R, G, H) is said to be a fuzzy ring with identity.
The identity element eq is called the zero element of the fuzzy ring. If Va € R,3b € R

such that (a*b)(ey) > 60 and (b*a)(ey) > 0, then b is said to be an inverse element

of @ and is denoted by a™*.

Definition 2.6. A commutative fuzzy ring with identity ey, (R, G, H) is said to be
fuzzy field if for each element a € R there exists some b € R such that (a*b)(ey) > 0

and (bx*a)(ey) > 0.

Example 2.2. Let H = {e,b,c} be a nonempty set. Let us define R and S fuzzy

binary operation on H, all with the same value of 6 = 0.6, as follows:
R(e,e,e) = 0.7, R(b,e,e) =0.5, R(c,e,e) =04, R(e,e,b) =0.2, R(b,e,b) =0.8,

R(c,e,b) = 0.5, R(e,e,c) =0.3, R(b,e,c) =0.4, R(c,e,c) =0.9, R(e,b,e)=0.5,
R(b,b,e) =0.2, R(c,b,e) =0.8, R(e,b,b) =0.8, R(b,b,b) =0.3, R(c,b,b) =0.1,
R(e,b,c) =04, R(b,b,c) =0.9, R(c,b,c) =04, R(e,c,e) =0.2, R(b,c,e) =0.8,
R(c,c,e) = 0.3, R(e,c,b) =0.1, R(b,c,b) =0.4, R(c,c,b) =0.9, R(e,c,c)=0.9,
R(b,c,c) =04, R(c,c,c) =04, S(e,e,e) =0.8, S(b,e,e) =0.9, S(c,e,e) =0.8,
S(e,e,b) =0.2, S(b,e,b) =0.4, S(c,e,b) =0.3, S(e,e,c) =0.3, S(b,e,c) =0.2,

S(c,e,c) =0.2, S(e,b,e) =0.9, S(b,b,e) =0.3, S(c,b,e) =0.5, S(e,b,b) =0.2,
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S(b,b,b) = 0.8, S(c,b,b) =0.4, S(e,b,c) =0.3, S(b,b,c) =0.3, S(c,b,c)=0.9,
S(e,c,e) =0.9, S(b,c,e) =0.1, S(c,c,e) =0.4, S(e,c,b) =0.1, S(b,c,b) =0.3,
S(c,c,b) =0.8, S(e,c,c) =0.2, S(b,e,c) =0.9, S(c,c,c) =0.3.

Then (H,R,S) is a fuzzy field, where ep = e and es = a are identity fuzzy field

(H, R, S) respectively.

3. Fuzzy VECTOR OVER FUZzZY FIELD

Definition 3.1. Let (R, G, H) be a fuzzy field and (V| E) be an abelian fuzzy group
and let P be a fuzzy subset of R x V' x V such that

(1) Ya € R,Yu € V,3v € V such that P(a,u,v) > 6;

(2) Ya € R,Yu,vy,v9 € V, R(a,u,v) > 6 and R(a,u,vy) > 6 implies v; = vs.
Then we have a mapping

P:F(R)x F(V)— F(V)
(A,S) — P(A,S)

where F(R) = {AJA : R — [0,1] is a mapping }, F(V) = {S|S : V — [0,1]
is a mapping } and P(A4, S)(z) = V. yerxy A(r) A S(u) A P(r,u,x). Let A = {r}
and S = {u}, and let P(A, S) and E(u,v) be a denoted as r©u and u®w, respectively.

Then
(rou)(z)=P(r,u,z), (udv)(x)=FE(uvz), Ve eV

( o ( ) \/Pry, )N E(u,v,y)

yeVv
<T Ou)®(ro v)) (x) = \/ P(r,u,y1) A P(r,v,y2) A E(y1, Y2, x)
y1,y2€V
<rlor2 ) \/Grl,rg, r) A P(r,u,x)
reR
<7’1® ro©u ) Tlaywr)/\P(TQauay)

yEV
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<(7“1 *T9) O u) (x) = \/ H(ry,r9,7) N P(r,u, x).

reR
Definition 3.2. Let (R, G, H) be a fuzzy field and let (V, E') be an abelian group.
Then V is called a fuzzy vector space over R if the following axioms hold:
(1) For any u,v,z,y € V andr € R, (r@(u@v))(m) >0, ((r@u)@(r@v))(g) > 0
implies z = y;
(2) For any w,xz,y € V and ry,73 € R, ((7“1 ory) ® u) (x) >0, <(7“1 Ou)®(r,®
u)) (y) > 6 implies © = y;
(3) Forany u,z,y € V and ry,rs € R, <(T1*T2)®U> (x) > 6,(r1®(r2®u)>(y) > 0
implies z = y;

(4) For any u € V, (e ® u)(u) > 4.

Example 3.1. Let (V, E) and (H, R, S) be abelian fuzzy group and fuzzy field which
were mention in examples 2.4 and 2.8 respectivly. Let us define P fuzzy function of

H into V', all with the same value of § = 0.6, as follows:
P(er,ep,eg) = 0.8, P(er,a,ep) =0.7, P(b,eg,ep) =0.9, P(egr,eg,a) =0.2,

P(egr,a,a) = 0.4, P(b,eg,a) =0.3, P(b,a,eg) =0.4, P(c,eg,eg) = 0.8,
P(c,a,ep) =0.1, P(b,a,a) =0.8, P(c,ep,a) =0.3, P(c,a,a) =0.9.

Then V 1is a fuzzy vector space over H together with a fuzzy function P, since the
following conditions an true:
(1) For anyu,v,z,y € V andr € R, (ro(udv))(z) > 0, ((row))®(rov))(y) > 0
implies x = y;
(2) For any u,z,y €V and ri,m2 € R, ((rior) ®u)(z) > 6, ((rnou)) ® (rne
u))(y) > 0 implies v = y;
(3) For anyu,z,y €V andry,ry € R, ((7“1 *Tg)@u) (x) >0, (m@(?“z@u))(y) >0

implies x = y;
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(4) Foranyu eV, (a®u)(u) > 6.
By proposition 18 of [7] we have:

Theorem 3.1. Let V' be a fuzzy vector space over a fuzzy field R. Then for any
u,v,x €V and for any r,ri,r9 € R,
(1) <T © (ud v)) (x) > 0 if and only if <(r Ou)®(ro v))(:v) > 0;
(#) <(T1 013) ® u)
(i44) ((7«1 x75) @ u)

—~~

x) > 0 if and only if ((7’1 Ou)d(re ® u))(w) >0;
x) > 6 if and only if (

1 ©®(rg ® u))(x) > 0.

Theorem 3.2. Let V' be a fuzzy vector space over a fuzzy filed R. Then for allu € V

andr € R,

(1) (r©eg)(eg) >0;
(17) (eq ©u)(eg) > 0;

(133) If (r©u)(eg) >0, then r =eq or u = eg.

Proof. To prove (i) and (ii) see proposition 19 of [7].

(ii7) Let (r ® u)(eg) > 0 and r # eg. Then there exists r~! € R such that (r=!
r)(ey) > 6, since (7“_1 o (r @u))(eE) > P(r~Yeg,eg) A P(r,u,eg) > 0. By theorem
3.1, we have ((ril *7) O u)(eE) = Voer H(r ', 7,0) A P(a,u,eg) > 6. Then there
exists a; € R such that H(r=',r a;) > 6 and P(ay,u,eg) > 6. Thus a; = eg. Since

(eg ® u)(u) > 6, hence u = ep. O

Definition 3.3. Let V' be a fuzzy vector space over a fuzzy filed R. A nonempty
subset W of V' is called a fuzzy subspace of V' if W is itself a fuzzy space over R with
the fuzzy operation on V| i.e.
(1) Ywy,wy € W, Vu € V, (wy @ ws)(u) > 0 implies u € W;
(it) w € W implies w™' € W
(7ii) Vr € R,VNw e W,VYu € V, (r ®w)(u) > 6 implies u € W.
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Theorem 3.3. Let V' be a fuzzy vector space over a fuzzy filed R. A nonempty subset
W of V is a fuzzy subspace of V' if and only if

() Vry,re € R, Ywy,wy € W, Yu €V, <(r1 Owy) @ (ry ®w2)>(u) > 0 implies u € W.

Proof. Let W be a fuzzy subspace of V' and <(r1 Qw) B (r: ® wg))(u) > 6. Then

there exists y1,y2 € V, such that
P(ri,wi,y1) > 0, P(ry, wa, y2) > 0, E(y1, y2,u) > 0.

Since wy, ws € W, so we obtain y;,y, € W and consequently u € W.
Conversely, assume that (*) hold and let (w; & ws)(u) > 6, Ywy,wy € W,Vu € V.

Since

<(eH Owy) ®(eg © wQ))(u) > P(eg,wy,wi) A Pley,ws, wy) A E(wy, we,u) > 6,
thus v € W. Now let w be an element of W. Since
((en@er)@enow™)) (™) > Pley, en, ep)APlen, w™ w YAB(ep, ™, w™) > 0.

Thus w™! € W.
IfVre RVwe W Vu eV, (row)(u) > 6, then

<(eH Oeg)® (ro w)) (u) > Pley,ep,ep) A P(r,w,u) N\ E(eg,u,u) > 6.
Thus v € W. Hence by definition 3.3, W is a fuzzy subspace of V. U

Remark 1. If {W;|i € I} is a family of fuzzy subspace of a fuzzy vector space of V,

then ("),.; Wi is a fuzzy subspace of V.

Proof. Let w € V and r € R. (1) If wi,wy € (;¢; Wi and (w; @ ws)(u) > 0, since
Wi is fuzzy subspace of V, then for all i € I, w € W;. Therefore u € (,c; Wi. (2)
If we (e, W, then for all i € I, w e W;. So for all i € I, w™ € W;. Therefore
w e N, Wi 3) If we ;e Wi and (r ® w)(u) > 0, then for all i € I, w e W;,

since W; is fuzzy subspace of V, thus for all i € I, v € W;. Therefore u € (,c, W;. O
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Theorem 3.4. Let V' be a fuzzy vector space over fuzzy filed R. Then FL(v) = {u €
VI3r € R, (rov)(u) > 0} where v € V, is the smallest fuzzy subspace of V' containing

v; hence, it is called the fuzzy subspace spanned or generated by v.

Proof. Since (eg®v)(v) > 0, thus v € F L(v). Now suppose u,u’ € FL(v), z € V and
(udu')(x) > 6. Then there exist r, " € R such that (rov)(u) > 6 and (' Ov)(u') > 6.
Since <(r®v)@(r’®v)> (x) > P(ryv,u) AP(r'",v,u')NE(u, v, x) > 6. By the theorem
3.1, ((ror’) @U) () = V,eg G(r,7",a) NP(a,v,z) > 0, hence there exist a € R, such
that G(r,r",a) A P(a,v,z) > 6. Then P(a,v,z) = (a ®v)(z) > 0. Thus z € FL(v).
Let u € FL(v) and let r € R,z € V such that (r ®v)(u) > 0 and P(r~*,v,z) > 0.
Since <(r or 1)@ v) (eg) > G(r,r ' eq) A P(eg,v,eg) > 0. Thus ((r Ov)®(rte
v))(eE) > @. Therefore

ElylayQ eV: P(T,’l},yl) > O?P(r_lavay2> > 67 E(y17y2aeE> > 0.

Consequently y; = u and yo = . Furthermore, since E(u,z,eg) > 0 thus z = u™!.

Hence P(r~Yv,z) = P(r~',v,u™!) > 0 implies u=! € FL(v). We next show that if
u € FL(),r € Rand (r ® u)(z) > 0, then x € FL(v). From v € FL(v) implies
da € R,(a ®v)(u) > 6. Since <7“ ©® (a® v))(x) > P(r,u,z) A\ P(a,v,u) > 0.
Consequently by theorem 3.1, ((r *a) © v) () > 6. Hence 3b € R : P(b,v,xz) > 6
implies x € F'L(v). Accordingly, F'L(v) is a fuzzy subspace of V' containing v. Finally,
if W is a fuzzy subspace of V' containing v and u € FL(v), then u € W. Thus FL(v)

is the smallest fuzzy subspace of V' containing v. U
Lemma 3.1. Let V be a fuzzy vector space. Then
<(u1 D uz) B (ug ® u4)> (u) >0 & [((ul D ug) ® u3> ® u4] (u) > 6,

where uy, U, Ug, Ug, U € V.
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Proof. Let <(u1 D u2) ® (us u4)> (u) > 0. Then there exist y;,y, € V such that,
E(uy,ug,11) > 0, E(us, ug,y2) > 0 and E(y1,ya, u) > 0. Now, suppose v,w € V such
that, E(yi,us,v) > 60 and E(v,us,w) > 0 . Which implies that E(us,y;,v) > 6 and
E(u4,v,w) > 6. Then

[(ul D ug) & u;;} (v) > E(uy,u2,y1) A\ E(y1,us,v) > 0.

Consequently

[((Ul ® uz) B Ug) S u4] (w) = \/ [(ul D ug) @ ug] (y) AN E(y, ug, w) > 6.

yev

Since [(u4 D us) ® yl} (u) > E(u4,usz,y2) N E(ya, y1,u) > 0 and

[(u4 @ uz) ® yl] (w) = \/ E(ug,z,w) A E(usz, y1,x)

zeV

> E(ug,v,w) A E(us, yp,v) > 0.

Hence by theorem 3.1, w = u.
Similarly, it is proved that if [((ul Dus) U3) D u4] (u) > 6, then <(u1 Dug) ® (uz
u4)> (u) > 0. O

Corollary 3.1. If V is a fuzzy vector space, then
[(ul & (up P u3)> ® u4} (u) >0 < [((ul @ ug) ® u3> ® u4} (u) >0,
where uy, ug, Uz, Uy, u € V.
Proof. The proof is similar to the proof of lemma 3.1. O

Lemma 3.2. If V is a fuzzy vector space, then for alln > 2,

E(ula"' ,Un,U) ZQ@E(U;l, u_l u_l) >0?

Y n

where uy, ..., Up,u € V.
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Proof. By induction on n. Let n = 2 and E(uq,ug,u) > 6. On the other hand we
have (u1 ® (uz @ u§1)> (u1) > 6. Consequently,
(e aw)ou|en =\ Byu'en) A (e o)y
yeVv

> B(uy,uit,eg) A <u1 ® (ug @ u;l))(ul) > 4.

By lemma 3.1, we have <(u1@u2)@(u51@ufl)> (eg) > 0. Hence, there exist y;,y2 € V
such that:

E(U1,U2,y1) > ‘97 E(U’Z_laul_lvy2) > 07E(y1ay27eE) > 0.

Since E(ui,ug,u) > 0, thus y; = u. Furthermore, since E(yi,y2,ep) > 0, thus

y2 = u~ L. Consequently,
E(uy uy ' u™t) = Euy uyumt) = Euy ' ug 'y y2) > 0.

Now, suppose that the lemma is true for n — 1 and F(uy,- -+ ,u,,u) > 6. Then there
exists y € V such that E(uy, - ,u,_1,y) > 0 and E(y,u,,u) > 6, which implies
E(uit, -+ uyt,y7h) > 0 and E(y~Huyt,u™t) > 6. Thus E(uy’, - uytu™t) >

6. O

Theorem 3.5. Let V' be a fuzzy vector space over a fuzzy field R and S be nonempty
subsets of V. Then
FL(S)={u e V|da; € R,u; € 5, (Z a; ®u;)(u) >0,n e N},
i=1

1s the smallest fuzzy subspace of V' containing S.

Proof. Let u,v € FL(S) , w € V and (u @ v)(w) > 6. Then there exist a;,b; € R;

u;,v; € S such that

(Z a; ® u;) (u) > 6, (Z b; ©v;)(v) > 6.
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Hence there exists x;,y; € V' such that

n

/\P(ai,ui,xi) NE(xqy, -, xn,u) >0, /\ P(bj,vj,y;)) NEW1, -+, ym,v) >0

i=1 j=1

Now suppose,

u, if1<r<n a, H1<r<n
Wy = y Cr =
Uy, HUn<r<n+m bp_p Un<r<n+m
and
r, if1<r<n
Zp = )
Yron fn<r<n+m
Since

E(xla’” y Tpy Y1, 000 7ym7w) = \/ E(xla’” 7xnac)/\E(y17"' 7ym7d)/\E(cad7w)
c,deV

> E(xy, -, u) A By, Ym,v) A E(u,v,w) > 6.

Thus

n

(/\P(aiauiaxl) (/\ b]avjayj)AE<$17’”7xn7y17’”7ymaw)

Jr
/\ (CryWpy 20) N E(z1, 0+ Zngm, w) > 6.

n—+m
And so, \/ < N\ Plep,we, z) N E(z, - ,zn+m,w)> > 0, which implies w € FL(S).

zr€V Yr=1
Now suppose u € FL(S) and let there exist u; € S, z; € V, a; € R such that for
all i, P(a;, us, ;) > 0 and E(xy,--+ ,x,,u) > 0. And so for all i P(a; ', u;’,z;") >0

and E(zy', - 27t u™t) > 0. Thus

/\P(a’z_l’uz_l’ z_)/\E(xl "”71,;1’u—1)>0‘

Hence (3.1, a;' ® u; ') (u™) > 6, which implies u™! € FL(S).
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On the other hand, if u € FL(S),r € R,v € V and (r ® u)(v) > 6, then for some
uiES,xiEV,aiER
<r®(2ai®ul> \/Pry, Zai(Dui)(y)
i=1 yeVv i=1

= \/ [ (r,y,v ( \/ P(alaulaxl)A"'/\P(amum%)AE(IM""‘””’U)H

yeVv r, €V

> P(r,y,v) A Play,up, @) A+ A Pan, Un, xp,) A E(T1, ..., 20, u) >0,
and so

[((r*aﬁ@m) DB <(T*Gn)®un>](v):
\/ ( \/ (ryay,by) P(bl,ul,z1)> Ao

z€V  biER

A ( \/ H(r, an, by) N\ P(by, tn, zn)> NE(z, -, 2n,0) > 0.
bneER

Hence there exists b; € R such that A, P(b;,u;,2;) > 6 and E(z1,- -+, 2,,v) > 0.
And so (Z?:l b; ©® ul> (v) > 0, which implies v € FL(S). Thus FL(S) is a fuzzy
subspace of V. Now suppose W is a fuzzy subspace of V' containing S and suppose

u € FL(S). Then

Ja; € Ryu; € S, z; €V : (Z a; ©u;)(u) >0, /\P(ai,ui,xi) NE(xy,- - xp,u) > 0.

i=1 i=1
Since u; € W and P(a;, u;, x;) > 0 for all 4, thus z; € W. Also, since x; € W and
E(xy, -+ ,x,,u) > 0, we have u € W. Thus FL(S) C W. Hence, FL(S) is the

smallest fuzzy subspace of V' containing S. OJ

Theorem 3.6. Let Wy and Wy be fuzzy subspaces of a fuzzy vector space V. Then
W, e Wy = {UEV|3U}1 EWl,UJQEWQ,(wl@wg)( ) >€},

15 a fuzzy subspace of V' containing Wy and Ws.
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Proof. Let u € Wy. By hypothesis W5 is a fuzzy subspace of V and so eg € Wj.
Since (u @ eg)(u) > 0, thus u € Wy @ W,. Therefore, W; is contained in Wy & W.
Similarly, W5 is contained in W; @& W5. Now, suppose u,u’ € Wy @ Ws, v € V
and (u @ u')(v) > 0. Then, there exist wy,wy € Wi and wq,w) € Wy such that

(w1 ® we)(u) > 0, (wy & wh)(u') > 6. Hence, by lemmas 3.1 and 3.1, we have
((wn @ w2) & (wh @ uh) ) (v) = (w1 & w)) & (w2 & wh) ) (v)

=\ B(wi,w, 1) A E(ws, wh,ys) A E(ys, ys,0) > 6.
y1,Y2€V

So, there exist y;,y2 € V such that
E(wlawiayﬁ > 67 E(w%wéayQ) > 67 E(ylaybv) > 0.

Therefore y, € Wi, ys € Wy and so, v € W & Wh.
On the other hand, if u € W; @ W5 and (w; @ ws)(u) > 0 where wy € Wi, we € Wo;
then E(w; ', wy ', u™") > 0. Therefore, (w;' @ wy ') (u™!) > 6. Thus, u=' € Wy, & W,.
IfueW,®&Wsae R,veV and (a ®u)(v) > 6, then (w; & wy)(u) > 6 for some

wy € Wl, Wy € WQ. Since

(00 (& w))w) = \/ Pla.y.v) A Blwwz.y)

yeVv

> P(a,u,v) N\ E(wy,wy,u) >0,
and so, <(a Owy) @ (a® wg))(v) > f. Thus there exist y1,y2 € V such that
P(a,wi,y1) A P(a, w2, y2) A\ E(y1,y2,v) > 0.

Hence y; € Wy,yo € Wy and so v € Wy @ Wy, Consequently, Wi & Wy is a fuzzy
subspace of V' containing W; and Wj. U

Corollary 3.2. If Wy and Wy are fuzzy subspaces of V', then

W1 @ W2 = FL(Wl, Wg)
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Proof. Obvious. OJ

Theorem 3.7. Suppose U and W are fuzzy subspaces of a fuzzy vector space V. If
U=FL(u;)}—, and W = FL(w;)"_,, then U @ W = FL(u;, w,).

j=1

Proof. Let x € U@ W. Then (u @ w)(z) > 6, where u € U and w € W. Since {u;}

and {w;} generated U and W, respectively. Thus there exist a;, b; € R such that
(a1 Qu @ ®an Ouy)(u) >0,(bh Owr @+ B by © wy)(w) > 0.

Hence, there exist x;,y; € V such that for all ¢, P(a;, w;, z;) > 0, E(zy,- -+ , 25, u) > 6

and for all j, P(b;,w;,y;) > 0,E(y1, - ,Ym,w) > 0. Since E(w,u,x) > 6, thus
E(yi, ,Ym,w,x) > 0, then E(u,y1, -+ ,Ym,x) > 0, and so E(x1, -+, Tp, Y1, , Ym, T) >
6. Therefore

(M QU B B, QU B Owy B+ B by, © wpy)(x) >0,

which implies that * € FL(u;, w;). Consequently, U @ W C FL(u;, w;). Clearly,
FL(u;,w;) CU @ W. This completes the proof. O

4. BASIS OF FUZZY VECTOR SPACE

Definition 4.1. Let V be a fuzzy vector space over a fuzzy field R. Then a subset
S of V is called fuzzy linearly independent if for every vector vy,--- ,v, in S, and

ay, - ,an, € R.

(a1 OV BayQua® -+ Da, ®vy,)(er) >0,

which implies that a; = as = --- = a, = ¢p. A subset S of V' is called fuzzy linearly

dependent if it is not fuzzy linearly independent.

Definition 4.2. A basis for V is a fuzzy linearly independent subset of V' such that

span V. We say that V has finite dimension if it has a finite basis.
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Theorem 4.1. Let vi,vy be fuzzy linearly independent vectors, and suppose v €
FL(vy,v9), say (a1 ©® v1 ® ag ® vg)(v) > 0, where ay,ay € R. Show that the above

representation of v is unique.

Proof. Suppose (by ® v @ by ® v9)(v) > 0, where by, by € R. We show that
a; = bl,ag =b & (0,1 o b;l)(eo) > 6, ((12 o b;l)(eo) >0
& (o) Ou o (a05;") ©u)(er) > 0

S (a0 @b ©v) @ (aa O v Dby ©wy))(er) > 0

By hypothesis,
Jy1,y2 € Vi Play,v1,y1) > 0, P(ag, ve,y2) > 6, E(y1,ya,v) > 0,

3wy, 05 €V P(by v, 27t > 0, P(by Y vg,250) > 0, E(xy 2yt o7t > 6.
Let z,u € V such that E(yy,z;", 2) > 60 and E(y, x5 ", u) > 6. Then

(ay v © by O w)(2) > Play, v, y1) A P(by  va, 27 ) A E(yy, 27t 2) > 0
and

(as ® vy ® byt © vy)(u) > Plag, va, y2) A P(by v, 250 ) A Eya, 25 u) > 0.
Hence by lemma 3.1, we have:

(@ a") @ (1@ wy))(en) >0 (1 @) @ (v S ;")) (ex) > 6.
Since
(1 @ o) @ (27" @ 237))(er) > E(yr, y2,0) A By, v™) A E(v,v™eg) > 6.

Thus

(row e(or;))er) =\ By, o, w)AB(ys, 25", ws) AB(wy, ws, e5) > 0.

wi,w2eV
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And so,
-1 -1
Jwy,wy € V i E(yy,xy ,wy) > 0, E(ya, x5, we) > 0, E(wy, ws, eg) > 6.

Since E(y1, 2y, 2) > 0, E(y2, 75, u) > 6. Thus w; = 2, wy = u. Hence E(wy,wy, ep) =

E(z,u,eg) > 6. Accordingly

(a1 0 @b O v) @ (ag © vy @byt ©wg))(eg) >

(a1 ®v D bl_l © ?)1)(2) A ((12 © vy D 192_1 © ’UQ)(U) N E(Z, Uu, QE) > (9,
and the theorem is proved. 0

By Theorem 4.1 and by induction on n, we have the following result:

Corollary 4.1. Let vy, v, - -+ , v, be independent vectors, and suppose v € F L(vy, v, -+ ,vy).
If (a @1 B ag O ua ® -+ -a, ®vy,)(v) > 0, where ay,as,- -+ ,a, € R, then the above

representation of v is unique.

5. CONCLUSIONS

Yuan and Lee’s [8] definition of fuzzy group based on fuzzy binary operation. Also,
Aktag and Cagman in [1] defined a new type of fuzzy ring. In [7] Yetkin and Olgun
presented a new type of fuzzy module by using Yuan and Lee’s definition. In this
paper, a new kind of fuzzy vector space over fuzzy field was introduced and their
related properties were investigated. Moreover the concepts of fuzzy vector subspace
are studied and some of their basic properties are presented as analogous to ordinary
vector space theory. The questions of other types and their applications in fuzzy
algebra remain. An investigation into this aspect of the work will be the subject of

future research.
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